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Abstract — In this paper, authors areinvestigate the general solutions of a new Quartic functional equation

3
f++fle=y)=f0) - fO) =7 f(2/xy) +FG) + )

and the generalized Hyers-Ulam - Rassias stability of this equation.
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I. INTRODUCTION

The different types of functional equations like Additive, Quadratic are introduced by Cauchy and D’ Alembert.
These functional equations and its stability were discussed vividly in many research papers in the middle years of
20th century. Later, Cubic, Quartic and mixed type functional equations were introduced and its stability and many
other properties were investigated by many authors [12, 13, 14,19, 21, 24, 25, 26, 27, 32].

The stability problem of functionalequations originated from a questionof Ulam [34] in 1940, concerning the
stability of group homomorphisms. Let (G, ,.)be a group and let (G,,*) be a metric group with the metricd (. , .).
Givene >0, does there exist a§>0, such that if a mapping h: G, - G, satisfies the
inequality d(h(x .y), h(x) *h (y)) < & for all x,y € Gythen thereexists a homomorphism H: G; -
G,with d(h(x),H(x)) < € forallx € G,?. In the other words, under what condition does there exist a
homomorphism near an approximate homomorphism? The concept of stability for functionalequation arises when
we replace the functional equation by an inequality whichacts as a perturbation of the equation. In 1941, D. H. Hyers
[16] gave first affirmative answer to the question of Ulam for Banach spaces. Letf : E — E’be a mapping between
Banach spaces such that

lf(x+y)—fx)—fOIl <6

forall x,y € E, and for some § > 0. Then there exists a unique additivemapping A: E — E’such that

If(x)—A@I <6

forall x € E, Moreover if f (tx) is continuous in t for each fixed x € E , then A is linear. Finally in 1978, Th. M.
Rassias [30] proved the following theorem.

Theorem 1.1.Let f: E — E'be a mapping from a norm vector space E intoa Banach spaceE’subject to the
inequality

If(x+y) = fO) = fFMI < e lxl” + [IyllP) (1.1)

for all x,y € E, where eandp are constants with € >0 and p < 1. Then thereexists a unique additive
mapping A : E — E’such that

2¢€
2— 2P

forallx € E.If p <0, theninequality (1. 1) holds for all x,y # 0, and (1. 2) for x # 0. Also, if the function
t - f(tx) form Rinto E' is continuous for each fixed x € E , the A'is Linear.

If (x) = Al < llx1P(1.2)
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Also in 1978, Th. M. Rassias [30] provided a generalization of the Hyers theorem which allows the Cauchy
difference to be unbounded.

A generalized version of the theorem of Hyers for approximately linear mappings was given by Th. M.
Rassias [30]. Since then, the stability problems of various functional equations have been extensively investigated
by a number of authors [2, 4, 5, 7, 8, 10 - 17, 20, 21 — 31, 33]. In particular, one of the important functional
equations studied is the following functional equation [1, 2, 4, 13, 18, 25, 27]

fx+y) +fx=y)=2f)+2f(Q) (1.3)

The quadratic function f(x) = x? is a solution of this functional equation, and so one usually is said to be
the above functional equation to be quadratic.

In 1991, Z. Gajda [8] answered the question for the case p > 1, which wasraised by Rassias. This new
concept is known as Hyers-Ulam-Rassias stabilityof functional equations [1, 4, 5, 7 - 10, 15— 17, 28, 29, 31].

In [23], W.-G. Park and J. H. Bae, considered the following functional equation

fCx+) +fRx =) =4(flx+y) +flx—y) +24f(x) -6 f(¥) (1.4

In fact they proved that a function f between real vector spaces X and Y is asolution of (1.3) if and only if there
exists a unique symmetric multi-additivefunction

B: XXXXXXX ->Y

such that f(x) = B (x,x,x,x)for all x [3, 5, 6, 19, 20, 22, 23, 28]. It is easy to show that the function f(x) =
a x*satisfiesthe functional equation (1.3), which is called a quartic functional equation andevery solution of the
quartic functional equation is said to be a quartic function.

In this paper, we deal with the next functional equation,

3
f+y) +fx—y)—fx) - fO) =Zf(2\/x—y)+f(x)+f(Y) (1.5)

It easy to check that the function f(x) = a x* is a solution of the functional equation (1. 5). That is, it satisfies
solution means, it is Quartic functional equation. Now in the present paper we would like to investigate the general
solutions of a new type Quartic functional equation and also we obtain the generalized Hyers — Ulam — Rassias
stability of this equation (1. 5).

Il. GENERAL SOLUTIONS

In this section we establish the general solutions of the functional equation (1.5).Through this section, X and Y
be the real vector spaces.

Lemma 2.1. If the function f : X — Y satisfies the functional equation (1.5), for all x,y € X, then we have,

(i) f(0 =0

(ii) f»=f»)

(iii) y =0 isasolution of (1.5)
(iv) f@2y) = 2*f(y).

Proof. Put x = 0and y = 0 in (1.5), we obtain,

3
fO+0)+f(0-0)—f(0)—f(0) =5 f(0)+f(0) +£(0)

Which gives that,

3
;@ +2f(© =0
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We deduce that, we obtain, f(0) = 0. This proves (i).

To prove (2), put x =0 in(1.5) and using Lemma 2. 1 (i), we have,

3
fO)+fE) = fO) = fO) =7 (O +f(0) +F()
Which gives, f(y) = f(—y), this proves (ii).
Put y =0 in(1.5) and using Lemma 2. 1 (i), easily we arrive y = 0 is a solution of (1.5). This proves (iii).

To prove (iv), put x =y in(1.5) and using Lemma 2. 1 (i), we get,
3
feN+fO) —fOM—fO) =7 fCN+f)+ ()
3
f@y)—2f) =7 f2y) +2f(2y)

3
fQy) - 2 fQy) =4f(y)
fQRy) =16 f(y) = 2* f(y).

Which proves (iv). This completes the proof of the lemma.

Theorem 2.2. If the function f: X — Y satisfies the functional equation (1.5), for all x,y € X, and additive then
we have

f+y) +fx—-y)=2f.

Proof. Given that, f is additive, then we obtain,

3
fx+y)+ f(x—Y)—f(x)—f(y)=Zf(2\/x_y)+f(x)+f(y)
3
fO+fOM+f+f =) ) - fO) =Zf(2\/ﬁ)+f(x)+f(y)

3
fEN - =7 F2V)@D

If f isadditive, we have, f(—x) = —f(x).(2.2)
Using (2. 2) in (2. 1), we get,

3
@)= -2f») (2:3)
Using (2. 3) in (1.5), we get,
fG+)+ fx=)=f) -fO) =-2fO) + )+ f(¥)(2.4)

Hence we reduce (2. 4), easily we obtain,

f+y)+fx—y)=2f(x).

This completes the proof of the lemma.

Theorem 2.3. Ifthe function f : X — Y satisfies the functional equation (1.5), for all x,y € X, and additive then
f s quadratic. That is,
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fOe+y)+flx—y) =2 f(x)+2f ).
Proof. Given that, f isadditive, then (1.5) implies that,

3
fO+D+ fE=N-f@ = fO) =7 f22)+ ) +f0)

3

fO+fOM+f@+f =) —f) - f) =Zf(2\/x_y)+f(x)+f(}0

3
F = fO) =3 F(27)

by using lemma 2. 1 (ii), we get,

Zf(z Jxy)=10 (2.5)
Using (2. 5) in (1.5), we get,
fa++ fx=—y)—fO)-fO) =0+ +f) (2.6)
Hence we reduce (2. 6), easily we obtain,
fx+y)+fx=y) =2 fx)+2f).
This proves f is quadratic. Which completes the proof.

Lemma 2. 4. If afunction f : X — Y satisfies the functional equation (1.5), and if f is quadratic for all x,y €
X, then we have,

flny) = n*f(Qy)
Proof. Giventhat f isquadratic, we have,
fx+y)+flx—y)=2f)+2f() (2.7
To prove this lemma by induction method, put x =y in (2. 7) and using Lemma 2. 1 (i), we get,
f@y)+£(0) =2f) +2f ()
Which implies that, fQy)=4f@) = 2%f(y)
Put x =2y in(2.7), we get
fGY)+f) =2fQ2y) +2f(y)
=2(2°fM)+2f»
fG=9f0)=3f
Assume that this true for n — 1, to prove this is true for n .
Put x = (n— 1)y in (2. 7) and by using the induction hypothesis, we get,
fay) + f((n=2)y) =2 f((n - Dy) + 2f¥)
fo+ -2 f) =2 -1’ fO)+2f®)
f) +n? f) —nf) +4f0) =2n*f() —4nf+2fO) +2fB)
fny) = n* f(y)

This proves the lemma.
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Lemma 2. 5. If the function f:X — Y satisfies the functional equation (1.5), and if f is additive for all
x,y € X, then we have,

f(nx) = nfx)
Proof.To prove this lemma by using induction method, by Theorem 2. 2, we have,
fG+y) +fx—-y)=2f(x) (2.8)
Put y =x in (2. 8), using Lemma 2. 1 (i), we get,
flx+x)+£(0)=2f(x)
f@x)=2f()
Put y =2x in(2.8),using f isadditive, we get,
fOe+2x)+ f(x—2x) =2 f(x)
fBx) = f(x)=2f(x)
fBx) =3f()
Assume that this is true for n — 1, to prove this is true for n.
Put y = (n— 1)xin(2.8),using f isadditive and by using induction hypothesis, we get,
fx+m-Dx)+flx—n—-1Dx)=2f(x)
fx) + f(=(n—2)x) =2 f(x)
fx) —(n=2)f(x) =2 f(x)
fx) = nf(x)
Hence this completes the lemma.

Theorem 2. 6. If an function f : X — Y satisfies the functional equation (1.5), then f is quadratic if and only if
f(2/xy) =0 forall x,y € X, that s,

fa+N+fax-y=2f@+2f®) iff f(2Jfxy)=0.
Proof. Suppose that, f(2,/xy) =0, toprovethat f is quadratic.

Now let us take (1. 5), we have,

3

f+y)+fx—y) = f) - f) =Zf(2\/@)+f(X)+f(y)

3
f+y) +fa—-y) = fO) = f) =200 +f0) +f)
fx+)+flx—y)—f&x)—fO) =)+ f)
fx+y)+flx—y)=2fx)+2f).
Conversely, now we have to prove that, f(2,/xy) =0

Suppose that f is quadratic, we have,

fx+y)+flx—y)=2f0)+2f).

Using f is quadratic in (1. 5), we have,
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3

fO+) +fx=y) = f0) = f) =5 f(2/xy) + fC) + )

3
2f)+2f0) - f) - f) =Zf(2\/x_J/)+f(X)+f(y)

Form this easily we arrive, f(2,/xy) = 0, this completes the proof of the theorem.

Now from (1. 5) we will compose f into the even part and the odd part of the function. That is, it is defined by,

£0) = f) +2f G))
£() = ) —Zf -y

Clearly, f, iseven and f, is odd, then we have, f = f, + f,.

Il STABILITY

Throughout this section, X andY will be a real normedspace and a real Banach space, respectively. Also in this
section we investigate the generalized Hyers — Ulam — Rassias stability of the given Quartic functional equation (1.
5). Let f:X — Y be afunction then we defineD; : X XX - Y by

Dy (x,y) =4 (flx+y) + fx =) =8 (f() + F3)) - 3 (F(2/xy))
forall x,y € X.

Theorem 3.1. Let ¢ : X X X — [0, ) be a function satisfies
C (21, 0)
Z T
i=0

forall x € X ,and

2y 2"
tim ZE2Y)

n-oo 2n

forallx,y € X.If f: X - Y isan even function such that f(0) = 0, and that

107 (e, W < @(x, %) 3.1)

forall x,y € X , thenthere exists a unique quarticfunction Q : X — Y satisfying(1. 5)and
1w 0(2ix,0)
IFe) - el =3 ) BE=3.2)
i=0

forall x € X.

Proof.Putting x = 0 in (3.1), then we have,

14 f(2x) =8 fF()Il < ¢(x,0) (3.3)
Then dividing by 8 on both sides in (3. 3), to obtain,
2 1
Hf e B Te e

ISSN: 2231-5373 http://www.ijmttjournal.org Page 46



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology- Volume27 Numberl — November 2015

forallx € X . Replacing x by 2x in (3.4), we get
‘ f(4x)

Combine (3.4) and (3.5) by use of the triangle inequality to get

‘f(4x)_f( )H <<p(2;c 0)

1
—f20)|| < §<P(2x, 0)(3.5)

+ o(x, 0)) (3.6)

By inductiononn € N, we can prove,

f(2"x) <p(2x 0)
| ~ fx )H < 82 7

Dividing (3. 7) by 2™ and replacing x by 2™x we get,
‘ f@mmx) - f27x)

2m+n 2m

1
SmIf@r2mx) — F 2™l

_ 1 "icp(zix, 0)
~8x2m 2t
1=0

p(212™x,0)
SZ 2m+l

re” )}IS a Cauchy sequence in Y,by taking thelimm — oo . Since Y is a Banach

for all x € X . This shows that [

space, then the sequence { f@ x)} converges.We define Q : X » Y by

f2"x)
2n

Q(x) = hm

forall x € X.Since f iseven function, then Q is even. On the other hand we have

1
Doyl = tim o (1D, @, 279)]

2Mx, 2™
< jim 2EXZY)

n-oo 2n

for all x,y € X . Hence by our assumption, we conclude that Q is a quartic function. Now we have to show Q is
unique.

Suppose that there exists another quartic function Q: X — Y which satisfies (1.5) and (3.2). We have,
Q(2"x) = 2™ Q(x) and Q(2™x) = 2™Q(x)forall x € X .1t follows that

_ 1
1QC) — QNI = 7 110(2"x) — Q2|
< (IQ2™x) — f2™0ll + If (2"x) — Q(2"x)ID

(p(2n+lx 0)
Z 2n+l

ISSN: 2231-5373 http://www.ijmttjournal.org Page 47



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology- Volume27 Numberl — November 2015

forall x € X . By taking n — oo in this inequality we have,
Iim [0 — QeI ~0
Q(x) = Q(x).

Theorem 3.2. Let ¢ : X XX — [0, ) be a function satisfies

Z 2927 1x,0) < oo

i=0

forall x,y € X ,andlim,_, 2" ¢(27"x,27"y) =0 forall x,y € X . Suppose that an even function f:X —
Y satisfies f(0) =0, and (3. 1). Then the limit Q(x) = lim,_, 2™ f(27"x) exists forall x € X and Q:
X — Y isaunique quartic function satisfies (1. 5) and

170~ @l < %ZO 2 p(271x,0) (3.8

forall x,y €X.
Proof. Put x =0 in (3. 1), we get,

18 f(x) —4 f2)Il < ¢(x,0) (3.9
Replacing x byg in (3. 9) and dividing by 4, we get,

1
||2f( )~ r@| <3 0(0)
12 27" x) = fQOIl < <p(2 x,0) (3.10)
forall x € X,replacing x by’z—‘in (3. 10), we obtain,

I2f(47 ) = fFQT0l <7 9(27%x,0)

I2f27?2x0) - f70l < <p(2 “x,0) (3.11)

Multiplying 2 on both sides of (3. 11), we get,

1
122 F(272x) =2 f27 )| < Z(Z »(272x,0)) (3.12)

Combining (3. 10) and (3. 12) by use of triangle inequality to obtain,

12272720 ~ Fll <32 0@ x,0) + 92 0)  (3.13)

By inductionon n € N, we have,

12" F(27" x) = fCOl S%ZO 2L p(27171x,0) (3.14)

Multiplying (3. 14) by 2™and replacing x by 2™™ x to obtain,
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lzme f@m ) = 2mF@ Il = 2MI2 FR T2 ) — FR

IA

n-1
1 ) )
ZmZZ 2L p(27127 ™ x,0)
=0

1~
< ZZ 2m+l (p(z—l—lz—m X, 0)
i=0
for all x,y € X. By taking the limm — oo, it follows that {2"f(27"x)} is a Cauchy sequence in Y. Since Y is a
Banach space, then the sequence {2™f (2 ™x)} converges. Now we will define a function, Q : X — Y by
Q(x) = lim2"f(27™x)

n—oo
forall x € X . Then the rest of the proof is similar to the Theorem 3. 1, that is,
Since f is even function, then Q is even. On the other hand we have

Do (x, 9| = lim 2"||Ds27"x, 27y ||
< lim2™ ¢ (27™x,27™y) =0.
n

for all x,y € X . Hence by our assumption, we conclude that Q is a quartic function. Now we have to show Q is
unique.

Suppose that there exists another quartic function Q : X — Y which satisfies (1.5) and (3. 8). We have,
Q2 ™x) = 2" Q(x) and Q(27"x) = 2"Q(x) forall x € X . It follows that

1QC) — QM) =2"1Q(27"x) — Q27|
<{le@™x) - fEl +1f ™) — 20

IO
< EZ 2n+L (p(z—L—lx’ 0)
i=0

forall x € X . By taking n — oo in this inequality we have,
lim @) = @)l >0
Q(x) = Q).
This completes the proof of the Theorem.

Theorem 3. 3. Let ¢ : X XX — [0,00) be a function such that

- @(2ix, 0)
ZT <®
i=0

and

. @(2™x,2My)
lim ——— 2 =

n-oo 2n

0 (3.15)

forallx,ye X .If f: X - Y inanodd function such that

1D e, 0| < @(x, ) (3.16)

forall x,y € X , then there exists a unique additive function A: X — Y satisfying (1. 5) and
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10 0(2x,0
I1FGo - Acoll <5 Y HEED (3.17)
i=0

forall x € X.

Proof. Setting x =0 in (3. 16) to get,
1
1f@2x) =2fCOll =5 ¢(x,0) (3.18)

Then dividing by 2 on both sides in (3. 18), to obtain,

f(2x)
2

—f)f| <5 ¢(x,0)(3.19)

x|~

forallx € X . Replacing x by 2x in (3.19), we get

f(4x)
2

—f2x)|| <= ¢(2x,0)(3.20)

Q|+~

Combine (3.19) and (3.20) by use of the triangle inequality to get

|fﬂ@ f@MS%Cﬂ%ﬁx+mmm>82D

22 2

Now we using iterative method and inductiononn € N, we can prove our next relation.

£(2"x) 1% ¢(2ix,0)
H —f(x)HﬁggT(&ZZ)

21’).
Dividing (3. 22) by 2™ and replacing x by 2™x we get,

Hf(Z’”*"x) Cf@Emo| 1

= o If 2"27x) = fF2™0) |

2m+n 2m

U1 "iq)(zix, 0)
=B x2m 2
1=0

1 @(2i2Mx, 0)

< -
- 8 2m+i
i=0

(3.23)

forall x € X . Taking aslimm — oo in (3. 23), then the right hand side of the inequality tends to zero. Since Y is a
Banach space, then

A (x) = lim f(;:x)

n—oo

exists for all x € X . Since f isan odd function, then A is odd. On the other hand by (3. 15) we have,

1
1D4Ce I = lim = [P (2"x, 27|

2Mx, 2™
< i 22

T noow 2n

0.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 50



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology- Volume27 Numberl — November 2015

forall x,y € X . Hence by our assumption, we conclude that A is anadditive function. Now we have to show A is
unique.

Suppose that there exists another quartic function A: X — Y which satisfies (1.5) and (3. 17). We have,
A(2"x) = 2™ A(x) and A(2"x) = 2™A(x) forall x € X . It follows that

I1A() — Al = Zin A2 x) — AC™)||
< (1A@2"x) = FR™MOIl + lIf 2"x) — AC™0)I)
Z @(2™'x,0)
on+i
forall x € X . By taking n — oo in this inequality we have,
lim [IAGo) - @Ol -0

A(x) = A(x).
This completes the proof.

Theorem 3. 4. Let ¢ : X XX — [0,0) be a function satisfies
ZZ" P(2771x,0) <
i=0

forall x,y € X ,andlim,_, 2" @(27"x,27"y) =0 forall x,y € X. Suppose that an odd function f:X —
Y satisfies f(0) =0, and (3. 1). Then the limit A(x) = lim,_, 2™ f(27™x) exists forall x € X and A:
X - Y isaunique additive function satisfing (1. 5) and

1) —AGI < 3 Y 2 927 1x,0)
i=0

forall x,y €X.
Proof. The proof is similar to the proof of the Theorem 3. 3.

Theorem 3.5. Let ¢ : X XX — [0, ) be a function such that

S o(2ix, 0 2ny, 2m
Zi(p( ’ )<oo and limi(p( Y) =

n-oo 2n
forall x € X.Suppose that a function f: X — Y satisfies the inequality

1D Ce, || < 0 Cx, )

forall x,y € X,and f(0) = 0. Then there exists a unique quartic function Q : X — Y and a unique additive
function A: X — Y satisfying (1. 5) and

©(2ix,0) + p(=2ix,0) . 4 ((p(Zix ,0) — p(=2'x, 0))
2 x 2t 2 x 2t

NORIORVISTEE)Y

i=0
(3.23) forall x,y €X.

Proof. We have
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1
”Dfe(x’y)” < E((P(X'Y) + <P(_X, _y))

for all x,y € X. Since f,(0) = 0 andf,is an even function, then by Theorem 3. 1, there exists a unique quartic
function Q : X — Y satisfying,

1 @(2ix,0) + p(—2ix,0)
Ife(x) — Q) < 3 < 30

i=0

(3.24)

forall x,y € X.On the other hand f,is odd function and we have,

1
”Dfo(x'y)” < E(‘P(x,}’) - (P(—x, —y))

forall x,y € X. Since f,(0) = 0 andf,is an even function, then by Theorem 3. 3, there exists a unique additive
function A: X - Y satisfying,

1w 9(2ix,0) — p(—2ix ,0)
1foC) =AM < 5 T 71

i=0

(3.25)

forall x,y € X.Combining (3. 24) and (3. 25) we obtain (3. 23). This concludes the proof of the Theorem.

By Theorem 3. 5, we are going to investigate the Hyers — Ulam — Rassias stability problem for functional equation
(1.5).

Corollary 3. 6.Let 8 > 0,P < 1suppose f : X — Y satisfies the inequality
DG, || < 6 (llxlP + llylIP)

forall x,y € X.Since f(0) = 0. Then there exists a unique quartic function Q : X — Y and a unique additive
function A: X — Y satisfying (1. 5), and

4

0 2
If (x) —Q(x) —A ()| < 3 [l 1IP (2 TR Zp_l)

forall x,y €X.
By corollary 3. 6, we solve the following Hyers — Ulam stability problem for the functional equation (1. 5).
Corollary 3. 7.Let & be the positive real number,and let f : X — Y be a function satisfies

1Dy < e

forall x,y € X. Then there exists a unique quartic function Q : X — Y and a unique additive function A :
X - Y satisfying (1. 5), and we have,

S m

If(x) —Q(x) —A )l <

forall x,y €X.
By applying Theorem 3. 2 and 3. 4, we have the following theorem.
This completes the proof of the theorem.

Theorem 3. 8. Let ¢ : X XX — [0, 00) be a function such that

Z 2L (27 1x,0) < oo and lim2™ ¢ (2™x,2"y) =0
n
i=0
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forall x,y € X.Suppose thata function f: X — Y satisfies the inequality

1Dy (e, 9| < 0 Cx, )

forall x,y € X,and f(0) = 0. Then there exists a unique quartic function Q : X — Y and a unique additive
function A: X — Y satisfying (1. 5) and

o Zi ] 2—i—1 ’0 _Z_i_l ’0
||f(x)—Q(x)—A(x)||SZ(Z_,_ZL)(‘P( x )+2<p( x ))

=0
forall x,y €X .

Corollary 3.9. Let 6 >0, P >4 .Supposethat f : X — Y satisfies the inequality

D Ce, | < 6 CllxlIP + 1IylIP)

forall x,y € X.Since f(0) = 0. Then there exists a unique quartic function Q : X — Y and a unique additive
function A: X — Y satisfying (1. 5), and

6 » 1 1
/() = 0 = 4 Wl = 5 WP (=55 + 755

forall x,y €X.

1V. CONCLUSION

The authorsare confident that the article will inspire many authors to read this and developed the Quartic
functional equations through this article and read more about the Quartic functional equations. It will also help to
apply the Quadratic, Cubic, Quartic and many functional equations to solve many stability.
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