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1. INTRODUCTION

The notion of fuzzy set was introduced by Zadeh [9].
It was developed extensively by many authors and
used in various fields. In this paper we deal with the
fuzzy metric space defined by Kramosil and Michalek
[6] and modified by George and Veeramani [3].The
most interesting references in this direction are Chang
[1], Cho [2], Grabiec [4], and Kaleva [5]. In the
present paper, we prove a common fixed point
theorem for six self mapping by Weakly
Compatibility Condition.

2. PRELIMINARIES

DEFINITION 2.1]8]. A binary operation =*: [0, 1] x
[0, 1] — [0, 1] is called a continuous t-norm if([0, 1],
*) is an abelian topological monoid with the unit 1
such that axb < c¢*d and whenever a < c and b <d for
alla, b, c,d €0, 1].

DEFINITION 2.2[6]. The 3-tuple ( X, M, * ) is
called a fuzzy metric space (shortly, FM-space) if X
is an arbitrary set, x a continuous t-norm and M is a
fuzzy set in X x X x [0,00) satisfying the following
conditions:

forall x,y,z€ Xands, t>0.

(FM-1) M(x, y, 0) =0,

(FM-2) M(x,y,t)=1forallt>0ifandonly if x =y,
(FM-3) M(x, y, t) = M(y, X, t)

(FM-4) M(x, y, t) * M(y, z, 8) <M(X, Z, t + 3),

(FM-5) M(x, y,.): [0, oo] — [0, 1] is left continuous,
Note that M(X, y, t) can be considered as the degree
of nearness between x and y with respect to t. We
identify x=ywith M(x,y,t)=1forallt>0.The
following example shows that every metric space
induces a fuzzy metric space.

EXAMPLE 2.3. [3]. Let (X, d) be a metric space.
Define a * b =min {a, b} and M(x, y, t) = Hd(x’y)for

all x,y € Xand all t > 0. Then (X, M, %) is a Fuzzy
metric space. It is called the Fuzzy metric space
induced by d.

LEMMA 2.4. [4]. For all X,y € X, M(X, y,.) is a non
decreasing function.

DEFINITION 2.5 [4]. A sequence {x,} in a fuzzy
metric space ( X, M, = ) is said to be a Cauchy
sequence if and only if for each € > 0, t > 0 , there
exists ng € N, such that M(X,, Xm, t) > 1 — ¢, for all n,
m > ng. The sequence {x,} is said to converge to a
point x in X if and only if for each, £ >0,t>0,ny >N
such that M (X, x, t) > 1— ¢ for all n > n,,.

A fuzzy metric space (X, M, *) is said to be complete
if every Cauchy sequence in it converges to a point in
it.

REMARK 2.6. Since = is continuous, it follows from
(FM-4) that the limit of the sequence in FM-space is
uniquely determined. Let (X, M, *) be a fuzzy metric
space with the following conditions

lim _
(FM-6) . ooM(x,y,t) = 1forallx,y € X.

LEMMA 2.7[2]. Let {x,} be a sequence in a fuzzy
metric space (X, M, *) with t*t >t for all t € [0,1] and
condition (FM-6). If there exists a number k € (0,1)
such that

M (Xn+2, Xn+1, q8) = M (Xns1, X, 1)
forallt [ 0and n=1,2...then {X,} is a Cauchy
sequence in X.

LEMMA 2.8 [7]. If for all x, y € X, t > 0 with
positive number k € (0,1) and
M(x, y, kt) > M(x, y, t),
thenx =y.

3. MAIN RESULTS

THEOREM 3.1. Let (X, M, *) be a complete fuzzy
metric space. Suppose that A, B, S, P, Q and T are
mappings from X to itself such that,
(3.1.1) P(X) = AB(X), Q(X) = ST(X)
(3.1.2) The pairs (P, ST) and (Q, AB) are weakly

compatible.
(3.1.3) There exists a number k € (0, 1) such that

M(Px ,Qy ,kt) > min{ M( STx ,ABy,t),

M( Px, STx, t),
M(ABy ,Qy ,t),M (ABY,

Px, t),

M(STx,Qy.)}

with k € (0, 1), then P,Q,AB and ST have a
unique common fixed point.

If the pairs (A,B),(S,T),(Q,B)and(T,P)are
commuting mappings then AB,S,T,P,Q have a
unique common fixed point.
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PROOF: Let X, € X be any arbitrary point in X. We
define sequence { vy, } and {x,}
such that
(3.1.4) Yon = STXzn = QXone1 aNd Yopu1 = AB Xope1=
PXZn ’
n=1,2,3,... This is always possible
because of the condition (3.1.1)
Now taking x=x,, and y = Xpn+1 in (3.1.3) we
have
(315) M (y2n+1, y2n, kt) =M (PXZm QXon+1, kt)
>min {M (STx,,

ABXzn41,1),
M (PXa,, STX2n, 1),
M (ABXon+1, QXons1, 1),
M (ABX2n+11 PXZn,
t),
M (STXzn, QXzn+1, 1)}
=min {M (Yzn,Yzn+1,t),
'Vl(yzn+1,an,t),
M (y2n+1:y2n ,t),
M(y2n+1,y2n+1yt)y
M (y2n|y2nxt)}
which implies
M (Yzn, Yone,K t) > M (y2my2n+1lt)
In general

M (Yn, Yns1, kt) = M (Y1, Y, 1)
To prove that {y,} is a Cauchy sequence we
prove by the method of induction that for alln > ng ,
and
foreveryme N ,
(3.1.6) M (Yn, Yiems t) = 1-A
From (3.1.3) we have

M (ynv yn+lz t) 2 M (Yn-la ynv i) 2 M (Yn-2: Yn-lv k_tz)
> ... zM(yo,yl,kin)élasneoo.

For t > 0, A € (0, 1), there exist
that

no € N such

M (yn, Yn+1, t) = 1-A
Thus (3.1.6) is true for m=1.Suppose (3.1.6) is
true for all m then we will show that it is also
true for m+1.
Using the definition of fuzzy metric space, we
have

(3.L.7) M (Y, Ynormot, ) = min {M (¥, Ynem, ), M

(yn+ma yn+m+1v %)} > 1-A
Hence (3.1.6) is true for m+1.
Thus {y,} is Cauchy sequence. By completeness
of (X, M,*), {yn} convergence to some point z in X.
PXan, @Xon+1, ABXone1, STXon =2 Z @S N> 0.
Since P(X) = AB(X), for a point u € X such that
ABu =1z
Since Q(X) = ST(X),for a point v € X such that
STv=z
Putting x=v, y=Xz+1 in (3.1.3)
(3.1.8) M(Pv,Qxzn+1,kt) = min{M (STv, Py, t),

M(ABXzn+1,QXon1,1),

M(STV,ABXzn+1,1),

M (ABXzn+1, PV,

t),
M (STVI QX2n+1|
B}
Proceeding limit as N>, we have
M(Pv ,z , kt) > min{M(z , Pv ,t),M(z ,z ,t),M(z
Z 1Y),

M(z ,Pv t),M(z ,z 1)}
>M (z, Pv, 1),
Which gives Pv = z, therefore
(31.9)STv=Pv=2z
(P, ST) are weakly compatible,
commute at coincidence point
Therefore
P (STv) = (ST) Pv that is Pz = STz thus
(3.1.10) Pz =STz
Putting x =v, y = uin (3.1.3)
(3.1.11)M(Pv,Qu,kt)>min{M(STv,Pv,t),
M(ABuU,Qu,t),

so they

M(STv,ABu,t),M(ABuU
, Pv 1)
, M (STv, Qu, 1)}
>
min{M(z,z,t),M(z,Qu,t),M(z,z,1),
M(z ,z ,t),M(z, Qu, 1)}
Which gives z = Qu
Therefore Qu =z = ABu
Since (Q, AB) is weakly compatible pair (AB) Qu
= Q (ABu) implies ABz = Qz
Thus
(3.1.12) ABz=Qz
Now, we show that z is the fixed point of P by
putting X = Xz, Y =z in (3.1.3)
we have
(3.1. 13) M (Pxan, Qz, kt) > min{M(STXz, ,PXz, 1),
M(ABz,Qz,t),M(STx,, ,ABz , t),M(ABz,Px,,t),
M (STXzn, Qz, 1)}
letn 2> o
>min{M(z ,z , t),M(Qz ,Qz ,1),
M(z ,Qz ,t),M(Qz ,z ,t),M(z ,Qz 1)}
>M (z,Qz,t)
which shows z = Qz
(3.1.14) Thus z = Qz = ABz
Now, we show that z is the fixed point of P by
putting X=z, y=Xsn+1 with a =1 in (3.1.4) we have
M (Pz, QXzns1 , kt) > min{M(STz ,Pz,t),
M(ABX2n+1lQX2n+11t) M(STZ ' ABXZI’H‘lit)!
M (ABXzni1, Pz, 1) M (STZ, QXanet, 1)}
Letn=>
M (Pz, z , kt) > min{M(Pz ,Pz, t)M(z .z,
t)M(Pz ,z, t)M(z, Pz tY)M(Pz ,z, t)}
>M(z,Pzt)
Which show z = Pz
(3.1.15) Thus Pz = z=STz
Now, we show that z = Tz, by putting x=Tzand y
= Xons1 1N (3.1.3) and using the commutatively of the
pairs (T,P) & (S,T)
(3.1.16) M (P (Tz), QXzn+1, kt) >
min{M(ST(Tz2),P(Tz),t),M(ABXzn+1,QX2n+1,t),M(ST(T

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 56



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology- Volume27 Numberl — November 2015

Z),ABX2n+1,t), M (ABX2n+1, P (TZ), t) M (ST
(TZ)aQX2n+1,t)}
Let n> o and using (3.1.15)
(3.1.17) M (Tz z kt) 2min{M(Tz, Tz ,t),M(z
Z ),

Z, 1)}

Which gives z = Tz.

Since STz =z gives Sz = z,

Finally we have to show that Bz = z.

By putting x= z, y = Bz in (3.1.3) and using the
commutatively of the pairs (Q,B) & (A,B)

M(Tz ,z t),M(z ,Tz t),M(Tz

>M (Tz, z, t)

(3.1.19) M (Pz, QBz, kt) > min{M(STz ,Pz ,t),
M(AB(Bz),Q(Bz),t),M(STz

/AB(B2) ,t),

M(AB(Bz) ,Pz ,t),M(STz
Q(B2),H)}

>min{M(z ,z t),M(Bz, Bz
1),

M(z ,Bz ,t),M(Bz ,z ,t),M(z
Bz 0}

M (z, Bz,kt) > M (z, Bz, t)}
Which gives z = Bz.
Since ABz =z implies Az =z
By combination the above results, we have,
(3.1.20) Az=Bz=Sz=Tz=Pz=Qz=z
That is z is the common fixed pointof A, B, S, T,
P, and Q. For uniqueness, let w (w # z) be
another common fixed point of A, B, S, T, P and
Q then by (3.1.3),we write
(3.1.21) M (Pz, Qw, kt) > min{M(STz ,Pz ,t),
M(ABw ,Qw ,t),M(STz ,ABw ,t), M(ABw
Pz.1),
M(STz ,Qw 1)}
M (z, w, kt) > M (z, w, t)
Which gives z = w.
If we put B=T=I, (the identity map on X) in the
theorem 3.1 we have the following

COROLLARY (3.2): Let (X, M,*) be a complete

fuzzy metric space with a*a > a for all a € [0, 1] and
the condition (FM6)

Let A, S, P, Q be mappings from X into itself such
that

(3.2.1) P(X) c A(X), Q(X) c S(X),

(3.2.2) the pair (P, S) and (Q, A) are weakly
compatible,

(3.2.3) There exist a number k € (0, 1) such that

M(Px ,Qy .kt) > min{M(Sx ,Ay ,t), M(Px ,Sx

9k

Qy.h}
forall x,y € X,andt>0thenP,S A and
Q have a unique common fixed point.
If we put P=Q, B =T = I, in the theorem 3.1
we have the following.

M(Ay ,Qy ,t),M(Ay ,Px ,t),M(SX,

COROLLARY (3.3): Let (X, M,*) be a complete
fuzzy metric space with a*a > a, for all a € [0, 1] and

The condition (FM6).Let A, S, T be mapping from
X into itself such that
(3.3.1) P(X) c A(X), P(X) c S(X),
(3.3.2) The pair (P, A) and (P, S) are weakly
compatible,
(3.3.3) There exist a number k € (0, 1) such that
M (Px, Py, kt) > min{M(Sx ,Ay ,t),M(Px ,Sx, t),
M(Ay,Py,t),M(Ay ,Px, t), M(Sx
Py}
for all x ye X, and t > 0 then P ,S /A
have a unique common fixed point.
If we put P=Q, A=S and B=T=l, in the theorem
3.1 we have the following

COROLLARY (3.4): Let (X, M,*) be complete
fuzzy metric space with a*a > a for all a € [0, 1] and
the

condition (FM6).Let (P, S) be
weakly compatible pair of self maps such that,
P(X) c S(X) and there exist a
constant k € (0, 1) such that
M(Px ,Py ,t) > min{M(Sx ,Sy ,t),M(Px ,Sx ,t),M(Sy
Py 1),
M(Sy ,Px, t),M(Sx ,Py ,1)}
For all x, y € X, and t> 0, then P and S have
a unique common fixed point in X
If we put A=S and B=T=I, in theorem 3.1
we have the following.

COROLLARY (3.5): Let (X, M, *) be complete
fuzzy metric space with a*a > a for all a € [0,1] and
the condition
(FM6).Let P ,Q ,S be mappings from X to itself such
that ,

(3.5.1) P(X) c S(X), Q(X) = S(X)

(3.5.2) Either (P, S) or (Q, S) is weakly compatible
pair

(3.5.3) M(Px ,Qy ,kt) > min{M(Sx , Sy ,t),M(Px
ISX !t)!

M(Sy ,Qy .t),M(Sy ,Px , t),M(Sx
Qy.b)}
forallx,y € Xandt>0thenP ,Qand S
have a unique common fixed point in X
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