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Abstract - In this paper, we introduce the various
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kPn- Kl,nUPn: Kl,nL/Cn: CnL/PnL/Kl,n,m CnL/Kl,nUKLn,n
and Pn(Kyn(Kynn Finally, we investigate the total
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I. INTRODUCTION

By a graph G, we mean a finite, connected,
undirected graph without loops and multiple edges,
suppose graph G is disconnected means each
component of G must contain at least one edge, for
terms not defined here, we refer to Harary [3]. For
standard terminology and notations related to graph
labeling, we refer to Gallian [2]. In [1], Cahit
introduce the concept of cordial labeling of graph. The
concept of product cordial labeling of a graph is
introduced by Sundaram et.al., [5]. In [6],
Sundaram et al. also introduce the concept of total
product cordial labeling of graph. Motivated by the
study of various types of cordial labeling and
neighbourhood concept in Graph theory, we introduce
neighbourhood cordial labeling, total neighbourhood
cordial labeling, neighbourhood product cordial
labeling and total neighbourhood product cordial
labeling of G. In [4], Muthaiyan et. al., also prove the
graphs  C,uCnLUC,, PLUP,UP,,  CuPLUKy,,
CrhuKy muKyr and PaUKy UKy are neighbourhood
cordial graphs under some conditions, the graphs
P.uP,, and C,UC,, are total neighbourhood cordial
graphs under some conditions and present the
neighbourhood  product cordial and  total
neighbourhood product cordial labeling of path and
cycle related disconnected graphs. The brief
summaries of definitions which are necessary for the
present investigation are provided below.

Definition: 1.1
The set of all vertices adjacent to a vertex v is called
the neighbourhood of v and is denoted by N(v).

Definition: 1.2

A graph labeling is the assignment of unique
identifiers to the edges and vertices of a graph.

Definition: 1.3

A mapping f:V(G)—{0,1} is called binary vertex
labeling of G and f(v) is called the label of the vertex
v of G under f. If for an edge e = uv, the induced edge
labeling f* : E(G) — {0,1} is given by f*(e) = | f(u) —
f(v) |- Then v¢(i) = number of vertices of having label i
under f and eg(i) = number of edges of having label i
under f*.

A binary vertex labeling f of a graph G is called a
cordial labeling if | v¢(0) — v¢(1) | <1 and |eq0) —eq(1)
| < 1. Agraph G is cordial if it admits cordial labeling.

Definition: 1.4

Let G be a simple graph and f : V(G) — {0,1} be
a vertex labeling. For each edge uv, assign the label
f(u)f(v). The labeling f is called a
product cordial labeling of G if | v¢(0) —
Vi(1) | <1 and | ed0) —ed1) | <1, where v(i) and e(i)
denote the number of vertices and edges respectively
labeled with i (i = 0,1). A graph with a product cordial
labeling is called a product cordial graph.

Definition: 1.5

Let G be a simple graph and f : V(G) — {0,1} be
a vertex labeling. For each edge uv, assign the label
f(u)f(v). The labeling f is called a total product cordial
labeling of G if [f(0) — f(1)| < 1, where
f(i) denotes sum of the number of vertices and the
number of edges labeled with i (i = 0,1). A
graph with a total product cordial labeling is called a
total product cordial graph.

Definition: 1.6

A binary vertex labeling f of a graph G is called a
neighbourhood cordial labeling if for every vertex v
V(G), then all the vertices adjacent to the vertex v
have the same label, | v¢(0) — v¢(1) | < 1 and | eq0) —
ef(1) | < 1. A graph G is neighbourhood cordial if it
admits neighbourhood cordial labeling.

Definition: 1.7

A binary vertex labeling f of a graph G is called a
total neighbourhood cordial labeling, if for every
vertex v e V(G), then all the vertices adjacent to the
vertex v have the same label and [f(0)-f(1)| < 1, where
f(i) denotes sum of the number of vertices and the
number of edges labeled with i (i = 0,1). A
graph G is total neighbourhood cordial if it admits
total neighbourhood cordial labeling.
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Definition: 1.8

Let G be a simple graph and f : V(G) — {0,1} be
a vertex labeling. For each edge uv, assign the label
f(u)f(v). The labeling f is called a neighbourhood
product cordial labeling of G, if for every vertex
veV/(G), then all the vertices adjacent to the vertex v
have the same label, |vf(0) — wv{(1)] < 1 and
ler(0) — ed(1)] < 1, where vg(i) and egi) denote the
number of vertices and edges respectively labeled with
i(i=0,1). A graph with a neighbourhood
product cordial labeling is called a neighbourhood
product cordial graph.

Definition: 1.9

Let G be a simple graph and f : V(G) — {0,1} be
a vertex labeling. For each edge uv, assign the label
f(u)f(v). The labeling f is called a total neighbourhood
product cordial labeling of G, if for every vertex
veV/(G), then all the vertices adjacent to the vertex v
have the same label and | f(0)—f(1)| < 1, where f(i)
denotes sum of the number of vertices and the number
of edges labeled with i (i = 0,1). A graph with a total
neighbourhood product cordial labeling is called a
total neighbourhood product cordial graph.

Definition: 1.10

In a graph G, if every vertex of G is labeled by 0,
then it is called O - type labeling of graph G.

In a disconnected graph G, if every vertex in any
one of the component of G is labeled by 0, then it is
called O - type labeling of that component of G.

Definition: 1.11

In a graph G, if every vertex of G is labeled by 1,
then it is called 1 - type labeling of graph G.

In a disconnected graph G, if every vertex in any
one of the component of G is labeled by 1, then it is
called 1 - type labeling of that component of G.

Definition: 1.12
In a graph G, if the end vertices u; and v; of each

edge e (= uv;) are labeled with distinct
label, then it is called 01 - type labeling of
graph G.

In a disconnected G, if the end vertices u; and v;
of each edge €; (= uv;) are labeled with distinct label
in any one of the component of G, then it is called 01 -
type labeling of that component graph of G.

Definition: 1.13

A complete bipartite graph K, is called a star
and it has n+1 vertices and n edges. K, is the graph
obtained by the subdivision of the edges of the star
Kin-

Observations: 1.14

(i). If Gis a neighbourhood cordial graph, then O -
type labeling or 1- type labeling is suitable
labeling for any (bipartite / non-bipartite)
component of G.

(if). If G is a neighbourhood cordial graph, then 01 -

type labeling is not suitable labeling for any

non-bipartite component of G.

If G is a neighbourhood cordial graph, then 01 -

type labeling is only suitable labeling for any

bipartite component of G.

If G is a neighbourhood cordial graph, then O -

type labeling or 1 - type labeling on any one of

the component of G induces each edge label is

0.

(v). If Gisa neighbourhood cordial graph G, then 01 -
type labeling on any one of the component of G
induces each edge label is 1.

(iii).

(iv).

(vi). If G is a neighbourhood product cordial graph,
then 0 - type labeling on any one of
the component of G induces each edge label is
0.

(vii). If G is a neighbourhood product cordial graph,

then 1 - type labeling on any one of
the component of G induces each edge label is
1.

(viii). If G is a neighbourhood product cordial graph,
then 01 - type labeling on any one of the
component of G induces each edge label is 0.

Il. MAIN THEOREMS

Theorem: 2.1

Let G be a (connected or disconnected)
neighbourhood cordial graph with n vertices and m
edges, then G contains at least one component which
is bipartite.

Proof.

Let G be a neighbourhood cordial graph with n
vertices and m edges.

Case (i) : G is a connected neighbourhood cordial
graph with n vertices and m edges.

Suppose G is non-bipartite graph.

Then by observation 1.14 (i), 0 - type labeling or
1- type labeling is suitable labeling for G, we have
[vi(0)—v¢(1)|= n > 1, which is contradiction to our
assumption.

Hence G must contain at least one bipartite
component.

Case (ii) : G is a disconnected neighbourhood cordial
graph with n vertices and m edges.

Since G is a disconnected graph, then m > 2.

Suppose G has no bipartite components.

Then by observation 1.14 (i), 0 - type labeling or
1- type labeling is suitable labeling for G.

Also, by observation 1.14 (iv), we have e¢0) = m.

Therefore | ef(0) — ef1) | = m > 2, which is
contradiction to our assumption.

Hence G must contain at least one bipartite
component.

Therefore, a (connected or disconnected) graph G
is neighbourhood cordial with n vertices and m edges,
and then G contains at least one component which is
bipartite.
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Theorem: 2.2

A connected graph G is neighbourhood cordial
graph iff G is K,.
Proof.

Let G = K,. Let = uv be an edge of G.

Define f: V(G) — {0,1} as follows

f(u)=0and f(v) = 1.

Then f'(uv) = 1, [vi(0)-v¢(1)] < 1 and |e¢(0) — ef(1)]
<1

Hence, f is neighbourhood cordial labeling of G
and G is neighbourhood cordial graph.
Conversely

Assume that the connected graph G is
neighbourhood cordial graph.

From the above theorem, we have G is bipartite
graph.

Claim: G = K,.

Suppose G = K, and G has at least two edges.

Any suitable labeling of G which satisfy the
vertex condition, we have | e{0) —e¢(1) | > 2, which is
contradiction to our assumption. Therefore, G = K,.

Hence, a connected graph G is neighbourhood
cordial graph iff G is K.

Theorem : 2.3

Let G be a connected graph with n vertices, m
edges and | n-m | <1, then G is total neighbourhood
cordial graph.

Proof.

Let G be a connected graph with n vertices, m
edgesand [n—m|< 1.

Let uy, Uy, ..., Uy and ey, €y,
and edges of G respectively.

Define vertex labeling f : V(G) — {0,1} as
follows
f(u) =1 forl1<i<n.

Then, we have v¢(1) = n and e¢(0) = m.

Therefore, f(0) = mand f(1) =nand n—-m| <1
implies that | f(1) — f(0) | < 1.

..., 8m be the vertices

Therefore, G is total neighbourhood cordial graph.

Example : 2.1

The graph Ky s and its total neighbourhood cordial
labeling is given in Figure 2.1.

1 1
1
1 1
1
Figure 2.1

Theorem : 2.4

Let ny, n, be the number of vertices and my;, m, be
the number of edges of connected graphs G; and G,
respectively, | ni—ny| <1and mp —my <1,
then G; U G; is neighbourhood product cordial graph.
Proof.

Let G; and G, be two connected graphs with ny,n,
vertices and my, m, edges respectively.

Let uy, Uy ..., U, and vy, Vs, ..
vertices of G; and G, respectively.

Define vertex labeling f : V(G) — {0,1} as
follows

, V,, be the

f(u) =0 forl<i<n,.
f(v)=1 forl1<i<n,.
Then, we have v¢0) = ny, ve(1) = ny, e0) = my
and ef(1) = m,.

| ni—n; | < 1 and |m;—m,| < limplies that | v¢(0) —
Vi(1) |[<1and |e0) —eq1) | < 1.

Therefore, G;UG, is neighbourhood product
cordial graph.

Example : 2.2

The graph CsuK;s and its total neighbourhood
product cordial labeling is given in Figure 2.2.

0 1 1

0 0
Figure 2.2

Theorem : 2.5

The disconnected graph kP, is neighbourhood
cordial graph except k = 2(mod 4).
Proof.

Let G be the disconnected graph kP..

Let ujq, Ugg, Ugpg, Upo, ..., Ukg, Uk b€ the vertices of
kP,.

Then |V(G)| = 2k and |[E(G)| = k.

Define vertex labeling f : V(G) — {0,1}, we
consider following two cases.
Case (i) : k=0,1,3(mod 4).

f(u)) =0 fori=1,2(mod 4),
flup) =1 fori=0,3(mod 4),
f(up) =1 for i is odd,

f(up) =0 for i is even.

In view of the above labeling pattern, v¢(0) = v¢(1)

=k and e¢1) = ef0)+1 = % , if k= 1,3(mod 4) and

Vi(0) = v¢(1) = k and e¢(0) = ef(1) = g , if k= 0(mod 4).

Therefore, | vi(0) — v¢(1) | £ 1 and |ef(0) — eq(1)| <
1.

Hence G is neighbourhood cordial graph.
Case (ii) : k=2(mod 4).

In order to satisfy the vertex condition for
neighbourhood cordial graph, it is essential to assign
label 0 to k vertices and label 1 to k vertices. Then,
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this labeling will give rise % edges with label 1

and % edges with label 0.

Therefore |eg(0) — e4(1)] = 2. Thus the edge
condition for neighbourhood cordial graph is violated.

Hence, G is not neighbourhood cordial graph,
when k =2(mod 4).

Therefore, the graph kP, is neighbourhood cordial
graph except k = 2(mod 4).

Example : 2.3

The disconnected graph 5P, and its
neighbourhood cordial labeling is given in Figure 2.3.

O¢—m———9 1
Oe—— 0
1 &—o 1
1 e——e

Oe—91
Figure 2.3

Theorem : 2.6

The disconnected graph kP, is neighbourhood
cordial graph when k = 0(mod 4) and n > 3.
Proof.

Let G be the disconnected graph kP,

Let Ugq, Uga, ..., Ugpn, Uoq, Ugo, ..., Uop, Ukg, Ugo, ..,
Uxn be the vertices of kP,. Then [V(G)| = 2nk and
|E(G)| = (n-1)k.

Define vertex labeling f : V(G) — {0,1}, we
consider following two cases.
Case (i) : k=0(mod 4).

f(uy) =0 for i = 1(mod 4) and j is
odd,

fluy) =1 for i = 1(mod 4) and j is
even,

f(uy) =0 fori=2(mod4)and 1 <j<
n!

fluy) =1 fori=3(mod4)and1<j<
nl

fluy) =1 for i = O(mod 4) and j is
odd,

f(uy) =0 for i = O(mod 4) and j is
even.

In view of the above labeling pattern we have,
n-1)k
o) = e = 12K

Therefore, |es(0) — eq(1)| < 1.

Hence G is neighbourhood cordial graph.
Case (ii) : k=1,2,3(mod 4).

Any suitable labeling which satisfy the vertex
condition for neighbourhood cordial graph gives |eq4(0)
—gg(1)] = n-1.

Thus the edge condition for neighbourhood
cordial graph is violated.

Hence, G is not neighbourhood cordial graph,
when k=1,2,3(mod 4).

Therefore, the graph kP, is neighbourhood cordial
graph when k =0(mod 4) and n > 3.

Example : 2.4
The disconnected graph 4P, and its
neighbourhood cordial labeling is given in Figure 2.4.
0 1 0 1 0
o o0 0 0 O

i

[ e
[ N
[ Mol
o
[

¢
¢ O
[ Nl
¢ O
[ R

Figure 2.4

Theorem : 2.7

The disconnected graph Ky nUPy is
neighbourhood cordial graph, where n > 2.
Proof.

Let G be the disconnected graph Ky, U P,,.

Let v, vy, Vo, ..., V, and ug, U,, ..., U, be the vertices
of Ky, and P, respectively.

Then [V(G)| = 2n+1 and |E(G)| = 2n-1.

Define vertex labeling f : V(G) — {0,1} as
follows.

f(u) =0 forl1<i<n,
f(v) =0,
fivi) =1 forl1<i<n,

In view of the above labeling pattern we have,
vi(0) = vg(1) +1 =n+l and ef(1) = e;0) + 1 =

n.
Therefore, | vi(0) — v¢(1) | <1 and | ef(0) — ef(1) | <
1.
Hence G is neighbourhood cordial graph.
Example : 2.5

The graph Ky gUPg and its neighbourhood cordial
labeling is given in Figure 2.5.

1 L 1
0 0 0 0 0 0 0
r—r— 00—
1 1
1 1
1 Figure 2.5
Theorem : 2.8

The disconnected graph Ky oGy is
neighbourhood cordial graph, where n > 3.
Proof.

Let G be the disconnected graph Ky ,u C,,.

Let v, vy, Vg, ..., V, and Uy, Us, ..., U, be the vertices
of Ky, and C, respectively.

Then [V(G)| = 2n+1 and |E(G)| = 2n.

Define vertex labeling f : V(G) — {0,1} as
follows.

f(u) =0 forl1<i<n,
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f(v) =0,
f(v;) =1 forl1<i<n,
In view of the above labeling pattern we have,
vi(0) = v¢(1) + 1 = n+1 and ef(1) = e;(0) = n.
Therefore, | vi(0) — v¢(1) | < 1 and | ef0) — ef(1) | <

Hence G is neighbourhood cordial graph.

Example : 2.6

The graph K; ¢uCs and its neighbourhood cordial
labeling is given in Figure 2.6.

1 0

1 1

0 0

0

1 | 0 0
1 Figure 2.6 0

Theorem: 2.9
The disconnected graph CyuPUKynn S

neighbourhood cordial graph, where n > 3.
Proof.

Let G be the disconnected graph C, WP, U Ky p.

Let wq, Wy, ..., Wy, Uy, Uy, ..., Uy and v, V4, Vo, ..., Vp,
Vnet, Vnez, - Von D€ the vertices of C,, P, and Ky
respectively.

Then [V(G)| = 4n+1 and |E(G)| = 4n - 1.

Define vertex labeling f : V(G) — {0,1} as
follows.

flw;) =1 forl<i<n,
f(u) =0 forl<i<n,
f(v) =0,

fv) =1 forl<i<n,
f(v) =0 forn+1 <i<2n,

In view of the above labeling pattern we have,
vi(0) = v¢(1) + 1 = 2n+1 and e¢1) = e{0) + 1
=2n.
Therefore, | vi(0) — v¢(1) | <1 and | ef(0) —e¢1) | £

Hence G is neighbourhood cordial graph.

Example : 2.7

The graph Cs U Ps U Ky 55 and its neighbourhood
cordial labeling is given in Figure 2.7.

o O O o o

Figure 2.7
Theorem : 2.10

The disconnected graph CouKynuKyinn IS
neighbourhood cordial graph, where n > 3.
Proof.

Let G be the disconnected graph C, u Ky, U
K1,n,n-

Let wy, Wy, ..., Wy, U, Ug, Uy, ..., Uy and v, vy, Vo, ...,
Vn, Viel, Vns2, - Von be the vertices of C,, K;, and
Kinn respectively.

Then [V(G)| = 4n+2 and |E(G)| = 4n.

Define vertex labeling f : V(G) — {0,1} as
follows.

f(w) =0 forl<i<n,
f(u) =1,

flu) =1 forl<i<n,
f(v) =0,

flv)=1 forl<i<n,
f(v)=0 forn+l <i<2n,

In view of the above labeling pattern we have,
Vi(0) = v¢(1) = 2n+1 and e¢(1) = e¢(0) = 2n.
Therefore, | vi(0) — v¢(1) | <1 and | ef(0) — ef(1) | <

Hence G is neighbourhood cordial graph.

Example: 2.8

The graph CsuK;sUK; 55 and its neighbourhood
cordial labeling is given in Figure 2.8.

1 1
0
0 0 L
1 1
0 0
1
Figure 2.8

Theorem : 2.11

The disconnected graph P,uKio Kipn iS
neighbourhood cordial graph, where n > 2.
Proof.

Let G be the disconnected graph P, U K;, U
K1,n,n-

Let wy, Wa, ..., Wy, U, Ug, Uy, ..., Uy and v, vy, Vo, ...,
Vi, Vnst, Vieo, -, Voo be the vertices of P, Ky, and
Kinn respectively.

Then |V(G)| = 4n+2 and |E(G)| = 4n — 1.

Define vertex labeling f : V(G) — {0,1} as
follows.

f(w) =0 forl<i<n,
f(u) =1,

f(u) =1 forl<i<n,
f(v) =0,

f(v;) =1 forl<i<n,
f(v;) =0 for n+1<i<2n,

In view of the above labeling pattern we have,
V¢(0) = v¢(1) = 2n+1 and ef(1) = e¢0) + 1 = 2n.
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Therefore, | vi(0) — v¢(1) | <1 and | e(0) —e¢(1) | <

Hence G is neighbourhood cordial graph.

Example : 2.9

The graph PsUK; sUK; 55 and its neighbourhood
cordial labeling is given in Figure 2.9.

0 1 1
0
1
0
0 1 1
0 1
Figure 2.9

Theorem : 2.12

The disconnected graph P, U K., is total
neighbourhood cordial graph, where n > 2.
Proof.

Let G be the disconnected graph P, U Ky p.

Let uy, Uy, ..., Uy and Vv, Vi, Vo, ..., Vi, Viet, Vie2, oy
Vo be the vertices of P, and Ky, respectively.

Then [V(G)| = 3n+1 and |E(G)| = 3n - 1.

Define vertex labeling f : V(G) — {0,1} as
follows.

f(u) =0 forl1<i<n,
f(v) =0,

fiv) =1 forl1<i<n,
f(v;) =0 for n+1<i<2n,

In view of the above labeling pattern we have,
vi(0) = 2n+1, v¢(1) = n, e¢(1) = 2n and e¢(0) =
n-1.
Here, f(0) = 3n and f(1) = 3n. Therefore, | f(0) —
f(1) | < 1.
Hence G is total neighbourhood cordial graph.

Example : 2.10

The graph Ps U K55 and its total neighbourhood
cordial labeling is given in Figure 2.10.

Figure 2.10

Theorem : 2.13

The disconnected graph CpuKjynn
neighbourhood cordial graph, where n > 3.
Proof.

Let G be the disconnected graph C, UKy pp.

is total

Let wy, Wy, ..., W,, and V, Vi, Vo, ..., Vo, Viits
Vni2, ..., Von be the vertices of C, and Kip,
respectively.

Then [V(G)| = 3n+1 and |E(G)| = 3n.

Define vertex labeling f : V(G) — {0,1} as
follows.

f(w) =0 forl<i<n,
f(v) =0,

f(v)=1 forl<i<n,
f(v)=0 forn+l<i<2n,

In view of the above labeling pattern we have,
vi(0) = 2n+1, v¢(1) =n, e{1) = 2n and e{(0)

=n.

Here, f(0) = 3n+1 and f(1) = 3n. Therefore, [f(0)—
f(1) | < 1.

Hence G is total neighbourhood cordial graph.
Example: 2.11

The graph Cs U Ky 55 and its total neighbourhood
cordial labeling is given in Figure 2.11. 0

0
0 0
0 0

Figure 2.11

Theorem : 2.14

The disconnected graph Ky, UKyinn
neighbourhood cordial graph, where n > 2.
Proof.

Let G be the disconnected graph Ky, U Ky nn.

Let u, Uy, Uy, ..., Uy and V, Vi, Vo, ..., Vi, Vnet,
Vne2, .., Voo De the wvertices of K;, and Kj,,
respectively.

Then |V(G)| = 3n+2 and |E(G)| = 3n.

Define vertex labeling f : V(G) — {0,1} as
follows.

is total

f(u) =0,

f(u) =0 forl<i<n,
f(v) =1,

f(v) =0 forl<i<n,
fv) =1 forn+1 <i<2n,

In view of the above labeling pattern we have,
vi(0) = 2n+1, v¢(1) = n+1, e¢0) = n and eq(1)
=2n.
Then f(0) = 3n+1 and f(1) = 3n+1.
Therefore, | f(0) — f(1) | < 1.
Hence G is total neighbourhood cordial graph.

Example : 2.12

The graph K; sUK; 55 and its total neighbourhood
cordial labeling is given in Figure 2.12.

ISSN: 2231-5373

http://www.ijmttjournal.org

Page 63



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology- Volume27 Number2 — November 2015

0 Figure 2.12

Theorem : 2.15

The graph Ky, is total neighbourhood product
cordial graph, where n > 2.
Proof.
Let G be the disconnected graph Ky .
Let v, vy, V,, .., V, be the vertices of Ky,
respectively.
Then [V(G)| = n+1 and |[E(G)| = n.
Define vertex labeling f : V(G) — {0,1} as
follows.
f(u) =0,
f(u) =1 for1<i<n,
In view of the above labeling pattern we have,
vi(0) =1, v¢(1) = n, ef(0) = nand ef(1) = 0.
Then f(0) = n+1 and f(1) = n.
Therefore, | f(0) — f(1) | < 1.
Hence G is total neighbourhood product cordial
graph.

Example : 2.13

The graph Kys and its total neighbourhood
product cordial labeling is given in Figure 2.13.

1
Figure 2.13

I11. CONCLUSIONS

In this paper, the various types of neighbourhood
cordial graphs are introduced and the neighbourhood
cordial labeling of kP, kP, Ki,uP, KiauCy,
CnuPnUKinn CruKinuKyinn PruKinUKin, and
total neighbourhood cordial labeling of PLUKjynn,
CnuKynn KinuKinn are proved. Finally, the total
neighbourhood product cordial labeling of K, is
presented.
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