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Abstract
Let Fe R,C,H . Let U, be the set of unitary bimatrics in F,

nxn

, and let O, be the set of

orthogonal bimatrices in F .. Suppose N >2. we show that every Ag € F, , can be written as a sum of

bimatrices in U,

and of bimatrices in O, . let A; € F,_, be given that and let K > 2 be the least integer
that is a least upper bound of the singular values of As. When F=R, we show that if kK <3, then Ag can be

written as a sum of 6 orthogonal bimatrices; if k >4, we show that Ag can be written as a sum of K+2

orthogonal bimatrices.
Keywords: Orthogonal matrix, bimatrix, orthogonal bimatrix, unitary bimatrix, sum of orthogonal bimatrices,
sum of unitary bimatrices.

AMS classification: 15A09, 15A15, 15A57.
1. Introduction

Matrices provide a very powerful tool for dealing with linear models. Bimatrices are still a powerful
and an advanced tool which can handle over one linear model at a time. Bimatrices are useful when time bound
comparisons are needed in the analysis of a model. Bimatrices are of several types. We denote the space of nxn

complex matrices by Cp. FOr A € oy, AT, A, ATand det (A) denote transpose, inverse, Moore-Penrose

inverse and determinant of A respectively. If AA" = AT A= then A is an orthogonal matrix, where | is the
identity matrix. In this paper we study orthogonal bimatrices as a generalization of orthogonal matrices. Some of
the properties of orthogonal matrices are extended to orthogonal bimatrices. Some important results of
orthogonal matrices are generalized to orthogonal bimatrices.

Basic Definitions and Results
Definition 1.1 [7]
A bimatrix Ay is defined as the union of two rectangular array of numbers A; and A, arranged into

rows and columns. Itis written as Ag = A U A, with A # A, (except zero and unit bimatrices) where,

1 1 1 2 2 2
a; a4, - &, a; a, - &,
1 1 1 2 2 2
a a a a a e a
I E D S e
1 1 1 2 2 2
aml amz amn aml am2 amn

"' is just for the notational convenience (symbol) only.
Definition 1.2 [7]

Let A; = A UA, and C; =C, UC, be any two m x n bimatrices. The sum Dj of the bimatrices
A; and C; is defined as

D;=A+C, = AUA + C UG,

= A+C, U A +C,
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Where A +C, and A, +C, are the usual addition of matrices.
Definition 1.3 [8]

If A,=AUA and C; =C,UC, be two bimatrices, then A; and C; are said to be equal
(written as AB = CB ) if and only if A; and C; are identical and A, and C, are identical. (That is, A; = C; and A,
=Cy).
Definition 1.4 [8]

Given a bimatrix A; = A WA, and a scalar A, the product of 4 and Ag written as AAg is
defined to be

ﬂ“aill 13112 ﬂ*a1ln ﬂ“alzl lalzz ﬂ“aizn
A | B ARy By | Ay Aay e Ad,
Aas, Aal, - A&, Aa, aad, - Add

= AAUAA .

That is, each element of A; and A, are multiplied by A .
Remark 1.5 [8]

If AB = Al ) A2 be a bimatrix, then we call A; and A, as the component matrices of the bimatrix Ag.
Definition 1.6 [7]

If Ay=A VA, and C; =C,UC, are both n x n square bimatrices then, the bimatrix
multiplication is defined as, A; xC; = AC, U AC, .
Definition 1.7 [7]

Let A;"™ = A U A, be a mxm square bimatrix. We define 13" = 1™" OI™™ = 1" U 1) to

be the identity bimatrix.
Definition 1.8 [7]

Let A;"™ = A W A, be a square bimatrix, Ag is a symmetric bimatrix if the component matrices A;
and A, are symmetric matrices. ie, A = A’ and A, = A .
Definition 1.9 [7]

Let Ag™™ = A WA, be a mxm square bimatrix i.e, A; and A, are mxm square matrices. A skew-

symmetric bimatrix is a bimatrix Ag for which A; = —A;, where —A; = —AIT u—A2T i.e, the component

matrices A; and A, are skew-symmetric.
2. Orthogonal and Unitary Bimatrices
Definition 2.1 [6]
A bimatrix A; =A UA, is said to be orthogonal bimatrix, if AgAL = ALA; =1, (or)

AR UAA = AAUAA =1 ul,
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(That is, the component matrices of Ag are orthogonal.)
Thatis, A; = Ag" (o) AT WA = ATUA" .
Remark 2.2

Let A; = A U A, be a orthogonal bimatrix. If A; and A, are square and posses the same order then

Ag is called square orthogonal bimatrix, and if A; and A, are of different orders then Ag is called mixed square
orthogonal bimatrix.

Example 2.3

201 Bl T2 2 17
1

1 -—|J2 2 0 |u
O A NG

2 1 3 1 -2 2

[cosd 0 sing |

-2 1 2] isasquare orthogonal bimatrix.

Wl

cosd sing
2 A= vl 01 0 |isa mixed square orthogonal bimatrix.
—singd cosé

1 sind 0 —cosé
Definition 2.4 [5]
Let A; = A WA, bean nxn complex bimatrix. (A bimatrix Ay is said to be complex if it takes

entries from the complex field). A; is called a unitary bimatrix if A;AS = AZAS =1, (o) A" = Al
Thatis, AA'VAA =AAUAA =1LUL,.
Example 2.5

pmon LT A ]
= J = — J— 1 nitary bdimatrix.
N R F T

In this paper, we have determined which bimatrices (if any) in R, can be written as a sum of unitary
or orthogonal bimatrices. Also we have obtained that if K <3, then Ag can be written as a sum of 6 orthogonal
bimatrices, and if K >4, then Ag can be written as a sum of K +2 orthogonal bimatrices, where k be the least

and O
orthogonal bimatrices in the complex field. We begin with the following observation.

integer that is a least upper bound of the singular values of Ag. We let U,

e are the set of unitary and

nxn

Lemma 2.6

Let n be a given positive integer. Let G  F_ . be a group under multiplication. Then A; € F. = can

be written as a sum of bimatrices in G if and only if for every QB, PB € G, the bimatrix QgAgPg can be written

as a sum of bimatrices in G.

Notice that both U and O

fxn are groups under multiplication.

nxn
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Let o;,a, € F be given. Then lemma 2.6 guarantees that for each Qg € G, we have that

a,Q, wa,Q, can be written as a sum of bimatrices from G if and only if |, W&, |, can be written as a
sum of bimatrices from G.

Lemma 2.7

Let N >2 be agiven integer. Let G < F,_ be a group under multiplication. Suppose that G contains

Kg =diag 1,—1,...,—1 and the permutation bimatrices. Then every Ag € F, . can be written as a sum of

xN

bimatrices in G if and only if for each o, a, € F, a1, W, 1, can be written as a sum of bimatrices from G.

3. Sum of orthogonal bimatrices in Ry,

The only bimatrices in the set of all orthogonal bimatrices of order 1 are +1. Hence, not every element
of FM can be written as a sum of elements in the set of all orthogonal bimatrices of order 1. In fact, only the
integers can be written as a sum of elements of the set of all orthogonal bimatrices of order 1.

Notice that On 0 = u, [] . When n=1, only the integers can be written as a sum of elements of

O1 [] . Suppose that n=2. We mimic the computations done in the case when F =[] .

Let 6,6,ell be given, set o =Cos 6; a,=Cos 6, and  set
B, =Sin &; B,=Sin 6,

Then I:Al a,pB VA o, 5 :I in equation (2) of [4] is an element of O, []

Moreover, |: A+A U A+A :|= 2|:C08491|1“ L Coso, 1) :|
Now, for every 0;,0, €[l there exist a positive integer m and 0,6, €] such that
2m Cos 6, =6,; 2m Cos 6, =6,.

We conclude that every Alqu el nxn Can be written as a sum of an even number of

n

bimatrices from O, [

When n=3, we again mimic the computations done in the case when F =[] using
a, = Cos (91; a, = Cos 6’2 and ﬂl = Sin 91; ﬂz = Sin 492 to show that for every 51,52 el

N i Il . N
the bimatrix 51|1 (o 52 | > can be written as a sum of an even number of bimatrices from 03 [

Let n>4 be a given integer. If n=2k is even, then write

2k 2k 1l 1l [ I .
ol wolt = 81 Lol ©.@ 5l Ub,l,  (k copies), and note that each
Il Il . . .
51|1 () 52 | o Ccan be written as a sum of an even number of bimatrices from 02 []
If n=2k+1 is odd, then write &, 17" U S,12T = S1M2 LS @ Sl LS,
2n-2 2n-2 . . .
Now, 51|1 U52|2 can be written as a sum of an even number of bimatrices from

1] 1] . .
02n_2 ] and 51|1 U52|2 can be written as a sum of an even number of matrices from
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I i . . .
OZn_2 (] and 51'1 U52|2 can be written as a sum of an even number of bimatrices from

2k+1 2k+1 . . .
03 [J . We conclude that 51|1 Y 52 | 2 can be written as a sum of an even number of bimatrices

from O, ,, [

Hence, Lemma 3.2 of [4] guarantees that for every integer N > 2, every A UA, ell _  can
be written as a sum of bimatrices from On ]
Theorem 3.1

Let N>2 be a given integer. Every A& Y A2 el nxn Can be written as a sum of bimatrices
from O, [ =U [
Proof

Let N> 2 beagivenintegerand let U, WU, € WU, [1  be given.

Then U, WU, eW [0 MO, [ , that is, a real orthogonal bimatrix is both complex
unitary bimatrix and complex orthogonal bimatrix.

Hence, A WA, €[l which a sum of matrices is in U, [] is both a sum of complex
unitary bimatrices and a sum of complex orthogonal bimatrices. Thus, the restrictions on these cases apply. It k

iS a positive integer such that O'l1 A& > k; 6; Az > k, then Al Y A2 cannot be written as a sum
of k real orthogonal bimatrices.

Let m be a positive integer. Theorem 3.9 of [4] guarantees that |1 ) |2 el omgq CaNNot be

[

written as a sum of two bimatrices in 02m+1

Now, we cannot be written as a sum of two bimatrices from 02

U <Oy U

m+1

In general, if «,0r, & —2,0,2 and if Qlqu 602m+1 ], then a'lQlkJO(ZQZ
0

cannot be written as a sum of two bimatrices from 02m+1

Let N > 2 be agiven integer, and let A \U A, €[] be given. We now look at the bimatrices
in O, [ thatmakeupthesum A UA, .

Definition 3.2
Let (91,92 €Ll be given. We define

[ Cos 6, Sin g, Cos 6, Sin 6,

6 UA 6, |= U d
['A& P VA 2] _—Sin 6, Cos 6, -Sin 6, Cos 6, 3

(Cos 6, Sing, | [Cosé@, Sing,

6, UB, 6, |= U 1
(B 4 ZZJﬁMQC%@ Sin 9, Cos 6, @

Remark 3.3

set K!' UK E[Bl 0 UB, Ojandnoticethat[pﬁ 0 uUA O :|= |lII U|2”
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Let 0<r,sel] begiven, and let K > 2 be an integer. If I, S <K, then Lemma 3.1 of [6] and
taking the real and imaginary parts of the equation

: Al
e 4. +e% =g

02 92
et +..+e% =q, ?)

Show that there exist 9;,021,...,0; ell; 6’12,922,...,(9'(2 ell such that
[Ai 0 +.+A 6 ]u[Az 0 +.+A & ]:r[ll" ulz"]. Moreover, there exist
BlrnBi €07 Bl 7 €0 suchthat B B .48 B |[B, f +.48, f |=S[K'UK}]
Theorem 3.4

Let a positive integer n and let A U A, €[], be given. Suppose that K > 2 is an integer

such that O'l1 A <k; O'; A, <K. Then A WA, can be written as a sum of 2k matrices in
O,, U . Moreover, for every integer M> 2K the matrix A U A, can be written as a sum of m

matrices in O,,, [J

Proof

et AUA =U uU, X UZX, VUV, be a singular value decomposition of
AVUA .

Then Lemma 2.6 guarantees that we only need to concern ourselves with £. For n=1, notice that

diag, o;,07 wdiag, 03,0, :S[Il" U|2“]—H'[Kl” ukz"] where
1 1 1
S== 0,+0{ == 0,+0, adt==0,-6 == 0,-0C; .
2 2 2

Now, 0<t<s<k. Hence, s I, UL}’ and t K UK} can each be written as a sum of k
orthogonal bimatices. Moreover, for each integer P =K, notice that S IlII U |2II can be written as a sum of

p orthogonal bimatrices. Hence, [ sl +rK!" U sl) +rK) ] can be written as a sum of p+k orthogonal

bimatrices.

For n>1 write
Y, ux, =diag o;,0;,..,0,, ,,0,, wdiag ¢’,6%,...,05 ,,05
= diag o},0) @®..@diag o’ ,,0;, v diag o/,0; @®..®diag o’ 07,
Notice now that for each j=1,...,n, diag o3, ,,0;;, wdiag 0'221-71,0'221- can be written as a

N 1 2 1 2
fun of 2k orthogonal bimatrices, say P WP ..y Py WP

For each |=1,..2k, st QuUQ’ = BfUP’ ®..® P;UP? , and notice that
1 1 2 2
= Q+.+Q; v Q +..+Q5
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Finally, notice that for each integer m>2k and for each j:L...,n , the matrix

diag o, ,,0;; wdiag o3, ,,0;, canbe written as a sum of m orthogonal bimatrices.
Remark 3.5

Consider CgwC? E[diag b,a wdiag b,,a, Jwith real numbers b,,b, >a,,a, >0.

If b,,b, > 2, then Theorem 3.4 ensures that CJCZ  can be written as a sum of 4 real orthogonal

bimatrices. Moreover, for each integer t >4, CéuCé can be written as a sum of t real orthogonal

bimatrices.
Suppose that b,b, <3 if 0<b <2; 0<b, <2, then Theorem 3.4 guarantees that Cé uCg

. . . 1 2 :
can be written as a sum of 4 real orthogonal bimatrices. Moreover, C;WC; can also be written as a sum of

5 real orthogonal bimatrices.

If 2<b <3; 2<h, <3, then we look at two cases:
i)0<a <1 0<a,<1and
ipl<a <£3;1<a,<3
I the fist case, st CluC, = CJUC) — KZUKZ . Then
0<b -1<2;0<b,-1<2 and 0<a +1<2; 0<a,+1<2. Notice now that for each

. 1 1 . . .
integer t > 4, C1 (O C2 can be written as a sum of t real orthogonal bimatrices.

1 1 I I
In the second case, set Cl UC2 = Clo — |1 (O Cg — |2 . Then we have
O0<a -1<b -1<2;, 0<a,-1<b,-1<2. Theorem 3.4 guarantees that for each integer

1 1 , . . .
t> 4, C1 UC2 can be written as a sum of t real orthogonal bimatrices. Hence, for each integer
0 0 . . .
t> 5, Cl O C2 can be written as a sum of t real orthogonal bimatrices.

We now use induction to show that if K > 2 is an integer satisfying b1 < k; b2 < k, then for each

_ 0 0 . N
integer t > K + 2, C1 (N C2 can be written as a sum of t real orthogonal bimatrices.

Suppose that the claim is true for some integer k >3 . We show that the claim is true when
0< b1 <k+1 0< b2 <k+1.if0< bl <k; 0< b2 <K, then our inductive hypothesis guarantees

that for each integer t>k+ 2, Clo u Cg can be written as a sum of t and hence, also of { > k+3

real orthogonal bimatrices.

It K <b1£k+l; k <b2 <k +l, we take a look at two cases:
(i) 1<a <k+1 1<a, <k +1And

iy 0<a <l 0<a,<1;
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: 1 1 0 0 I I : y
In case (), st C,uC, = CLuC, — I ul, ; ad in case (i),
1 ~l I 1
et C,UC, = CCuC? — K!' UK]
Lemma 3.6

Let C,UC, €M, [] be given suppose that K > 2 is an integer such that 611 C, <k

and O'; C, <K. Then for each integer t >k +2, C,\UC, can be written as a sum of t matrices

from U, [J

Let A UA, e€ll,, be given, and suppose that the bi singular values of A U A, are

o, 2.20"20,0,>..20" >0.

set D, U D, s[diag oy,..,op" wdiag 63,..,05" ]
wie D,UD, =|diag o,...0f ®..®diag o707 |
v diag o;,...,0; @..@diag o', 0" ]

Let K > 2 be an integer such that Gll A < k;o% A, <K. Then Lemma 3.6 guarantees that
for each integer t > K + 2, and foreach | =1,...,Nn,diag (7121_1,(71J v diag (722]_1,(72] , can be

written as a sum of t real orthogonal bimatrices. We conclude that for each integer T > K+ 2, A1 U A2
can be written as a sum of t real orthogonal bimatrices.
Theorem 3.7

Let n be a positive integer, and let Al Y A2 el o, be given. Suppose that K>2isan integer
such that (711 A < k; (7; A2 <K then for each integer T > K+ 2, Al ) A2 can be written as a
sum of t matrices in U, LI
Proof
Let AUA ell,, be given. Suppose that
AUA = PUPR X UX, QuUQ, , wih RUR , QuUQ, €O, and
L, u%, =|diag a,b,c wdiag a,b,c, |with 0<c <b <a <20<c,<h <a,<2.

If @ =a, =2, then notice that diag b,,c, wdiag b,,C, can be written as a sum of

four orthogonal bimatrices. One checks that 21 UZZ can be written as a sum of four real orthogonal
bimatrices.

Suppose & < 2; &, <2.if C,=C, =0, then 2, U2, can be written as a sum of four

orthogonal bimatrices. If C, =C, = 2, then A&UAz is a sum of two orthogonal bimatrices. If
0#cC <2, 0#C, <2, then, choose 8,8, that 2 Cos &,=c,; 2 Cos &,=c,.
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Noticethat | A 6, +A —6, U A, 6, +A, -0, |=2[Cos g1," LCos 6,1, |
Set UllkJUZI = 1A 6 v 1A 6, ad
st UMOU! = -1©A -6, U -1®A -6,

Then X, U, - U/ uU' + UjuU) = diag a,b -c,0 udiag a,b,-c,,0 ,

which can be written as a sum of four real orthogonal bimatrices. Hence, A U A, can be written as a sum of
six real orthogonal bimatrices.
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