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I. INTRODUCTION

Many environmental variables exhibit skewed distributions that can be approximated by the lognormal
distribution. For lognormal distribution, the mean is different value from the median and when one use statistics
to describe the data to summary statistic, the median is appropriated for skewed distributions, Parkin and
Robinson [6]. For example, Hirano et al. [1] reported that in a study of epiphytic bacterial population on leaf
surfaces, the median was chosen as the relevant summary statistics. Parkin and Robinson [7] also proposed the
confidence intervals for the median of lognormal distribution. Our aim in this paper is to derive analytic
expressions to find the coverage probability and the expected length of the confidence intervals for the median
and the ratio of medians of lognormal distribution when the parameter means are restricted or bounded. See for
example, Mandelkern [2], Roe and Woodroofe [8], Wang [9-11] and Niwitpong [5] and the references cited in
these articles.

I1. CONFIDENCE INTERVAL FOR THE MEDIAN OF LOGNORMAL DISTRIBUTION

In this section, let X; = X, X;,---, X;, ,1 =12 be a random variable having a lognormal distribution,

N

and let g and o’ denote the mean and variance of In Xi respectively, so that

Y,=In X, ~N z,0? . The probability density function the lognormal distribution is

1 In X -y 2
_ expl-—/—/4m————
f Xi,,Lli,Giz = XiGi‘\/27Z' P ZGiZ

0 : otherwise.

; for x, >0

The median of lognormal distributionisM X, =exp z =& and the ratio of medians of lognormal
M X ex

L — P 4 :ﬁ:é', when
M(X,) exp(y,) 6,

_ B n _ B m ~ n _ 2 B m —_ 2
Y, =n lZY“.,Y2 =m*YY,,Si=(n-)*> Y, -Y, .82 =(m-1) S Y-V,
j=1 k=1 j=1 k=1

distribution is

are respectively the means and the variances of YI =In Xi . We are interested in constructing confidence intervals

for Qi and & when parameter means lie between a,.,b, ,O<6|1- <b|.
The confidence interval of the single median &; of lognormal distribution is constructed using  In(6,) = 4 .

The confidence interval for each of In(8,) = £ is carried out. Also the coverage probability and expected
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length of each confidence interval are derived. We then find the true coverage probability and expected length
of the median of log normal distribution by transforming back using exponential function.

Assume that 612 is unknown, it is well known that the confidence interval for £, is

_ SZ _ SZ - n _
Cl, = Yl—zlam/?l,YlJrzla,z,/?l when S7=(N-1)"> Y, -Y, “and 2,
=1

is an upper percentiles of the standard normal distribution and for small sample sizes, it can be proved that the
confidence interval for £ is

- /SZ - ’SZ
Cl,=1Y. -t ?1 Y.+t ?1 where t,__,, isan upper percentiles of t-distribution with n-1

degrees of freedom. The confidence interval for M X, =exp g4 =6 is exp(CI’ul) . The coverage

probability and the expected length of ClI i is proved in Theorem 1 below.

M X, exp 4

M(X,) exp(s,)
Therefore, In(&') = 44, — (4, , the confidence interval for £4 — £4, is well known in 3 cases.

The confidence interval of the ratio of medians of lognormal distribution is

_h_s
0,

a) Casel, when o ando?; are known

The pivotal quantity for this case is
7 :Yl_Y — (5 — 1)
2 2
o, 0,
n m
when Z is a standard normal distribution. The confidence interval for 14—, s

2 2 2 2

v ,a O, T o, O
Cl,=[(Y,-Y,)-Z L +=2(Y,-Y,)+Z L +=2
1 ( 1 2) 1-cx/2 n m ( 1 2) 1-/2 n m

b) Case I, when 012 and 0'22 are unknown but 612 = Gf
The pivotal quantity for this case is

(Y, -Y,) — (1, — 1)

1
Sp\/l+1
n m

when T, is the t-distribution with n+m—2 degrees of freedom,

and Sﬁ is the pooled estimate of the sample variance;
(n-1S? +(m-1)S?
n+m-2 '
A 100(1-a) % confidence interval for IN(0) = 14 — 14, is

- o ,1 l - - 1 1
C|2: (Yl_YZ)_tl—aIZ,nhanZSp n_+a7(Yl_Y2)+t1—a/2,n1+n2728p n_+a}

when t,_,isa (1—a/2)100th percentile of the t-distribution with n1+n2-2 degrees of freedom.

c) Case lll, when &> and o are unknown but o} # o5
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The pivotal quantity for this case is

T = (Y_l_Y_?_)_(lul_.uZ)

2 2 2
n m
when T, is an approximated t-distribution with
A+B S? Sz
V:—(2 )2 J,A=—"L B=-%
A B n m
n-1 m-1
degrees of freedom.
A 100(1-a) % confidence interval for IN(0) = £, — 44, is
- - sZ s - - S
Cl,=[(Y,-Y,)-t L2 (Y, -Y,)+ L 4+=2
3 ( 1 2) 1-/2,v n m (Yl 2) tl—zx/Z,v n m

A final process is to use exponential function to transform CI,,Cl,,Cl, back to &, we then have

exp Cl, ,exp Cl, and exp Cl, respectively.

I11. COVERAGE PROBABILITY AND EXPECTED LENGTH OF EACH CONFIDENCE INTERVAL

In this section, we present only the coverage probability and the expected length of confidence intervals Cl Cl,

ulr
and Cl;, since a confidence interval CI, is never use in practice.

Theorem 1 (Niwitpong [4]) The coverage probability and expected length of CI L1 are respectively,

2c  \2r(n/2)
Jn n=1r((n-1)/2)

standard normal functionand cis t, _,,, anupper (1—or/2)100% percentiles of the t-distribution with n-1
degrees of freedom,

E ®(A)-D(-A) and E(CI ) = o,, where A=cS, /o, D(e) isa

Proof See proof of this theorem in Niwitpong [4].

Theorem 2 (Niwitpong [4]) The coverage probability and the expected length of Cl, when
the variances are equal, 612 = 622 , are respectively
n+m-1

I°( )
E[OW,) - ®(-W,)] and 2%*do, \/i+i \/ ! 2

n m n1+n2_2r(Lm_2)

where \ledlg;lsp,dl :tl—a/Z,n+m—2’ I'[] is the gamma function and  ®D[.] is the cumulative

distribution function of N (0, 1).
Proof. Similarly proof to Niwitpong [4].

Theorem 3 (Niwitpong [4]) The coverage probability and the expected length of Cl, are respectively
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E[DW) —D(-W)]and Pda,o, (nm) ”25\/7{ -1 m2 1,””; —2 hoh },if [ <2r
]

2do,o,(nm)” ”25\/_{ = ”2_1,” +;n Z,rr r]if2r<r
2

where

q Si S2 \/Er(n +m—1}

2

W = L d tl—zx v’ =

2 an +62m1 2 r(n +m—2j
2
2 2
[ = 2m L, = 2n . (2A+B)2 A= S B_S o
o,(n -1) o, (m-1) A N B n m
n-1 m-1

E(.) is an expectation operator, F (a; b; c; k) is the hypergeometric function,

abk _a@+Db(b+1) K’ _ _
defined by F (a; b; c; k) = 1+ — —— = —+... where |k <1,I"[] is the gamma function
c 1! c(c+1) 2!
and @[.] is the cumulative distribution
function of N (0, 1).

Proof. Similarly proof to Niwitpong [4].

IV. CONFIDENCE INTERVAL FOR THE MEDIAN OF LONGNORMAL DISTRIBUTION WITH
RESTRICTED MEANS

Wang [9-11] proposed to construct the confidence interval for & when 0 <a <@ <b and this confidence interval is
given by

Cl, = max a,0-z, ,Var@) ,min bd-z, , Var(@)

Similarly to Wang [9-11], we now propose to construct confidence intervals for Cl ;, Cl, andCl,.

ulr

There are the following,

fSZ . - /Sz
ClulR: max 1’ t10;/2 : ,min bl’Yl+t.I.—a/2 Tl '0<a1<nul<bl’
I — 1 1) . o o 1 1
Cl,, =| max| a,—b,,(Y,—-Y,)-t_,,,S, H+E ;min| b,—a,,(Y,-Y,)+t_,,S, H+E ,

Cl,, =| max| a,—b,,(Y,-Y,) -t 812+S—2 ,min| b,—a,,(Y,~-Y,)+t_ S—2+S—§
3R T 1 27 1 2 —oxl2,v n m 21 al2,v n m

IV. COVERAGE PROBABILITY AND EXPECTED LENGTH OF EACH CONFIDENCE INTERVAL WITH
RESTRICTED MEANS

In this section, we are interested to construct confidence intervals ClI JIR Cl,z and Cl,; when the parameters
are bounded.
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There are four possible results for a confidence interval Cl ,, when O<a < <b:

- ’SZ - ’SZ
Casel, &, >Y, -t ?1 and b, >Y, +t,__,, Tl then Cl . is reduced to

_ S2
Clma = a11Y1+t17a/21/71 0<a, <y <b

- ’SZ - /SZ
Casell, & >Y, -t , ?1 and b, <Y, +t__,, Fl then Cl . is reduced to

Cl = a,b ,0<a <u<b.
- S? - S’ _
Case lll, a, <Y, -t _, - and b >Y, +t - then CI 4 is reduced to

— Sz _ S?
C:Iulc: Yi—t . Fl’Yl—i_tl—a/Z 71 0 <a <y <b.

- ,SZ - S!
Case IV, a <Y, -t ., ?1 and b, <Y, +t__,, Fl then Cl . is reduced to

_ g2
Clum = Yl_tl—a/Z“\/?l’bl ,0<a, <y <b.

The coverage probabilities and expected lengths of these 4 confidence intervals are already proved see e.g.
Niwitpong [3].

Similarly to a confidence interval CI#1R , we can do four possible results for the confidence intervals Cl .

and Cl ;. For the confidence interval Cl, , we have four possible results which are

S o 1 1 S o 1 1
Casela, if a,—b, >(Y,~Y,)-t_,,S, ’EJFE and b,—a, > (Y,=Y,) +t,_,,,S, ’HJFE

Then a confidence interval Cl, is reduced to
1 1

CIZRa: al_bZ’(vl_Y_Z)_{—tl—a/ZSp E*’E }’

= = ’l 1 - ,1 1
Case lla, if al—b2>(Yl—Y2)—tHY,ZSp HJFE and bl—a2<(Y1—Y2)+tHY,ZSp HJFE

Then a confidence interval Cl, is reduced to

CIZRa: al_bZ’bl_aZ )

ISSN: 2231-5373 http://www.ijmttjournal.org Page 25


http://www.ijmttjournal.orgp/

International Journal of Mathematics Trends and Technology- Volume29 Numberl — January 2016

V_V 11 VRY2 1 1
Case llla, if a,—b, <(Y1—Y2)—tla,28p,/ﬁ+E and b,—a, > (Y,-Y,)+t ,,,S, /HJFE

Then a confidence interval Cl, is reduced to

Y-Y. /1 1 o v 11
CIZRa = |:(Y1_Y2)_tla/28p H"‘Ea(Yl_Yz)'*‘tl,a/zSp E"-E }1

i Y-, 1.1 g v 1.1
Case IVa, if al_b2>(Y1_Y2)_tl—a/ZSp H-FH and bl_a2<(Yl_Y2)+t1—a/28p H—i_a

Then a confidence interval CIZR is reduced to
CZRa_|:(Y Y) tlalz bl a‘}

The coverage probabilities and expected lengths of these 4 confidence intervals are simple and based on
Theorem 3. So we skip the proof of these Theorems

Similarly to the confidence interval Cl,;, we will have four possible results for the confidence interval Cl,:

Case Ib, if a,—b, >(Y Y) -t S—2+S and b,—a, >(Y Y)+t1 Sz 8_22
al2,v n m ol2,v n m

Then a confidence interval Cl is reduced to

52 S?
CISRa: a;— bZ’tlaIZV n Ez )

| o o st S S
Case lIb, if a,—b, >(Y,=Y,) -t .., . +H and b,—a, <(Y,—Y,)+t_ w2\ Ty —4+—= -

Then a confidence interval Cl 5 is reduced to

CI3Ra: al_b21bl_a2 )

2 2 2
Case lIb, if a,—b, <(Y Y) tia,ZM/S—JrS and b,—a, >(Y Y)+t1a,2V S S—Z
n m n m

Then a confidence interval Cl; is reduced to

S; S? S2 g2
Cly, =| (Y,-Y,) -t +— Y,-Y,)+t e S
3Ra — ( ) 1-a/2,v n ( ) 1-l2,v n m

| o o st .S S S
Case IIb, if a,—b, <(Y,=Y,)~t,__,,, - +H and b,—a, <(Y,—Y,) +t_,,, o
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Then a confidence interval Cl 5 is reduced to

ClaRa =

The coverage probabilities and expected lengths of these 4 confidence intervals are simple and based on
Theorem 3. So we skip the proof of these Theorems

V.CONCLUSIONS

In this paper, we derived the coverage probability and the expected length of CI ,, Cl,,CI;,Cl o, Clyp

and Cl,;. The coverage probabilities of these confidence intervals approach 1—¢, when « is a level of

significance and for large sample sizes. The expected lengths for each interval, shown in Theorems 1,2 and 3,
can be compared. So we do not need to use the simulation to show the results.
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