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Abstract — A graph G with p vertices and q edges is said to be 
strongly multiplicative if the vertices are assigned distinct 
numbers 1, 2, 3, …, p such that the labels induced on the edges 
by the product of the end vertices are distinct. We prove some of 
the special graphs obtained through graph operations such as 
Cn

+ (a graph obtained by adding pendent edge for each vertex of 
the cycle Cn), (Pn  mK1) +N2, Pn + mK1 and Cn

d (cycle Cn with 
non-intersecting chords) are strongly multiplicative. 
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I. INTRODUCTION 
In this paper we deal with only finite, simple, connected 

and undirected graphs obtained through graph operations. A 
labeling of a graph G is an assignment of labels to vertices or 
edges or both following certain rules. Labeling of graphs plays 
an important role in application of graph theory in Neural 
Networks, Coding theory, Circuit Analysis etc. A useful 
survey on graph labeling by J.A. Gallian (2010) can be found 
in [5]. All graphs considered here are finite, simple and 
undirected. In most applications labels are positive (or 
nonnegative) integers, though in general real numbers could 
be used. 

Beineke and Hegde [4] call a graph with p vertices strongly 
multiplicative if the vertices of  G can be labeled with distinct 
integers 1, 2, . . . , p such that the labels induced on the edges 
by the product of the end vertices are distinct. They prove the 
following graphs are strongly multiplicative: trees; cycles; 
wheels; Kn if and only if n ≤ 5; Kr,r if and only if r ≤ 4; and 
Pm× Pn. Beineke and Hegde [4] obtain an upper bound for the 
maximum number of edges λ(n) for a given strongly 
multiplicative graph of order n. It was further improved by    
C. Adiga, H. N. Ramaswamy, and D. D. Somashekara [2] for 
greater values of n.  It remains an open problem to find a 
nontrivial lower bound for λ(n). Seoud and Zid [7] prove the 
following graphs  are  strongly  multiplicative: wheels; rKn for 
all r and n at most 5; rKn for r ≥ 2 and n = 6 or 7; rKn for r ≥ 3 
and n = 8 or 9; K4,r for all r; and the corona of Pn and Km for 
all n and 2 ≤ m ≤ 8.Germina and Ajitha [6] prove that K2 + Kt, 
quadrilateral snakes, Petersen graphs, ladders, and unicyclic 
graphs are strongly multiplicative. Acharya, Germina, and 
Ajitha [1]  have shown that every  graph  can  be embedded as 
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an induced subgraph of a strongly multiplicative graph. In this 
paper we study strongly multiplicative labeling for some 
special classes of graphs. 
 
Definition 1: 
 A graph G = (V(G), E(G)) with p vertices is said to 
be multiplicative if the vertices of G can be labeled with 
distinct positive integers such that label induced on the edges 
by the product of labels of end vertices are all distinct. 
 
Definition 2: 
 A graph G = (V(G), E(G)) with p vertices is said to 
be strongly multiplicative if the vertices of G can be labeled 
with p distinct integers 1, 2 ,..., p such that label induced on 
the edges by the product of labels of the end vertices are all 
distinct.  

II. MAIN RESULTS 
Theorem 1:  

The graph 
nC  has strongly multiplicative labeling. 

Proof : Let  nnn vvvvvvV 21321 ,.....,,......,,  be the vertex 

set and 321 EEEE  be the edge set where 

 ,1,11 nivvE ii    nivvE ini   1,2 and 

 13 vvE n of the graph .
nC Define a bijection 

 nVf 2,.....3,2,1:   such that 
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Define an induced function ,: NEg   such that 

      VvvEvvvfvfvvg jijijiji  ,and  
We show that the labeling of edges within the edge sets and 
among the edge sets are distinct. If it is assumed in each case 
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that the induced label of the edges are same then we arrive at 
contradiction. 
 
For the edges in 1E : 

Sub Case (a) For ji  and 
2

,1
n

ji   

If we assume that    11   jjii vvgvvg  

       11   jjii vfvfvfvf  

         3143431434  jjii
 

gives i = j a contradiction as 
2

1
 ji

 
is not possible. 

Sub Case (b) For ji  and nji
n

 ,1
2

 

If we assume that    11   jjii vvgvvg  

       11   jjii vfvfvfvf  

           3143431434  jnjninin
 

gives i = j a contradiction as 
2

14 


n
ji  is not possible. 

Sub Case (c) For 
2

1
n

i   and ni
n

 1
2

 also ji          

in 1E  

We have   iivvg ii 816 2
1  and 

     njnnjjvvg jj 32816816 22
1   

 
Clearly    njnnjjii 32816816816 222 

    11   jjii vvgvvg
 

 
For the edges in 2E : 

Sub Case (a) For ji   and 
2

,1
n

ji   

If we assume that    jnjini vvgvvg    

       injini vfvfvfvf  

     24342434  jjii
 

gives i = j a contradiction as 
4

5
 ji  is not possible. 

Sub Case (b) For ji   and nji
n

 ,1
2

 

If we assume that    jnjini vvgvvg    

       jnjini vfvfvfvf    

           44344434  jnjninin
 

gives i = j a contradiction as 
4

78 


n
ji  is not possible. 

Sub Case (c) For 
2

1
n

i   and nj
n

 1
2

 also ji        

in 2E : 

We see that   62016 2  iivvg ini  
   12828321662016 22  jnnjnjjvvg jnj

   jnjini vvgvvg  
 

Clearly the labeling of edges of 1E  and that of 2E  are all 

distinct as the labeling of edges of 1E are all odd and those of 

2E  are even. Also edges of 1E  & 3E and 2E  & 3E are also 

distinct as edge in 3E is with the minimum odd label 3.      

nC  has strongly multiplicative labeling for n even. 

 

 
 

Fig. 1.  Strongly multiplicative labeling for 
8C  

 
Case (ii): When n is odd 

The bijection  nVf 2,.....3,2,1:  is defined as the 
following 
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The proof follows as above, replacing 
2

1
n

i   by 

2

1
1




n
i  and ni

n
1

2
 by ni

n



1

2

1
.  

Thus 
nC  has strongly multiplicative labeling for n odd.    

Hence 
nC has strongly multiplicative labeling for all n. 

 

 
 

Fig.2. strongly multiplicative labeling for 
9C  

Theorem 2: The graph   212 NmkP   has strongly 
multiplicative labeling. 
Proof: Let  ,,.....,,......,, 41321  mmm vvvvvvV where 

4 mn  be the vertex set and 321 EEEE   be the 

edge set where  ,, 3121   nivvE ni  

 31,12   nivvE ni  and 

 3213 ,,  nnnnnn vvvvvvE  of the graph   212 NmkP  . 

Define a bijection  nVf ,.....3,2,1: 
  

such that 

  niivf i  1,   
 Define an induced function ,: NEg   such that 

      VvvEvvvfvfvvg jijijiji  ,and
 

We show that the labeling of edges within the edge sets and 
among the edge sets are distinct. If it is assumed in each case 
that the induced label of the edges are same then we arrive at 
contradiction. 
For the edges in 1E : 
For  ,ji     3,1  nji   

If we assume    22   njni vvgvvg  

       22   njni vfvfvfvf  

   22  njni  
ji   a contradiction.  

 
For the edges in 2E : 
For ,ji     3,1  nji  

If we assume    11   njni vvgvvg  

       11   njni vfvfvfvf  

   11  njni  

ji   a contradiction 

 
For the edges in 3E : 
For ,ji     3,1  ji  

If we assume    jnninn vvgvvg    

       jnninn vfvfvfvf    

   inninn   
ji   a contradiction 

 
Now we have to show that the edges between different edge 
sets are distinct. 
 
For the edges in 1E  and 2E  :  
For ,ji     3,1  nji  

If we assume    12   njni vvgvvg  

       12   njni vfvfvfvf  

   12  njni  

n
ji

ji



2

 a contradiction 

 
For the edges in 1E  and 3E : 
For ,ji     ,31  ni   3,2,1j   

If we assume    jnnni vvgvvg  2  

       jnnni vfvfvfvf   2  

i
jn

n
n 





2

 a contradiction 

 
For the edges in 2E  and 3E : 
For ,ji     ,31  ni   3,2,1j  

If we assume    jnnni vvgvvg  1  

       jnnni vfvfvfvf   1  
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i
jn

n
n 





1

 a contradiction. 

This implies all the edge labeling are distinct. Hence the graph 
  212 NmkP  has strongly multiplicative labeling. 

 
Fig.3. Strongly multiplicative labeling for   212 5 NkP   

Theorem 3: The graph 12 mkP   has strongly multiplicative 
labeling. 
Proof : Let  ,,......,, 321 nvvvvV   be the vertex set and 

321 EEEE  be the edge set where 

 ,, 2111   nivvE ni  21,2  nivvE ni  and 

 13  nnvvE  of the graph 12 mkP  . 

Define a bijection  nVf ,.....3,2,1:  such that 

  niivf i  1,   
 Define an induced function ,: NEg  such that 

      VvvEvvvfvfvvg jijijiji  ,andforall  
We show that the labeling of edges within the edge sets and 
among the edge sets are distinct. If it is assumed in each case 
that the induced label of the edges are same then we arrive at 
contradiction. 
For the edges in 1E : 
For ,ji    2,1  nji  

If we assume    11   njni vvgvvg  

       11   njni vfvfvfvf  

   11  njni  
ji   a contradiction 

 
For the edges in 2E : 
For ,ji   2,1  nji  

If we assume    njni vvgvvg   

       njni vfvfvfvf   

jnin   
ji   a contradiction 

 
Now we have to show that the edges between different edge 
sets are distinct. 
For the edges in 1E  and 2E  :  
For ,ji    2,1  nji  

If we assume    njni vvgvvg 1  

       njni vfvfvfvf  1  

  jnni  1  

ji
i

n


  a contradiction 

For the edges in 1E  and 3E : 
For  21  ni  
If we assume    11   nnni vvgvvg  

       11   nnni vfvfvfvf  

   11  nnni   
ni   a contradiction 

For the edges in 2E  and 3E : 
For  21  ni  
If we assume    1 nnni vvgvvg  

       1 nnni vfvfvfvf  

 1 nnin  
1 ni  a contradiction 

This implies all the edge labeling are distinct. Hence the graph 

12 mkP  has strongly multiplicative labeling. 

 
 

Fig.4. Strongly multiplicative labeling for 162 kP 
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Definition 4[3]: Let  .21,:, RREVG   The vertex set 

 nV ,.....,2,1  and the edge set is defined by the relations 

1R  and 2R  such that   
1:

,1:

2

1





nbaR

VbaabR
. 

 If  )2(mod0n , we get cycle nC  with   22 nd    
non-intersecting chords and when  )2(mod1n we get 

cycle nC   with   23 nd  non-intersecting chords.       

The graph obtained by this relation is  .5, nC d
n   

Theorem  5: The graph 5, nC d
n  with non 

intersecting chords has strongly multiplicative labeling. 
Proof: Let  ,,......,, 321 nvvvvV   be the vertex set and 

321 EEEE   be the edge set of the graph 
d

nC  with non 

intersecting chords, where  ,1,11 nivvE ii    







   1

2
1,112

n
ivvE ini  and  .13 vvE n  Define a 

bijection  nVf ,.....3,2,1: 
 
such that  

Case (i):When n is even 

 
 













ni
n

in

n
ii

vf i
1

2
22

2
112

 

 Define an induced function ,: NEg  such that 

      .,and VvvEvvvfvfvvg jijijiji   We show 
that the labeling of edges within the edge sets and among the 
edge sets are distinct. 
If it is assumed in each case that the induced label of the edges 
are same then we arrive to a contradiction. 
 
For the edges in 1E : 

Sub Case (a)   For ji   and 1
2

,1 
n

ji  

If we assume that    11   jjii vvgvvg  

       11   jjii vfvfvfvf  

         1121211212  jjii  
gives i = j a contradiction. 

Sub Case (b)   For ji   and nji
n

 ,1
2

 

If we assume that    11   jjii vvgvvg  

       11   jjii vfvfvfvf  

           2122221222  jnjninin
gives i = j a contradiction as 12  nji  is not possible. 

Sub Case (c)   Edges of 1E  for 
2

1
n

i   are with odd labels 

and those of  nj
n

1
2

 are with even labels. Thus the 

edge labels of these categories are distinct. 
 
 
 
For the edges in 2E : 

For ji   and 1
2

,1 
n

ji  

If we assume that    1111   jnjini vvgvvg  

       1111   jnjini vfvfvfvf
 

           212112212112  jnnjinni

gives i = j a contradiction as 
2

1
 ji   is not possible 

Now we have to show that the edges between different edge 
sets are distinct. 
 
For the edges in 1E  and 2E  :  

The labels of edges of 2E  and those of 1E  for 
2

1
n

i   are 

distinct as the labels of 2E  are with even numbers and those 

of 1E  for 
2

1
n

i   are with odd numbers.  

Also ji   and for ni
n

1
2

 and 1
2

1 
n

j  

       ininniivfvfvvg iiii 34222 22
11          jjvfvfvvg jnjjnj  

2
1111 2  

   111   jnjii vvgvvg  

Moreover      11 vfvfvvg nn   
    = 2 

Thus all the edges of 5, nC d
n  with non intersecting 

chords are distinct. Hence 5, nC d
n  with non intersecting 

chords has strongly multiplicative labeling for n even. 
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Fig. 5. 

3
8C  with non intersecting chords 

 
 
 
 
 
 

Case (ii):When n is odd 
We define the bijection  nVf ,.....3,2,1:  such 

that 

 
 

















ni

n
in

n
ii

vf i
1

2

1
22

2

1
112

 

With the edge set being 321 EEEE  where
 

 ,1,11 nivvE ii    






 


  1

2
1

1,112
n

ivvE ini  

and  .11 vvE n

 
The proof follows as above. 

Thus
d

nC with non intersecting chords has strongly 
multiplicative labeling for n odd. 

Hence 
d

nC with non intersecting chords has strongly 
multiplicative labeling for all n. 

 

Fig. 6. 
3

9C  with non intersecting chords 
 

Theorem  6: The Union of two strongly multiplicative graphs 
is also a strongly multiplicative graph. 
Proof: Let 1G  and 2G  be two strongly multiplicative graphs 

with number of vertices 1n and 2n  respectively. The graph 

21 GG   will have 21 nn   vertices. Since 1G is strongly 
multiplicative the induced labeling of the edges are distinct. 
Relabel the vertices of 2G  as 11 n  for the vertex with label 

1, 21 n  for the vertex of label 2 and so on. As vertices are 
relabeled, the induced edge labeling will be added by the 

quantity   1
2

1 njin   for all  2,1 nji  . The addition of 

the quantity   1
2

1 njin   with the labels of the edges of 

2G  will still result in the label of edges distinct. As 2G is also 

strongly multiplicative graph, 21 GG  is strongly 
multiplicative graph. III. REFERENCES: 
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