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ABSTRACT -- We consider product graphs and recall 

the results associated to the product graphs. Paul 

M.Weichsel [3] defined the Kronecker product of 

graphs. He has proved a characterization for the 

product graphs to be connected graphs. He also 

obtained “If G1 and G2 are connected graphs with no 

odd cycles then has exactly two connected components.” 

E Sampath Kumar [2] has proved that for a 

connected graph & with no odd cycles 
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I INTRODUCTION 

DEFINITION : (KRONECKER PRODUCT OF TWO 

GRAPHS) 
If G1 and G2 are two graphs with vertex sets V1 and 
V2 respectively then their product graph is a graph 

denoted by 21 )( GKG with its vertex set as 21 VV   

where (u1, v1) is adjacent with (u2, v2) if and only if 

u1u2E1 and v1v2E2 or equivalently 21 )( GKG is a 

graph with vertex set  21 ,/),( VvVuvu jiji   such that 

the adjacency number of the pair (ui, vj) and (uk, vl) is 

the product of adjacency number of ui, uk in G1 and 
vj, vl in G2. 

NOTATION: We use the filling notation 

kpp 1 to denote a chain in G from vertex p1 

to vertex pk and )( 1 kppn  is the number of 

lines (not necessary distinct) in kpp 1 . 

THEOREM: 1 
Let G1 and G2 be connected graphs. 

21 )( GKG is connected if and only if either G1 

or G2 contains an odd cycle. 
PROOF: 

Let the vertex sets of G1 and G2 be {p1} 
and {q1} respectively. Let q1 and qr be adjacent 

vertices in G2 and assume that 21 )( GKG is 

connected. Hence there exists 

 
Associate with each vertex (pi, qj) in this chain 
an ordered pair of non negative integers {i, j} 
with i equals to the length of a shortest chain 
from pi to pl in G1 and j the length of a shortest 
path from qj to qr in G2. It can be seen there 
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qx) and (py, qz) are adjacent vertices in the chain 

above then ;11  xzwy and   

If at each step in the path both 
components undergo a non zero change then the 

sums ji    would have the same parity. 
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it follows that at one step in the chain either 

.00  xzwy or   

Let .0 xz   Then there are the minimal 

chains .rxrz qqandqq   Let qm be the first 

vertex common to both of these chains. Now 

   .mzmx qqnqqn   

For, otherwise, the original chain would not be 
minimal. Hence the cycle  zxmmz qqqqq ,,   is 

odd. 

Similar is the case when wy   . Therefore either 

G1 or G2 contains an odd cycle. 
Conversely, let G contain an odd cycle. Let (p1, q1) 

and (p2, q2) be arbitrary vertices of 21 )( GKG . Since 

G1, G2 are connected, there are chains 

2121 , qqandpp   in G1 and G2 

respectively. 

Suppose    2121 qqnppn   is even. 

Then from Lemma of Weischsel [3] we have 
the following result. Suppose G1 and G2 be 
graphs with vertex sets {p i} and {q j} 
respectively. If (p1,  q1) and (p2, q2) are two 

vertices of 21 )( GKG  and if there exist 
   2121221121 qqnppnsuchthatGinqqandGinpp 

 is even then there exist 
    .)(,, 212111 GKGinqpqp   It follows 

from this result that     (p1, q1) is connected to (p2, q2) 

in 21 )( GKG .Suppose    2121 qqnppn   

is odd. Let 11 pp   be a chain which include 

exactly one odd cycle of G. 

Then  11 ppn   is odd and since  2111 , ppppn    
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212111
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evenisqqnppppn
thatfollowsitppnppn
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Hence (p1, q1) is connected to (p2, q2) in 21 )( GKG . 

If G2 contains an odd cycle, we can prove similarly. 
He has also obtained the following result as a 
corollary. 
COROLLARY: 1 

If G1 and G2 are connected graphs with no odd cycles 

then 21 )( GKG  has exactly two connected 

components. 
PROOF: 
If q1 is adjacent to q2 in G2 then (p1, q1) and (p2, q2) 
are not connected. For if they are connected then it 
follows that either G1 or G2 will have an odd cycle, 
contrary to hypothesis. Let (pk, qk) be an arbitrary 

vertex of 21 )( GKG . It is enough if we show that 

(pk, qk) is connected either to     (p1, q1) or (p1, q2). 

Consider the chains .11 pqandpp kk    

If    11 qqnppn kk   is even then (pk, qk) is 

connected to (p1, q2). 
This completes the proof of corollary. 
E.Sampath Kumar [2] has proved the following: 
THEOREM: 2 
For a connected graph G with no odd cycles 

.2)( 2 GKKG   

PROOF: 
Let {a i} be the vertex set of G and K2 be the 

line b1b2. By corollary 1, 2)( KKG  has exactly 

two components. Say G1 and G2.  If for some 

point a i 0 in G,     .,, 2211 GbathenGba
oo ii   

For if there is a path  
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 then k is even 

and G has odd cycle ,
010 iiii aaaa

k
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provided the points kta
ti

 ,3,2,1,0,  

are all distinct. Suppose 
st ii aa  for some t and 

s, where t<s. Let s be the smallest such integer. 
Clearly, if t is even then s is odd or if t is odd, s 
is even, G has an odd cycle 

.
11 sstt iiii aaaa


  Now the function 

f : G → G1 defined by 
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Is an isomorphism. Similarly G  G2 
Now we prove the following. 
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THEOREM: 3  

     .degdeg,deg)( 21 jiji vuvutheGKGIn   

PROOF: 
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Then in the product graph 21 )( GKG the vertex     

(ui, vj) is adjacent with following vertices: 
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Also any other vertex (uk, vl) is not adjacent with (ui, 

vj) in 21 )( GKG . If k > m or l > n, since ui is not 

adjacent with uk if k > m and vj is not adjacent with vl 
if l > n. 
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THEOREM: 5 
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THEOREM:6 

If G1 and G2 are regular graphs then 21 )( GKG is 

also a regular graph. 
PROOF: 
Suppose G1 is a K1 – regular graph and G2 is a K2 
regular graph then 
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Thus every vertex in 21 )( GKG is of degree k1k2, i.e., 

21 )( GKG is k1k2 - regular. 

REMARK: 

However it is to be noted that if G1, G2 are simple 

graphs then 21 )( GKG can never be a complete 

graph, for, (ui, vj) is not adjacent with (ui, vk) for any j 
 k (by definition)  

THEOREM: 7 

If G1 or G2 is a bipartite graph then 21 )( GKG is 

bipartite graph. 

PROOF: 

Suppose G1 is bipartite graph with bipartition (X, Y) 
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Now, no two vertices of the form (xi, vj) and (xk, vl) 
are adjacent since xi and xk are not adjacent. 

Similarly, no two vertices of the form (yi, vj) and (yk, 
vl) are adjacent since yi and yk are not adjacent. 

Thus 21 )( GKG is a bipartite graph with bipartition 
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THEOREM: 8 

Suppose G1 and G2 are connected graphs. If 

21 )( GKG is a connected bipartite graph then either 

G1 or G2 must be a unipartite graph. 

PROOF: 

If G1, G2 are bipartite graphs then by the previous 

theorem 21 )( GKG is also a bipartite graph. 

However G1 and G2 do not contain any odd cycle. 

Hence by theorem 1, 21 )( GKG is not connected a 

contradiction. 

Hence the theorem. 

 

 

 

II. CONCLUSION 

The study of the product graphs has been providing 
us sufficient stimulation for obtaining some in-depth 
knowledge of the various properties of the graphs. It 
is hoped that the encouragement provided by this 
study of these product graphs will be a good straight 
point for further research. 
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