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ABSTRACT: In the present work we find the
necessary and sufficient conditions for functions
zF(a,b, c;z) to belong to the classesT (4, B) and
C,(A,B) and also consequences of these results are
studied. We also consider an integral operator
related to the hypergeometric function and discuss
the convolution properties.
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1. INTRODUCTION

Let A denote the family of analytic functions defined
in the open unit disc U = {z: |z| < 1} which are of
the form

1) f@) =2+ au

Let T denote the subclasses of A in U, consisting of
analytic functions whose non-zero coefficients from
the second term onwards are negative. That is, an
analytic function f € T if it has a Taylor expansion
of the form

(12)  f(2) =z—-X;;la,|z"
which are univalent in the open unit disc U.

For-1 < A < B <1, P,(4, B)[3] denotes the class of
1+Aw(z)
1+Bw(z)
where w is a bounded analytic function satisfying the

conditions w(0) = 0 and |w(z)| < 1.

analytic functions in U which are of the form,

A function f € T is said to be in the class
T,(4,B) if
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2f'(2) 1+Aw(z)
Azf'(D)+(1-D)f(z)  1+Bw(z)’
1, z€eU.

-1<A<B<

Let C, (4, B) denote the class of functions f € T
such that zf' € T, (4, B).

For A =0 we get the well- known
classes T*(A4,B) and C(A, B) studied by Ganesan
[3].

For parametric values A = 2a — 1 and B =
1 we get the classes T (4, B)and C (4, B)studied by
Mostafa [5].

Let F(a,b, c; z) be the hypergeometric function
defined by

. — v (@nb)n
(1.3) F(a,b,c;z) =%, Oy

where, ¢ # 0, -1, -2, ... and (a),,is the Pochhamer
symbol defined by

_T(a+n)
(@), TN
_ 1, forn=20
- {a(a +1)(a+2)..(a+n-1), forn € N.

It is known that

I'(c)r(c—a-b)

(1.4) F(a,b,c;1) = P T—

b)>0

R(c—a-—

and the function F(a, b, c; 1) converges if R(c — a —
b) > 0.
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In the next section we obtain the
characterization properties for the classes T;(4, B)
and C,(4,B).

2. MAIN RESULTS

Theorem 2.1. A function f € T,(4, B) if and only if

(2.D)X5=2{n(1 + B) — (1 + A)[A(n — 1) + 1]}a, <
B —A.

Proof: Suppose f € T;(4, B). Then

zf'(z) 1+A
{/sz'(z) Y- /I)f(z)} ~1+B

- zZ—=)r ,na,z" - 1+A4A
z =22 [A(n—1) +1]a,z" 1+B

Letting z—1, then we get,

[1 - inanl (1+B)

>(1+4)]|1

_ Z[/I(n —1)+ 1]anl.

Hence

D+ B) = @ + DA — ) + La,
" <B-A

Conversely, if (2.1) holds, it sufficient to show
thatlw(z)| < 1. From (1.3), we have

lw(2)
_ n=2l(1 —1)(n — 1)] a,z"
"~ |(B=A4) =Y%_,[nB— A - 1—nd)]a,z"

n=2l(A = 1D(n—Dla,
T (B-4A)-Yr,[nB-AA—-1-nN)]la,

The last expression is bounded by 1 if

DG - D@ -Dla,
" < (B-4)

- Z[nB — A =1 -nM)]a,

which is equivalent to (2.1). Hence the proof.

Analogous to the above Theorem we get the
following result.

Theorem2.2. A function f € C;(4,B) ifand only if

» n{n(l+B) - (1+A4)[A(n-1)+1]}a,
(22) T Z oA
For A =2a — 1, B = 1 we get the lemma 2.1 in [5].

Theorem 2.3: (i) Ifa,b > —-1,c>0and ab <0,
then zF(a, b, c; z) isin

T,(4,B) if and only if

(2.3)
ab[(1+ B)—- AL+ A)]
B-A '

c>a+b+1-

(i) Ifa,b>0and c >a+ b+ 1, then
Fi(a,b,c;z) =z[2—F(a,b,c;z)] isin Ty(4, B) if
and only if

r'(c)r'(c—a-b)
(24) I'(c—a)['(c-b) [1 +

[(1+B)-A(1+A)]ab <2
(B—-A)(c—a-b-1)

Proof: (i) Since

ab~ (@ + Dy (b + 1),
zF(a,b,c;z) =z —— n
N P ) N ()

2= labe] C(a+1),,(b+1),,
T LT D, D

From Theorem 2.1 we have to show that

2.6) Xy, {in@+B)—Q+A)[An-1)+

(a+1)p—2(b+1)p—»
207 /n—2107 In-2 < —
]} (c+Dp-2(Dn-1 - (B A)

c

ab

The left hand side of (2.6) divergesifc > a+ b + 1.
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Z{n(l +B)— (1+ADUn—-1)
(+ Db+ 1)y
(C + 1)n—2 (1)n—1

=[(1+B) — (1 + A)A] X5-o(n +
(a+1)p(b+1)p (a+1)n(b+1)p
) (c+D)nDn41 +(B-A) X5 (c+Dn(Wn41

+1]}

(a+1)p(b+1)p

=[A+B)— QA +A)A]X5-, (c+Dn(Wnt1

(B-Ac vy (@n®)n
ab  “"=1 () (Dn

I'c+DI(c—a—-b-1)

=[(1+B)—-(1+A4)] T(c — DI —b)

+(B—A)c rc)f(c—a->»)
ab [F(c—a)F(c—b)

.

Hence, (2.6) is equivalent to

I'(c+1I'(c—a-—

b-1) [[(1 +B) — (1 + A)A]

I'(c —a)l'(c —
(B A)(c—a—-b— 1]
o
< (B -A4) HE| +£] =0.

Thus, (2.7) is valid if and only if

[0+ B)- A+ )+ B A)(ca—ba “b-1)

Or equivalently

[(1+B)— (1 + A)Alab

>Sa+b+1—
c=a B—4

(i) Since

(a)n l(b)n 1 Zn

Fi(a,b,c;z) =z~ m

From Theorem 2.1, we need only to show that

<0.

Z{n(l +B)—(1+ A —-1)

(a)n—l(b)n—l
oL, SEA

Now

(2.8)

(a)n 1(b)n 1
Y, n@A+B)-A+A)[A(n-1)+ 1]}m

_ V(@ (0),
=[1+B) -1+ Am;n oD

NORON
60 5,

()5 (B)n
)n(l)n 1

(@B
-4 Z ©. Dy

The last expression (2.8) may be expressed as,

= [(1+B) - (1+A)/1]Z( +(8

(a + 1)n l(b + 1)n 1
(C + 1)n—1(1)n—1

= (@), (b),
(D

[(A+B)-(1+ A)/I] —

+ (B —A)

@+ 1),(b+1),

=[1+B)—-(Q+ A)/I]

(c+ 1)),
o (@ (B)n
O 20,0, 1]
=[(1+B)
abT'(c+1)I(c—a—-b—-1)
-@a+ A)/l]— T — T —b) + (B
r)r(c—a-»b) 1
[F(c —a)[(c—b) ]
_ T(e)r(c—a- ab[(1+B)-A(1+
- ll:(c—ra()l"(c—Z; [ —A+ w] —(B—-A4).

This last expression is bounded above by B — A if
and only if (2.4) holds.
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Theorem2.4: (i) Ifa,b > —1,ab < Oand c > a +
b + 2, then zF(a,b,c;z) isin C;(A,B) ifandonly if

(2.9) [(1 + B) — (1 + A)Al(a),(b), + [3(1 + B) —
220 +A4) - @A+ A)]ab(c—b—a—2)+
[A+B)-@+A)lNc-b-a-2),=>0.

(i)Ifa,b>0andc>a+ b+ 2,
thenF,(a,b,c;z) = z[2 — F(a,b,c;z)] isin C;(4, B)

(2.10)

. [1+8)-40+A)(a) (b)
r?c)r(c)—(a—bg [a+8)-+Al(c—a—b-2)
Me-ajre-b +[[3(1+B)—2/1(1+A)—(1+A)]J[ ab ]

(1+B)-(1+A) c-a-b-1

<2

Proof. (i) Since zF (a, b, c; z) has the form (2.5),
from Theorem 2.2 that our conclusion is equivalent to

2.12)

2n=2n{n(1+B) — (1 +A)[A(n— 1) +
(a+1)p—2(b+1)p—»

1]} (C+1)n—2(1)(n—1) =

c

ab

A
Note that for ¢ > a + b + 2, the left side of (2.11),

converges. Writing

(n+2Y{(n +2)[(1 + B) — A(1 + 4)]
—(1+4)@@-2)}
= (n+1)?[(1+ B) — 4(1 + 4)]
+(n+1)[21+B)—(1+A4)
-1+ 4)]
+[(1+B)— (1+4)],

we see that

Z(n +2){(n+ 2)[(1 + B) — A(1 + 4)]

-(1+4)(Q
(a+1),(b+1),
B A)} (C + l)n(l)n+1

= [(1 +B) —ﬂ.(l

n=0

(a+1),(b+1),

(C + l)n(l)n+1
+[21+B)-(1+A4)

—A(1+ A)] Z(n
n=0

+1)?2

(a+1),(b+1),
(c+ %O)n(l)nﬂ
(a+1),(b+1),
— (c+1),(Dps1

+1)

+(B - A)

= [(1+B) - A1 +A)] ) (n
n=0

L@t DG+ D,
) e+ 1.,
+[21+B)-(1+A4)
C(a+1),(b+1),
~AEM ), e 0,

C(a+1),(b+1),
=0 (C + l)n(l)n+1

+(B—A4)

(a+1),(b+1),

(c+1),(1),
+[3(1+B)-(1+4)
—22(1

C (a+1),(b+ 1),
Al Z, (c+ 1)),

=[1+B)-21+4)] ) n
n=0

-+

(B
(@ 1), g (b + 1),y
D) D,

_[@+B) -1+ A)l(a+1)(b+ 1) ~C (a +2),(b +2),
- (c+1) (c+2),(1),
+[3(1+B)-(1+A4)

- (a + l)n(b + l)n
—22(1 + 4)] Z(; (c+1),(1),

AORON
-4 EZ ©aDs

+ (B
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_T(c+Dr(c—a-b-2)

BT CET NG [[(“B)
— A +A)](a+1)(b+1)
+[3(1+B)-(1+4)
—221+A4A)](c—a—-b-2)

(B A)(_ e 2)]

(B A)c
 ab

This last expression is bounded above by |ﬁ| (B -
A) if and only if

[(A+B)-21+A](a+1)(b+1)
+[3(1+B)-(1+A4)
—221+A4A)](c—a—-—b-2)

(B —A4)
+ ab

(c—a—-b-2),<0

which is equivalent to (2.9).

(ii) From Theorem 2.2 it is enough to show that

['e]

Z n{[n(1+B) - (1 + A)[A(n-1)

" (@nr (B
D, =B

Now

(212) T, n{[n(1+ B) — A+ A)[A(n - 1) +

(@) n-1(b)n-1
]]} (@ n-1(Dn-1

= Z(n +2){(n+2)[(1+ B) — A(1 + A4)]

n=0
(@)n11(b) i1
—1+4)(1- A)}m
) © (@) s1(D) i1
=45 =20+ M) ) (n 17 e

-1+ A)(1

( )n+1(b)n+1
B A) Z( N 2) ( )n+1(1)n+1

Writing (n +2) = (n + 1) + 1, we have
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(213) X2_o(n +2)Wna®nst — ) 4
©n+1(Dnt1

(@n+1(B)n+1 o  (@Da+r1(B)n+1
) @uei®ust o g @ni1Ghuss
(C)n+1(1)n+1 n= (C)n+1(1)n+1

['e]

Z (a)n+1 (b)n+1 (a)n+1 (b) 41
(©n+1 (D, ! (©n+1(Dns1

and

(a)n l(b)n 1
+ )2 /n+11/n+1
(2.14) —o(n+2) Ot Dot

[’e]

_ (a)n+1(b)n+1
= )+ D5 o

C (@yi1(B) e
) (C)n+1 (l)n

C (@yi1(B) e
=0 (C)n+1 (1)n+1

+2

_ N @ns1(B)nss
=1 (C)n+1(1)n 1

(a)n+1 (b)n+1
+3Z:@Mdn

" (@ (b),
L ©@u(Dy

Substituting (2.13) and (2.14) into the right hand side
of (2.12), we get

(2.15)

(@) n2(B) s
[(1+B)-2(1 +A)]Z%+

[3(1+B)—(1+A4)

+1(b)ny
- 221 +A)]Z—((); 11(&) :

(@)u(B)a
+w‘“2;¢ﬂn

Since (a),+x = (@), (a + k), we may write (2.15) as

- http://www.ijmttjournal.org Page 20




International Journal of Mathematics Trends and Technology (IJIMTT) — Volume30 Numberl — February 2016

I'(c)f(c —a—b) [[(1 + B) — A(1 + A)](a),(b),

I'(c—a)T(c—b) (c—a—-b-2),

N [3(1+B)—(1+A)—2A(1+ A)]ab
(c—a—-b-1)

—(B—A)].

+(B - A)

On Simplification, we see that the last
expression is bounded above by (B — A) if and only
if (2.10) holds.

In the following theorem, we obtain similar
results in connection with a particular integral
operator G(a, b, c; z) acting on F(a, b, c; z) as
follows:

(2.16) G(a, b, c; z)=
fOZF(a,b,c;t)dt.

Theorem2.5: Leta,b > —1,ab <0 and ¢ >
max{0,a + b}. Then G(a, b, c; z) defined by (2.16)
isin T, (4, B) if and only if

I'(c+1)'(c—a-b) [[(1+B)-A(1+A4)] _

2.17 I'(a—1)I'(c—b) [ ab

(1+4)(1-2)(c—a-b) +(1+A)(1—/1)(c—1)2 <
(a-1)2(b-1), (a—1)2(b-1);

Proof: Since

DN — ab| @+1n(b+1)n,
G(a,b,C,Z) =Z- |?|HZ=2 (C+1)n_2(1)n o

From Theorem 2.1 it is enough to show that

Z{n(l +B)— (1 + A0 —1)

(a + 1)n—2 (b + 1)n—2
1 DL,

< |ac—b| (B — A).

Now

Z{n[(l +B) — A1 + 4)]

—-(1+4)Qa
(a + 1)n—2 (b + 1)n—2
~ A DL,

ISSN: 2231-5373

=[(1+ B) = A(1 + A)] T +2) e —

(c+Dn(Dny2

(1 +A)(1 —A) Zw (a+1)n(b+1)p

=0 (c41)n (D42

=[(L+ B) — AL+ A)] By s _

=0 (1) (n41

(1 +A)(1 —A) Zw (a+1)p_1(b+1)pn_1

n=1 (c+Dp-1MWn41

=[(1 + B) — A(L + A)] ¥z, & Dn=1t Dnosy

(c+Dn-1(1n
(1 +A)(1 _A)ﬁxw (a)n(b)n

=1 () (Wnt1

=[1+B)-1(1+ A)]ﬁ w  (@n®)n

=1 ()n(n
(1 +A)(1 _A)ﬁxw (a)n(b)n

=1 () Wnt1

=l +B) - 21+ A)]- [ o @n®n _ 1] ~

=0 () (1)

(c-1), w (a-1)pb-1)y
+ —
A+AA2-2 (a-1)2(b-1); “"72  (c-1)p(Dn

I'(c+1)I'(c—a—-b)|[[(A+B)— A1+ A)]
I'(c — a)T(c — b) ab

1+A4)QA-2)(c—-a-b)

(-1, -1),
1+A)QA-2)(c-121),

(a—=1),(b-1),

(B — A)c

- ab

Which is bounded above by || (B — 4) ifand only
if (2.17) holds.

Analogously we obtain the following result.

Theorem 2.6: Leta,b > —1,ab<0 andc>a+
b +2.Then G(a,b,c; z) defined by (2.16) isin
C,(4,B) if and only if

[(1+B) — (1 + A)Alab

>ag+b+1-—
Cc a B_A

In the next theorem we investigate the properties of
the convolution of functions from the classT; (4, B).

Theorem 2.7: If f is of the form (1.2) and g(z) =
z — 2%_, b,z™ belongs to the T; (4, B) then h(z) =
(f-9) =z-2%_,a,b,z™ will be an element

of Ty (44, B;) with

http://www.ijmttjournal.org Page 21
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-1< A, <B; £ 1, where Bleli—thS

— A, <
1—- 26, where

5
(1+ 2)(B — A)?

"2A+B) - A+ A+ D] - A+ (B -A)F

Proof: From (2.1), we have

(2.18)

» {n(1+B)-(1+A4)[A(n-1)+11}
n=2 B—A n

<1

And

(2.19)
» {n(1+B)-(1+A4)[A(n-1)+11}
n=2 B-A

b, <1.

In view of Cauchy-Schwarz inequality, from (2.18)
and (2.19) we obtain

(2.20 m=2 Uy b, <1

n(1+B)—-(1+4)[A(n—-1)+1]
B-A ’

whereu =

We need to find A; and B, suchthat h(z) =
f-g € T,(A,,B,), or equivalently

(2.21) Yr_,u,a,b, <1

n(1+B1)-(1+A1)[A(n-1)+1]
By—A4 ’

where u =

The inequality (2.21) will be true if u,a,b, <

u./a, b, or

(2.22) a,b,
u
<

But from (2.20) we get y/a, b, < =. Thus (2.22) will
be true if u; < u?, thatis

n(A+B) - (L+A4)An -1 +1] _

2
Bl—Al u-.

This yield,

u?B;+[A(n—-1)+1]-n(1+B,)
u2-[A(n-1)+1]

(2.23) A, <

It is easy to verify u? > 1 for n = 2. Now on simple
computation of (2.23) yields

(2.24)
B1—-Aq n—-[A(n-1)+1]
1+B; — u?2-[A(n-1)+1]

forn = 2.

The right hand member decreases as n increases and
is maximum for n=2 therefore

By—4, (1+2)(B-A)? _
1+B; — [2(1+B)-(1+A)(1+)]- (1+1)(B-4)2
o.

(2.25)

Obviously, & < 1 and fixing 4, in (2.25) we get

5+4,
(2.26) B, > T2

For parametric value A = O we get Theorem (3.2.1)
studied by Ganesan[3].
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