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Abstract: In this paper, the Radon measure is assigned
on compact measurable charts and atlases of measure
manifold on which the different versions of measurable
compactness properties like measurable Heine-Borel
property, measurable countably compactness property,
measurable Lindeloff property and measurable
paracompactness property are studied. Further, we
show that these properties remain invariant under
measurable diffeomorphism and Radon measure-
invariant function. We prove that the set of these
functions form a group structure on the set M = {
My, M,,...., M,;} of Radon measure manifolds.
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1. INTRODUCTION

Historically, Peter Ganssler [11] had studied
compactness and sequentially compactness on measure
space in terms of Borel subsets of topological spaces.
Radon measure on first-countable space is studied by
Grzegorz Plebanck [26]. David Fremlin [9] discussed
some relationships between topological properties of a
Hausdorff space and the properties of the Radon
measures it carries, concentrating on ideas involving
cardinal functions. Sherry L. Gale [12] had shown the
relations between covering properties and measure
compactness properties on topological spaces. Radon
measure on a subset of a paracompact regular
topological space which is a Radon space was studied
by Baltasar Rodriguez-Salinas [2]. Gardner and Pfeffer
[10] studied Radon measures y in a wider class of
topological spaces and proved that u is localizable and
locally determined. Coverable Radon measures in
topological spaces with covering properties and their
relationships was defined by Yoshihiro Kabokawa
[20]. Also in [6], it is proved that a diffeomorphism
preserves the Borel and the Lebesgue measurable sets.
Relationship between concepts of topology and soft
covering lower and soft covering  upper
approximations was studied by Naime Tozlu, Saziye
Yuksel, Tugba Han Dizman [24]. Mohamed M. Osman
[22], [23] have worked on fixed spin structure with its
Dirac operator D on a compact Riemannian manifold
(M, g) and have proved some results. The concept of
Riemannian spin manifold is introduced along with
few results. If the compact Riemannian manifold

admits Radon measure, then one can measure the
measurable spin of Riemannian spin manifold with
killing vectors.

All  these  measure-compactness and
properties are studied on topological spaces.

In our work [13], [14], S. C. P. Halakatti have
approximated open subsets which cover the
topological space into Borel subsets of measure space
which are the smallest subsets. This study is extended
on measure manifold which is a new class of
differentiable manifolds. The extended topological
properties which are well defined on measure manifold
are studied. These properties are measurable and
measure-invariant under measurable homeomorphism
[15]. It is shown that some of the topological
properties are Radon measurable and Radon measure-
invariant on measure space and on measure manifold
[16], [17], [18]. Further, it is shown that different
aspects of measurable Heine-Borel property,
measurable countably compact, measurable Lindeloff
and measurable paracompactness on measure manifold
remain invariant under measurable homeomorphism
and measure-invariant  transformation. Such
measurable compactness properties are redesignated as
eHBp, e-countably compact and e-Lindeloff [15].

covering

Now, in this paper, the Radon measure is assigned on
compact measurable charts and atlases of a measure
manifold on which the different versions of measurable
compactness properties like eHBp, e-countably
compactness property, e-Lindeloff property and e-
paracompactness property remain invariant under
measurable diffeomorphism and Radon measure-
invariant functions. We prove that the set of these
functions form a group structure on the set M =
{M;, M, ..., M,} of Radon measure manifolds.

I1. PRELIMINARIES
In this section, we consider some basic concepts:
Definition 2.1 [10]:

Let M, and M, be smooth manifolds with
corresponding maximal atlases Ay, and Ay, . We say
thatamap F : M; — M, isofclass C" at p € M, if
there exists a chart (V1) from A, with F(p) € V, and
a chart (U,p) from A, with p € U, suchthat F(U) <
Vandsuchthaty o Fo @ 1:@(F Y(V)NU) —
Y(V) isof class C". If F is of class C" at every point p
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€ M., then we say that F is of class C". Maps of class
C* are called smooth maps.

We know that a " map is continuous and a
composition of C" maps isa C” map. Let F: M; — M,
be a map and suppose that (U,¢) and (V) are
admissible charts for M, and M, respectively. If
F~Y(V) n U # @, then we have a composition i o F o
o1 @(FY(V) nU) — (V). Maps of this form are
called the local representative maps for f.

Definition 2.2: € diffeomorphism [10]:

Let M, and M, be smooth (or C™) manifolds. A
homeomorphism F : M; — M, such that F and F~1
are C" differentiable with (r = 1) iscalleda C"
diffeomorphism.

The set of all €™ diffeomorphisms of a
manifold M onto itself is a group under the operation
of composition.

Definition 2.3: Radon Measure on (M, t, X, u) [19]:

A Radon measure on a measure manifold (M, 7, Z, i) is
a positive Borel measure

w:B— [0,00]

which is finite on compact Borel subsets and is inner
regular in the sense that for every Borel charts (U,p) c
(M, 1, Z, u) we have

(i) ur(U) = sup { up(K) : K€ U, K € X}

where K denote the family of all compact Borel
subsets.

Ug is outer regular on a family F of Borel charts if for
every Borel charts (U,p) c (M, 7, Z, 1) we have,

(i) ug(V) = inf{ ux(0) : 02U, 0 € 0}
where O denote the family of all open Borel subsets.
Definition 2.4: Measurable Homeomorphism [16]:

Let (M,, 14,2, 4y) and (M, T,, 2, 4,) be two measure
manifolds. Then the function F : M; — M, is called
measurable homeomorphism if

(i) F is bijective and bi continuous
(i) F and F~1 are measurable
Definition 2.5: Measure Invariant [16]:

Let (My,tq,2q,144) and (M,,7,,2,, ;) be measure
manifolds and F : (My, 74,21, 1) — (M, 75,25, U3)
be a measurable homeomorphism. Then F is said to be
measure preserving if for all measure charts (U,p) €
M, we have that, u; (F~1(U)) = u,(U) where F~1(U)
EM,.

Definition 2.6: Measurable Heine-Borel
[17]:

A measure manifold endowed with extended
topological property eHBp is called as the measurable
Heine-Borel property.

property

Definition 2.7: Measurable Lindeloff property [17]:

A measure manifold endowed with extended
topological property e-Lindeloff is called as the
measurable Lindeloff .

Definition 2.8: Measurable countably compact
property [17]:
A measure manifold endowed with extended

topological property e-countably compact property is
called as the measurable countably compact.

Definition 2.9: Paracompact space [5]:

A paracompact space (X,7) is a Hausdorff space with
the property that every open cover of X has an open
finite refinement.

Inverse Function Theorem on Radon measure
manifolds [20]:

Let F: (MliTlizliﬂRl) - (MZITZIZZI#RZ) bea €%
measurable homeomorphism and Radon measure -
invariant map of Radon measure manifolds
(M1, 71,21, g,) and (M, 75, 25, ug,) Where pp —and
pp, are Radon measures on (M,,7y,%,pg,) and
(M3, 75, %,, 1g,) respectively and suppose that F, :
T,(My) — T¢py(M>) is a linear isomorphism at some
point p of M,;. Then there exists a Radon measure
chart (U, @) of p in M, such that the restriction of F to
(U, @) is a diffeomorphism onto a Radon measure
chart (V, @) of F(p) in M,. This implies for every
function F which is measurable homeomorphism and
Radon measure-invariant has a C® map F~ %
(M3, 72,25, g,) — (Ml,'[l,El,,uRl) which is also
measurable homeomorphism and Radon measure-
invariant.

I11. MAIN RESULTS

In this paper, we conduct a case study on
versions of measurable compactness
like measurable Heine-Borel property,
measurable  countably =~ compactness  property,
measurable Lindeloff property and measurable
paracompactness property by assigning a Radon
measure on compact measurable atlases of measure
manifold.

different
properties

Let (My,1,,Z,,14,) and (M,,1,,%,,4,) be measure
manifolds with corresponding (maximal) measure
atlases Ay,and Ay,. Let Fi (My,7q,21,11) —
(M,, 75,25, 4;) be a measurable homeomorphism and
measure-invariant function. Let (Uy, ¢,) and (Vg, )
be measure charts from Ay and A, of M; and M,
respectively with p € U, and F(p) € V. Let U =
F~'(Vp)Nn U,, we have a measure chart (U, (pa/u) on
M; withp € Uand F(U) c Vg and F7'(V) nU # @
where (U , @) is a measure chart on M;.
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Definition 3.1 Measurable diffeomorphism:

Let (My, 7,24, 14) and (M,, 15,25, 1,) be measure
manifolds with corresponding (maximal) measure
atlases Ay and Ay, with (U, ) and (V,y) are
measure charts on M; and M, respectively .We say that
a C" measurable homeomorphism

F: (M1, 74,24, 11) — (M,, 75,25, 1,) is said to be
measurable diffeomorphism if ,

DY oFopt:F Y(V)nU) — P(V) is of class
C" and measurable,

(ii) F and F~1 are C" differentiable with r > land are
measurable.

If r = oo then F: (M, 74,2, 1) — (M,, 75,25, Uy) IS @
C* measurable diffeomorphism.

Now we conduct a case study on each of the following
measurable compactness properties:

Case 3.1: Measurable Heine-Borel
measure manifold with Radon measure

property on

Let (M ,t,%,u) be a measure manifold and let
A € A¥(M) be a measure atlas such that A <
U210y 9D} = (M ,7,%,ug) where (U;,@;) are
measure charts of (M , 1, Z, u).

For every collection {U;¢;(U;, ¢;)} of measure charts
(U;, p;) that cover A, if there exists a finite Borel sub
cover {U?zl(Uij,<pi)} of measure charts (Ul-].,(pl-) that

cover A such that A {U?zl(Uij,<pi)} satisfying the
following measure conditions:
(i) u(A) >0,

(i) pu(A) < pu(Ujo Uy =
additivity)

oty o

then the measure atlas is compact in (M , 1, %, ug) and
is Radon measurable as follows:

Let 0 = {U;2,(U;, 9)} be a family of all measure
charts of (M, t,X, 1).On a measure manifold endowed
with measurable Heine-Borel property, a Borel
measure u : B — [0,00] is finite. Inner and outer
regularities of Borel subsets are equivalent properties
on it. Then a Radon measure uy for a measurable atlas
A is a positive Borel measure p: B — [0,c0] which is
finite on compact Borel sets and is inner regular in the
sense that for every measurable atlas, we have

() ur(A) =sup { ug(Uy): 1 €1U; € A,V U; € 0},

Also py is outer regular on a family O of measurable
charts if, for every measurable atlas A € A*(M) we
have,

(ii) tr(A) = inf { up(0): 02 A, 0 € M}.

Now the measure atlas A of (M ,t,Z, ug) is Radon
measurable and the manifold (M , 7, %, ug) is a Radon
measure manifold endowed with measurable Heine-
Borel property.

Remark 3.1:

We observe that a measurable Heine-Borel property
say P; on any compact Borel set A; € (M, 1,2, ug)
containing compact Radon measure atlases on
(M, 1,%,ug) holds up —a.e.on (M, t,%, ug) if the set
Ay ={VA cM,1,%ug): Pi(4)) is true }has
positive measure i.e. pg(4;) > 0.

Suppose P, does not hold up —a.e. on the set
A, c (M ,1,Z,ug) then ugz(4,) =0. Then A, is a dark
region of (M, 1, %, ug).

Case 3.2: Measurable Lindeloff property on measure
manifold with Radon measure

Let (M ,t,%,u) be a measure manifold and let
A € A¥(M) be a measure atlas such that A
{U?:l(Ui'(pi)} = (M ,T,E,,HR) where (Ui'(pi) are
measure charts of (M , 1, Z, ).

For every collection {U;¢;(U;, ¢;)} of measure charts
(U;, p;) that cover A, if there exists a countable Borel
sub cover {Uj-"’:l(Ul-j,cpl-)} of measure charts Wy 90

that cover A such that A < {UZ,(U;;, 9:)}

ie. A = Use/(Uy, 91) € {UjZ,(Uy;, @)}, satisfying the
following measure conditions:
(i) u(A) >0,

(i) wuA) < u(UjL Uy
additivity)

S uly) (o

then A is compact Borel atlas of (M , 7, Z, g) which is
Radon measurable as follows:

Let O = {U;e;(U;, )} be a family of all measure
charts of (M ,7,%,ug). On a measure manifold
endowed with measurable Lindeloff property, a Borel
measure p : X — [0,00] is finite. Inner and outer
regularities of Borel subsets are equivalent properties
on it. Then a Radon measure for a measurable atlas A
is a positive Borel measure p : ¥ — [0,00] which is
finite on compact sets and is inner regular in the sense
that for every measurable atlas, we have

() ur(A) =sup { ug(Uy) : 1 €1U; € A,V U; € 0},

Also pjp is outer regular on a family O of measurable
charts if, for every measurable atlas A € A¥(M) we
have,

(ii) pp(A) = inf { up(0) : 0 2 A, 0 € M}

Now the Borel atlas A of (M,t,Z,ug) is Radon
measurable and the manifold (M, t, %, up) is a Radon
measure manifold endowed with measurable Lindeloff

property.

Then the manifold (M,t,Z%, ug) is Radon measure
manifold endowed with measurable Lindeloff

property.
Remark 3.2:
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We observe that a measurable Lindeloff property say
P, on any compact Borel set A, c (M,t,%, ug)
containing compact Radon measure atlases on
(M, 1,%, ug) holds ur —a.e.on (M, ,X, ug) if the set
Ay ={VAcCM ,1,%,ug): Py(4,) is true }has
positive measure i.e. pg(4,) > 0.

Suppose P, does not hold up —a.e. on the set
A, € (M ,1,%, ug) then ug(4,) =0. Then A, is a dark
region of (M , 7, %, ug).

Case 3.3: Measurable countably compact property on
measure manifold with Radon measure

Let (M ,t,%,u) be a measure manifold and let
A € A¥(M) be a measure atlas such that A<
{U{.il(ull(pl)} = (M ITIZIMR) Where (Ul!(pl) are
measure charts of (M , 1,2, ).

For every countable collection {U{2,(U;, ¢;)} of
measure charts (U;, ;) that cover A such that

A € {UiZ,(U;, 0}

ie. A= Ui(U9) € (UL, (Ui, 0}, if there
exists a finite Borel sub cover {U}’zl(Uij,<pi)} of
measure charts (Ui]., @;) that cover A

ie. A Q{U}‘zl(Uij,q)i)}, satisfying the following
measure conditions:

() u(A) >0,

(i) uA) < uUj-, U j=uUi)  (o-
additivity)

then the Borel atlas A is compact in (M ,t, %, ug) and
is Radon measurable as follows:

Let 0 = {U;2,(U;, 9)} be a family of all measure
charts of (M ,7,%,ug). On a measure manifold
endowed with measurable countably compact property,
a Borel measure p : ¥ — [0,00] is finite. Inner and
outer regularities of Borel subsets are equivalent
properties on it. Then a Radon measure for a
measurable atlas A is a positive Borel measure u : B
— [O,oo]

which is finite on compact sets and is inner regular in
the sense that for every measurable atlas, we have
() ur(A) =sup { ur(Uy): i €1U; & A,V U; € O},

Also pp is outer regular on a family O of measurable
charts if, for every measurable atlas A € A¥(M) we
have,

(i) g (A) = inf { 1p(0): 02 A, 0 € M}.

Now the Borel atlas A of (M ,7,%,ug) is Radon
measurable and the manifold (M , 7, %, ug) is a Radon
measure manifold endowed with measurable countably

compact property.

Then the manifold (M ,t,%, ug) is a Radon measure
manifold endowed with measurable countably
compact.

Remark 3.3:

We observe that a measurable countably compact
property say P; on any compact Borel set A; c
(M, 7,%,ug) containing compact Radon measure
atlases on (M,1,%Z,ug) holds Ugr —a.e. oOn
(M,7,%,ug) ifthe set Ay = {VA <M ,1,%up):
P;(A3) is true }has positive measure i.e. puz(43) > 0.

Suppose P; does not hold up —a.e. on the set
A; © (M ,t,Z, ug) then ug(A;) =0. Then A5 is a dark
region of (M , 1, %, ug).

Case 3.4: Measurable paracompact property on
measure manifold with Radon measure

Let (M ,t,%,u) be a measure manifold and let
A € A¥(M) be a measure atlas such that A
{U:x;l(UU(pl)} = (M !T;Z!#R) Where (Ull(pl) are
measure charts of (M , 1, Z, ).

For every collection {U;¢;(U;, ¢;)} of measure charts
(U;, p;) that cover A, such that A S {U;¢;(U;, 0)}, if
there exists an open locally finite refinement
{U}Ll(Ul-].,<pl-)} of measure charts (Ui].,qoi) that cover

A such that A < {U?:1(Ui,-,<l)i)} where u(U;;) > 0

and Ul-]. c U; satisfying the following measure
conditions:

() u(A) >0,

(i) p(A) < uUlUy) = Tjaul;y) (o
additivity)

then A is compact Borel atlas of (M , t, %, ug) which is
measurable and is Radon measurable as follows:

Let O = {U;e;(U;, )} be a family of all measure
charts of (M ,7,%,ug). On a measure manifold
endowed with measurable paracompact property, a
Borel measure p : ¥ — [0,00] is finite. Inner and outer
regularities of Borel subsets are equivalent properties
on it. Then a Radon measure for a measurable atlas A
is a positive Borel measure p : X — [0,00] which is
finite on compact sets and is inner regular in the sense
that for every measurable atlas, we have

() ur(A) =sup { up(U;): 1 €1U; € A,V U; € 0},

Also uy is outer regular on a family O of measurable
charts if, for every measurable atlas A € A*(M) we
have,

(ii) pp(A) = inf { 1p(0): 02 A, 0 € M}.

Now the Borel atlas A of (M ,t,%, ug) is Radon
measurable and the manifold (M , 7, %, ug) is a Radon
measure  manifold endowed with measurable
paracompact property.

Then the manifold (M ,t,Z%, ugz) is Radon measure
manifold endowed with measurable Lindeloff

property.
Remark 3.4:
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We observe that a measurable paracompact property
say P, on any compact Borel set A, ¢ (M, 1,Z%, ug)
containing compact Radon measure atlases on
(M, 1,%, ug) holds ur —a.e.on (M, ,X, ug) if the set
Ay ={VA <M ,1,%,ug): P(A,) is true }has
positive measure i.e. pg(4,) > 0.

Suppose P, does not hold up —a.e. on the set
A, € (M ,1,%,ug) then ug(A,) = 0. Then 4 is a dark
region of (M , 7, %, ug).

By using definition 3.1 and Inverse Function Theorem
on Radon measure manifolds [20], S. C. P. Halakatti
proved the following results and we carry a study on it.

Theorem 3.1:

Let (My,7q,2Z1,4g,) and (Mp, T, %;, ug,) be Radon
measure manifolds endowed with measurable Heine-
Borel property. If F My, 71,20, 4g,) —
(M3, 73,25, g,) is @ measurable diffeomorphism and
Radon measure-invariant map and if the measurable
Heine-Borel ~ property  holds g, —a.e. on
(M3, 75,25, 14g,) then it holds ugp —a.e. on

(Ml' 11, le .u'Rl)'

PI’OOf Let (Ml,Tl,Zl,‘u.Rl) and (Mz,Tz,Zz,HRZ) be
Radon measure manifolds endowed with measurable
Heine-Borel property.

Let P, be a measurable Heine-Borel property which
holds ug, —a.e. on any set A, of compact Borel
atlases in (M, T, 2,5, ug,) Where A; = { V A C
(M3, 73,25, g,) : P1(A;) is true } has positive measure
i.e. g,(A;) > 0.

We show that P; holds ug, — a.e.on (My, 74, 24, fig, )-

Since F: (My,7q,Zq,ug,) — (M, 7,25, 1g,) IS @
measurable diffeomorphism and Radon measure-
invariant map from (My, 71,24, pg,) t0 (M3, 75, 25, Ug,)
there exists

F=': (M3, 15,25, g,) — (My,74,%4, ug, ). If P holds
g, — a.e. on any set A; of compact Borel atlas A <
(M3, 75,25, ug,) where the set A; = { V A C
(M3, 73,25, g,) : P1(A) is true } has positive measure
I.e. tg, (A1) > 0 on (My, 75, X5, ug,) then the property
P; also holds g, —a.e. on any compact Borel set
F~1 (4,) of compact Borel atlas F™! (A) <
(M3, 74,24, 1g,) Where the set F~'(4;) = {V F7'(A)
C (My, 71,34, g,) 1 Py(F7" (A) ) is true } has positive
measure i.e. ug (F~' (A1) ) >0in (My, 74,35, g, ).

Therefore, if measurable Heine-Borel property holds

Hr, —a.e. ¥ Ay © (My, 75, %5, ug,) then the property

also holds pg, —a.e. on F7'(4;) © (M, 74,34, lg,)

under measurable diffeomorphism and Radon measure

invariant map F : (My, 74, 2y, g,) — (M3, T2, 22, lig,)-
]

Theorem 3.2:

Let (My, 74,21, 14g,) and (Mp, T, %;, Hg,) be Radon
measure manifolds endowed with measurable
Lindeloff property. If F My, 74,20, ug,) —
(M3, 75,2, 1g,) is @ measurable diffeomorphism and
Radon measure-invariant map and if the measurable
Lindeloff property holds Ug, — a.e. on
(M3, 72,%,,14g,) then it holds ugp —a.e. on
(M1, 74,24, Hg,)-

Proof: Proof is similar to Theorem 3.1.

Theorem 3.3:

Let (My, 74,21, 4g,) and (Mp, T, %;, Hg,) be Radon
measure manifolds endowed with measurable
countably compact property. If F . (My, 7y, %4, pg,) —
(M3, 72,2, 1g,) is @ measurable diffeomorphism and
Radon measure-invariant map and if the measurable
countably compact property holds pg, —a.e. on
(M3, 75,%;, 1g,) then it also holds up —a.e. on

My, 74, E:1:#121)-
Proof: We proceed as in Theorem 3.1.
Theorem 3.4:

Let (My,7q,2Z4,4g,) and (My, 75,25, ug,) be Radon
measure manifolds endowed with measurable
paracompact property. If F : (My,7q,2Zq,1g,) —
(M3, 75, %;, 1g,) is a measurable diffeomorphism and
Radon measure-invariant map and if the measurable
paracompact  property  holds  ug, —a.e. on
(M3, 75,%;, 1g,) then it also holds up —a.e. on

(Mll T1, E:11 .uRl)'
Proof: We proceed as in Theorem 3.1.
Theorem 3.5:

Let (M1;T1121:#R1): (MZJTZ'ZZ'MRZ) and
(M3, T3, 23, ig,) be Radon measure manifolds endowed
with measurable Heine-Borel property. Let F;

(M1, 71,21, Ug,) (M3, 75,25, g,) and F,

(M3, 72,25, 4g,) — (Ms,73,%3,ug,) be measurable
diffeomorphism and Radon measure-invariant maps.
Then if measurable Heine-Borel property holds
Ug, —a.e. on (M;,7q,%q,ug,) then it also holds
Hgr, — @.e. on (M3, 73,23, ug,) under the composition
mapping F, o Fy : (My, Ty, 24, Ug,) — (M3, T3, 23, Ug,)-

—

Proof: Let (M, 7y,21,ug,), (M, 72,25, 1g,) and
(M5, 73,23, 1g,) be Radon measure manifolds endowed
with measurable Heine-Borel property. Let F;
(M4, 71,21, Ug,) (M3, 72,25, 14g,) and F,
(M3, 72,25, g,) — (Mj3,73,%3,ug,) be measurable
diffeomorphism and Radon measure-invariant maps.

—

We show that, if measurable Heine-Borel property say
P; holds ug, —a.e. on (M, 74,2, ug,) then P, also
holds g, —a.e. on (Ms, 73,23, 1g,) under the
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composition mapping F o Fy : (My, 71, %4, fg,) —
(M3;T3;Z3;MR3)-

From theorem 3.1, if measurable Heine-Borel property

P, holds ug —a.e. on any compact Borel set
Ay © (Mq, 74,24, Ug,) where A ={VA c
(My, 74,21, Ug,) : P1(A) is true } has positive measure
i.e. g, (4;) >0, then P; also holds pg, —a.e. on any
compact ~ Borel  set  Fi(4;) € (Mp, T, 25, Ug,)
where F; (4;) = {V F,(A) © (M3, 72,2, ug,) :
P;(F;(A)) is true } has positive measure i.e.
Hr, (F1(A1)) > 0 under the measurable diffeomorphism
and Radon measure-invariant map F; : (My, 71,24, ig,)
— (M3, 72, %,, g,)- Similarly, if the property P; holds
hgr, —a.e. On any compact Borel set Fi(4,) c
(M3, 73,22, ug,) Where  Fi(4,) ={VF(A) c
(M3, 72,25, g,)  Pi(Fi(A)) is true } has positive
measure i.e. ug,(Fi( A7) > 0, then the property P,
also holds ug, —a.e. on any compact Borel set
Fy(F1A;)) © (M3, 73,23, ug,)  Where  F(F(4,) =
{V F2(Fy (A)) © (M3,73, 23, 1g,) @ PL(Fa(Fi(A)) is
true } has positive measure i.e. pug, (F,(Fi(41))) >0
under  measurable diffeomorphism and Radon
measure-invariant map F, (M3, T2, 25, tig,)—
(M3, 73,23, Ug,)- Since F(F1 (A1) = (F; o F1)(4,), we
have (Fpe F)(41) = { V (Fe F)(A) <
(M3, 73,23, ug,) * P(Fy o Fi(A)) is true} has positive
measure i.e. ug, (F, ° Fi(4,)) > 0.

Since F; and F, are measurable diffeomorphisms and
Radon measure-invariant maps,
FZ ° Fl :(Ml'Tl'Zl' “Rl) - (M3'T3JZ3'HR3) is also
measurable diffeomorphism and Radon measure-
invariant map.

Also, for every F,o F;: (M, 7q,%q, Ug,)
(M3, 73,23, ug,) there exists an inverse map (F, o
Fl)_l : (M3IT3IZ3I :uR3) - (M1IT1I le :uRl) such that
if P, holds up, —a.e. on any compact Borel set
Fyo Fi(Ay) © (M3, 73,23, ug,) Where Fro Fi(4;) =
{V Fy o Fi(A) € (M3,75,23,ug,) : P1(F; 0 Fi(A)) is
true } has positive measure i.e. ug, (F, o Fi(4,)) >0,
then P, also holds ug, —a.e. on any compact Borel
set (Fyo F1)7"(A;) < (My, 71,3, 4g,) Where (Fpo
F)™HA) ={V (F;° F)T'(A)) < (M, 71,2, Ug,)
P, ((Fy o F)"'(A))) is true } has positive measure
i.e. pg, (F;o F1)7'(41)) >0.

Therefore, if P, holds ug —a.e. V Ajc
(My, 74,24, 1g,) then P also holds pg, —a.e.
V F,o Fi(A)) © (Ms,73,25,ug,) under measurable
diffeomorphism and Radon measure-invariant map
Fyo Fy: (My, 7y, 21:#121) - (M3'T3'23'HR3)-

—

Hence, the composition map F,o F,
measurable Heine-Borel property.
]

preserves

Theorem 3.6:

Let (My, 74, %4, tg,), (M3, 72, 23, Ug,) and
(M3, T3, 23, ig,) be Radon measure manifolds endowed
with measurable Lindeloff property. Let F,
(My, 74, %4, Hg,) (M3, 72,25, 1g,) and F,
(M3, 72,25, 4g,) — (Ms, 75,23, ug,) be measurable
diffeomorphism and Radon measure-invariant maps.
Then if measurable Heine-Borel property say P, holds
Hr, — @.e.0n A; © (My, 74,24, ug,) then Py also holds
K, — @.e. on (M3, 73,23, ug,) under the composition
mapping F, o Fy = (My, T4, 24, pg,) — (M3, T3, 23, Ug,)-

Proof: Proof is similar to theorem 3.5.

—

Similarly, we can show that the other measurable
compactness properties remain invariant under the
composition of measurable diffeomorphism and Radon
measure-invariant maps.

In the above results, we have shown that, if
the property P holds g, —a.e. on (My, 74,24, ug,)
then it holds g, —a.e.on (My, 7y, %;, 1g,) under
measurable diffeomorphism and Radon measure-
invariant function F; and if P holds ug, —a.e. on
(M3, 75,25, 4g,) then it holds g, —a.e.on
(M5, 73,23, 1g,) under measurable diffeomorphism and
Radon measure-invariant function F,. If the property P
holds ug, — a.e. on (M, 74,24, ug,) then it also holds
U, — @.e. on (M3, 3,23, ug,) under the composition
F, o F,.

By continuing this process, one can show that
any (M;, 7;, X;, pg;) can be related to any (M, 7;, Z;, yR].)
by composition of two measurable diffeomorphisms
and Radon measure-invariant functions F; o F; .

Thus, if there exists F,: M, — M,, F,: M, —
Ms,...., E,+ M,_;, — M,, then the composition of
such functions F,, F,, ...., F, form a group structure on
the non-empty set of Radon measure manifolds

(M, M,, ....,M,) with measurable Heine-Borel
property.
That is, if G = { F, F,, ..., E, } is a non-empty set of

F,F,....,F,and if M ={ M, M,,....,M,} is a set of
Radon measure manifolds with measurable Heine-
Borel property then G forms a group structure on M.

The following result is introduced and proved by S. C.
P. Halakatti and we conduct a study on it.

Theorem 3.7:

Let M = { M;,M,, ....,M,} be a non-empty set of
Radon measure manifolds and G = { F{, F,, ..., F, } be
the set of measurable diffeomorphisms and Radon
measure-invariant functions on M. Then G forms a
group structure on M under the composition of
measurable diffeomorphisms and Radon measure-
invariant functions F; and F; , 1<i,j < n.
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Proof: Let M = { My, M,, ...., M,;} be the set of Radon
measure manifolds with measurable Heine-Borel
property and let G = { F,F,, ...., E, } be the set of
measurable diffeomorphisms and Radon measure-
invariant functions on M.

In theorem 3.5, it is shown that if F;: M; — M, and
F,: M, — M; are measurable diffeomorphisms and
Radon measure-invariant  functions, then F, o
Fi:M; - M; and F, o F, M3 — M; are also
measurable diffeomorphisms and Radon measure-
invariant functions.

We show that G forms a group structure on M.

(l)IfFL,F]EGthenFl OFJEG [By
theorem 3.5]

(") If Fi'F},Fl EGthen (FL ° F}) o Fl :Fi ° (F} o Fl)

Then, Fro F;=F; o Fg [By
theorem 3.5]

(iii) For every F; € G there exists an inverse map
F! € G such that

Fi ° Fi_l = Fi_l ° Fi =id. [By
theorem 3.1, since both F; and F; ' are measurable
diffeomorphisms and Radon  measure-invariant
functions]

(iv) For any F; € G there exists an identity map id:
F; — F; € G such that

id o F; = F; o id = F; holds , where id € G. [By
theorem 3.5]

Therefore, G = { F,F,,....F,id,....,F, } forms a
group structure on M under the composition of
measurable diffeomorphisms and Radon measure-
invariant functions.

Therefore, (G, ) forms a group under the composition
of measurable diffeomorphisms and Radon measure-
invariant functions Fy, F,, ...., E,.

]

IV. CONCLUSION

Measurable compactness properties like measurable
Heine-Borel property, measurable countably compact,
measurable Lindeloff and measurable paracompactness
on Radon measure manifolds also remain invariant
under the composition of finite number of measurable
diffeomorphisms and Radon  measure-invariant
functions. Further, we have seen that the set of all such
measurable diffeomorphisms which are Radon
measure-invariant functions form a group structure on
M. This leads us to study group structures and
geometrical structures on M  which generate a
Network structure (M, G,o) on M.
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