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8.1. PRELIMINARIES

Definition (1.1):- A system (X; , 1) consisting of a non —empty set X, a binary operation
* and a fixed element 1, iscalled a Cl —algebra [ 2] if the following conditions are satisfied :

1. (Cll) xxx=1
2. (Cl2) 1sxx=x
3. (CI13) xx(y*z) = y*(X*2)
forallx,y,z e X.
Definition(1.2):- A non —empty subset | of a Cl —algebra X is called an ideal [1] of X
(1) xeXand ael=x xael;
(2) xeXand a,bel=@x((b=*x)) *sxel.

Lemma (1.3) : - Ina Cl —algebra following results are true:

(1) xx((x*xy)*y)=1

(2) (X*y)*l=(x=*1)*(y=1)

(3 1<ximply x=1

forall x,y € X.

Lemma (1.4) : - (i) Every ideal | of X contains 1.
(i) If 1 isan ideal of X then(@a*x)*x e | for allae land x € X
(iii) If 1y and 1, are ideals of X thenso isly N I,.

Now we mention some results which appear in [4].

Theorem (1.5):- Let (X; *, 1) be a system consisting of a non —empty set X, a binary

operation * and a fixed element 1. Let Y =X x X.For« = (X1, Xp) , v = (Y1, Y2) a binary operation ““©® *’is
defined in Y as

u Qv =(Xy* Y, X * Y))
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Then (Y; O, (1,1)) is a Cl —algebraiff (X; =, 1)is a Cl —algebra .
Theorem (1.6):- Let A and B be subsets of a Cl —algebra X .

Then Ax B is anideal of Y =X® X iff A and B are ideals of X.

§2. FUZZY IDEALS

Here we discuss definitions and results of fuzzy ideals in a Cl —algebra similar to the
definition and results given by Jun, Lee and Song [1]

for a BE - algebra.

Definition (2.1):- Let (X; *, 1) be a Cl—algebraand let pn be afuzzy set in X. Then p is
called a fuzzy ideal of X if it satisfies the following conditions:

(Vx,y € X) (n(x*y)=u(y)), (21)
(Vx,y,z€X) (1((x*(y*2)*z)=min {p(X), uy)}) (2.2)
The following characteristic property of a fuzzy ideal can be proved as appears in [1].
Theorem (2.2):- Let nbe a fuzzy set ina Cl —algebra (X; *, 1) and let
U(p; o) ={x e X: i(x) > a} where « €[0, 1]. (2.3)
Then p is afuzzy ideal of Xiff
VMae0, 1)U ;)¢ =U(n; a)is anideal of X). (2.4)
Some elementary properties of a fuzzy ideal are noted below:
Proposition (2.3):- Let u be a fuzzy ideal of X.
Then (a) w(1)>u(x) for allx € X
(b) p((x *y) *y) >u(x) for allx,y e X
() x,yeXandx< y= ux)<pu(y).

Proposition (2.4):- Letp, and p, be fuzzy ideals of Xandletp=p; np,. Thenp is a
fuzzy ideal of X

Proof : Foro e [0, 1], we have
Upio)={xeX:ux)=a}
={xeX:mE>aln{xeX;mwx) >a}
= U(ua)nU(u; o).

Since U (uy: o) and U (pp: o) areidealsin X, U (i1 ; o) is anideal in X. Using theorem (2.2) we see
that p is afuzzy ideal of X.

8 3. ANTI - FUZZY IDEALS IN CI - ALGEBRAS

On the basis of definition given in § 2 the concept of anti —fuzzy ideal can be developed.
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Definition (3.1):- A fuzzy set ponaCl —algebra ( X; *, 1) is

called an anti - fuzzy ideal if it satisfies:
(¥ x,y e X) (nx*y) < uy) 31

(Vx,y,zeX) (n((x*(y*2)*2) < max {pn(x), u(y)}) 32

Now we obtain a necessary and sufficient condition for a fuzzy set to be an anti- fuzzy
ideal.

Theorem (3.2):- Let p be a fuzzy set on X and for every o € [0, 1], let
Vi(u;a)={xeXuXx < o} 33)
Then p is an anti -fuzzy ideal of X iff
VMael[0,1D(V(rh;)#d =V (1; o) is anideal of X). (3.4)

Proof : Suppose p isan anti- fuzzy ideal of X. Let o € [0, 1] be such that V (i ; o) #
$.Let X,y € X besuch that y eV (n;a). Then p(y) <a.SopuX*y)< p(y)<a = X *ye V (u; ).
Again letx e X anda,b e V (n;a). Thenp(a)<a and p(b) <a. So (3.2) implies that

p(@x(bxx)*x)< max { (@), p(b)} <o
This implies that (a * (b * X)) xx e V (i ; o).
Hence V (u; o) is an ideal of X.

Conversely, suppose u satisfies condition (3.4). Let p(a*b) > p(b) for some a, b € X. Then p
(@ *b) > o> p (b) where o, =% [ (@ * b) +p (b)]. Thismeansthata b ¢ V (i; a,) andb e V (1 ; o). This
contradicts the fact thatV (p; o) is anideal of X.

Let a,b,c e X be such that
n(@*(xc))*c)>max{u(@), n(b)}.
We put B =2 [ ((a * (b * ¢)) *,.c) +max{u(a), u (D)}
Then p ((@* (b *c)) *c)> Po>max { p(a), u(b)}
This gives (ax(b=c))*ce V (n;Bo) for a,b e V (u; Bo).
This is a contradiction. This proves that p is an anti fuzzy ideal of X.

Theorem (3.3):- Let p; and i, be anti— fuzzy ideals of X andlet p=p; N p, . Then p is an
anti - fuzzy ideal.

Proof : We have , for any a € [0, 1],
Vi(u;a)={xeX:pnx)<a}
={xeX:m<arn{xeX;ux) <a}
=V (i) NV (pp: o)
Since V(py ;o) and V (o : o) areideals in X, V (p; o) is an ideal of X.

Hence p is an anti - fuzzy ideal of X.
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Theorem (3.4):- Let p be a fuzzy set defined ona Cl —algebra X. Then p is afuzzy
ideal of X iff v=(1- p) is an anti - fuzzy ideal of X.

Proof : Under the notations (3.3) and (3.4), for any a € [0, 1],
we see that
V(v;a) ={xe X:v(x)<a}
={xeX:1l-px)<a}
={xeX:l-a< pX)}
={xeX:pE)>1-a}
=U(p;1-a)
The above identity implies that pis a fuzzy ideal of X iff v is ananti - fuzzy ideal of X.
Lemma (3.5):- If pis an anti- fuzzy ideal of X then
(1) <u(x) for all x € X.
Proof : For x € X, we have
H(x*x)<u(x)
ie, pn(l)<p(X).
Proposition (3.6) :- If u is ananti - fuzzy ideal of X then
(Vx,yeX)(n(x*y)*y) < ux))
Proof : Wetakey=landz = yin (3.2), we get
p((x*y) *y) = p((x * (1 y)) * y) < max {p(x), u(1)}.
Then using lemma (3.5) we have
H((x*y) *y) < u(x).
Corollary (3. 7) :- If p is ananti fuzzy ideal of X then
X<y = uy) < p(x).
Proof : Wex<y=xx*y=1
Now  u(y) = u(l = y) = pu((X *y) * y) < p (x).
84. ANTI - FUZZY IDEALS IN CARTESIAN PRODUCT ALGEBRA

Now we establish some results for anti - fuzzy ideals on Cartesion product of Cl —
algebras.

Theorem (4.1):- Let p be a fuzzy set ona Cl —algebra X and let Y = X x X. Let py, Mo, U3
be fuzzy sets on 'Y defined as

H (X, y) =1 (x)

H2 (X, y) =p(y)

ISSN: 2231-5373 http://www.ijmttjournal.org Page 98



http://www.ijmttjournal.orgp/

International Journal of Mathematics Trends and Technology (IJIMTT) — Volume30 Number2 — February 2016

Ha (X, y) =max {u(x) , uy)}
Then (a) py is ananti - fuzzy ideal of Y iff p is ananti fuzzy ideal of X.
(b) po is an anti - fuzzy ideal of Y iff pis ananti - fuzzy ideal of X.
() ps is ananti - fuzzy ideal of Y iff p is an anti -fuzzy ideal of X.
Proof ;- Forany real o € [0, 1], let
V(psa) ={xeX: yx) < a};
Vi(u;o) ={(x,y) e Y (x,y)= ux) < o};
Vo (uz;0) ={(x,y) € Y:ip (X,y)= uy) < o};
and  Vi(uz;o) ={(x,y) € Y:ius (X,y)) < a};
Then we see that Vi( ;o) =V (o) x X
Vo (Hz;0) =X XV (y; @)
Vi (uz; o) =V (1 o) XV (na)
Now using theorem (1.6) we see that
(i) Vi (g ;o) is anidealin Y iff V (u; o) is anidealin X;
(i) Vo (Lo ;o) is anideal inY iff V (w; «)is anideal in X;
(iii) Vi3 (Ks; o) is anideal in Y iff V (u; o) is anideal in X.
For all real o € [0, 1]
Now using theorem (3.2) we get the result.
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