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Abstract

In this paper, we consider the impulsive stabilization problems for a class of impulsive functional differential
equation of the form
{ x'(t) = f(t,x), t=tp
Ax = L(¢t, (x: 7)), t=t,kez"
Our method is based on the application of the Liapunov second method together
with Liapunov functionals.
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1. Introduction

System of differential equations with impulse effect are an adequate apparatus for mathematical simulation of a
number of processes and phenomena in science and technology. Recently the number of publications dedicated to
their investigation for stability grows constantly and has taken shape of a developed theory presented in monographs
[1-3]. Systems of functional differential equations have been much less studied.

In the present paper Liapunov’s direct method with Liapunov functional is proposed for the discussion of problems
on stability of impulsive differential equations for system of functional equations with impulse effect.

2. Preliminaries

Consider the impulsive functional differential equation

{x'(t) = f(t,x.), t#E L t>t,

Ax = L. (t, (x: 7)), t=t,k€ Al )

Where f:] X PC - R™ Ax = x(t) —x(t7),ty <ty <ty <tpyq <--,Witht, s wask - wand,:] X

S(p) = R™, where ] = [ty, ), S(p) = {x € R: |x| < p}. PC = PC([—7, 0], R™) denotes the space of piecewise right
continuous functions ¢: [—1,0] = R™ with sup-norm |[|@||,, = sup_,<s<ol®(s)| and the norm

lell, = (f_()T|<p(s)|2ds)1’2' where 7 is a positive constant, ||. || isa norm in R™ x, € PC is defined by x,(s) = x(t +
s) for —7 < s < 0.x'(t) denotes the right-hand derivative of x(t). Z* is the set of all positive integers,

Let f(t,0) = 0 and J(0) = 0, then x(t) = 0 is the zero solution of (1). Set PC(p) = {¢ € PC: ||¢llo < p},Vp >
0.

DEFINITION 1.1 Let ¢ be the initial time, V o € R, the zero solution of (1) is said to be
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(a) stable if , foreach ¢ > t, and € > 0, thereisa 6 = §(ag, &) > 0 such that, for ¢ € PC(5), a solution x(t, g, p)
satisfies |x(t, o, )| < e for t > t,.

(b) uniformly stable if it is stable and § in the definition of stability is independent of o

(c) asymptotically stable if it is stable and, for each t, € R,, there is an n = n(t,) > 0 such that, for ¢ €
PC(n):x(t,U'(p) —>0ast > oo

(d) uniformly asymptotically stable if it is uniformly stable and there isann > 0 and , foreache > 0,aT =
T(g) > 0suchthat, for o € PC(n), |x(t,0,0)| <efort =ty + T

DEFINITION 1.2 A functional V(t,¢):J X PC(p) — R, belong to class v,(.) ( a set of Liapunov like functional
if) (@) V is continuous on [t,_q,t;) X PC(p) for each k € Z,, and for all ¢ € PC(p) and k € Z,, the limit
lim ¢ gyt V(E @) = V(& ™, @) exists.

(b) V is locally Lipchitzian in ¢ in each setin PC(p) and V(¢t,0) = 0
The set R is defined by
R ={W € C(Ry,R,): strictly increasing and W(0) = 0
3. Main Results
Theorem 1. Assume that there exist V;,V, € vy (.) and W,, W,, W5, W, € R such that

(i) Wile(0)| < V(t, @) < W,|p(0)| where V (¢, ) = Vi (t,9) + V2(t, )
(i) foreachk € Z* and x € S(p,)

‘V(tk,x + Ik(tk' x)) — V(tk_,x) ‘ < BkV(tk_,x)
where B, = 0 with Y7, < oo
(iii)y  aV'y(t,x;) + bV ', (t, x.) < AW, (inf{|x(s)|;t —h <s < t})

and pV' (t,x) +qV'5(tx,) <0
where a? + b% # 0,p% + q* # 0 and fow A(s)ds = o
then the zero solution is uniformly stable and asymptotically stable.

Proof Letf =[I;-1(1+ By) then B € [1,0). Forany g = t, and € > 0(e < p;). We may choose a § = 6(¢) >
0 suchthat BW,(8) < W;(¢).

Let x(t) = x(t, ty, @) be solution of (1.1) where ¢ € PCs.
From (ii)
[V (te) = V(&I < BV () €Y)
From (iii)
aV'i(t, x,) + bV, (t, x,) < —2®)Ws(inf{|x(s)|;t —h < s < t})
Integrating both sides from o to t (t > t,), we have

t
aVi(t) + bV, (t) < aV,(o) + bV,(0) — J-A(S)W3(inf{|x(u)|;s —h<u<s}ds+ Z [V(t,) =Vt )]

Ostgst
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Wy (8))

Now, o =>t,,e >0 (e < p, ),wedefine & =W2‘1( >

aV, (t) + bV, () < aV, (0) + bVy(0) — Wi(e,) f A(s) ds + Z [V(te) — V)]

ostpst

And so by using (1)

avy(t) + bV,(t) < aV, (o) + bV,(o) + Z BV (t )

ostpst

By theorem 1.5.1 in [1], we see that forall t > o

avy(£) + bV, (1) < aV, (o) + bV, (o) 1_[ (1 + B

o<tr<t
< [aVy (o) + bV, (0)] B

i.e. aly(t) + bV, (t) < BlaVi(o) + bVy(0)], t =0

Then W, |x()| <V(t) < BlaV,(o) + bV,(0)] < BW,(8) < W, (e),t =0

and so the zero solution of (1) is uniform stable.

To prove asymptotic stability, for a given t, € R,,and afixed 0 < H, < H,, take

n = n(ty) = 6(ty, H,) > 0, where § is that in the definition of stability and for a given ¢ € PC,, let x(t) =
x(t, to, @)be solution of (1). Suppose for contradiction that x(t) + 0 as t — oo. Then there is a sequence {T;} and

an g, > 0 with T; — oo and |x(T;)| > &,. Define e, = W ! (@) ,then there is a sequence {s;} with s; > o
and |x(s;)| < &,. Otherwise thereisan S > t, such that |x(t)| = &, fort = S and

avy(t) + bV, (t) < aVy(S +6) + bV(S + ) — [, A(S)Ws(inf{lx(s)];t — h < s < t])ds
+ Xsenstree V() — V(™)

< aVy(S +1t) + bV, (S + t) — Ws(ey) [, A(s)ds
- —00 as t > oo

Which is a contradiction and hence zero solution is asymptotic stable.

Theorem 2. Assume that there exist V3, V, € vy(.) and Wy, W,, W5, W, € R such that

() Wilp(0)| < V(t, @) < W,|e(0)| where V(t, ) = V1 (t, @) + V2 (t, @)

(ii) V(tix + L(t, x) = V(™ %) < BV (™, x), k €Z¥, B = 0

(iii) aV'i(t,x,) + bV',(t, x,) < —A@)Ws(inf{|x(s)|;t —h < s < t})
and pV' it x)+qV',(t,x) <0

Where a2 + b2 # 0,p? + ¢ # 0 and limg_.., f; " A(s)ds = oo uniformly in t € R,

Then the zero solution of (1) is uniformly stable and asymptotic stable.

Proof: Uniform Stability can be prove as Stability in Theorem 1.
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For asymptotic stability,

Setn = 6(H,) for afixed 0 < H, < H; and § in the definition of uniform stability. For given t, € R,, ¢ € C,, let
x(t) = x(t, o, ) be a solution of (1). Let € > 0 be given and take § = §(&) > 0 of uniform stability. Define

8 = Wz‘l(wlT@). Choose an S = S(¢g) > 0 with
JE7 As)ds > 2(1alWy(Hy) + 1bIWa(Hy)) /Wi(81)
Fort € R, and an integer N = N(¢) = 1 with Nu(6,)W,(8)/2 > 2(|p|W,(H,) + |q|W5(H,))
Define T = T(g) = N(S + 2h). Suppose, for contradiction, that ||x.|| = §fort, <t <ty + T.
From the supposition, for 1 < i < N, there isa
to+ (-1 +2h) +h+S<T, <ty +i(S+2h)
Such that |x(T;)| = 8. Thus, there is an s; < t; < T; with |x(t;)| = &, and |x(t)| > &, for t; < t < T;. We obtain
pvy(to +i(S + 2R)) + qu,(to + i(S + 2h)) — (pvi(to + (i — (S + 2R)) + quo(te + (i — 1)(S + 2h)))
< pv1(Ty) + qua(Ty) — (pv1 (&) + qu2(ty)
< —u(8) (11 (T) —vi(t)) < —u(8:)W;(8)/2
And
—2(IpIW,(H,) + |qIW5(H,))
< pvy(to + N(S + 2h)) + qua(to + N(S + 2h)) — (pv(ty) + q(v2(t0))

i’ivzl(pvl(to + (S + 2h)) + qua(to + (S + 2R))) — (pv4(to + (L — 1)(S + 2h)) +
qua(to + (i — 1D(S + 2h)))

< —Nu(6)W1(8)/2 < =2(IpIW2(Hy) + 1qIW5(H,)),
This inequality also holds true as per condition (ii)
Which is a contradiction.
Consequently [|x. || < § forsome t, <t' <t,+ T and |x(t)| < € fort > t, + T. This completes the proof.
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