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Abstract

The concept of fuzzy ideals in BE -
algebra have been introduced by Y. B. Jun, K.J.
Lee and S. Z. Song in 2008-09. They
investigated characteristic property of a fuzzy ideal
and developed several properties. Here we study
the concept of fuzzy ideals in Cartesian product of
BE — algebra and the BE — algebra of all
functions defined on a BE — algebra.
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8.1. RELIMINARIES :
Definition (1.1): A system (X; *, 1) consisting of
a non —empty set X, a binary operation * and a
fixed element 1 is called a BE — algebra ([2]) if
the following conditions are satisfied :

1. (BE1) x=*x=1

2. (BE2) xx1=1

3. (BE3) 1xx=x

4. (BE4) x*(y=*2)

= y*(x*2)
forallx,y,z e X.

Definition(1.2): A non —empty subset | of a BE
—algebra X is called an ideal ([4,5]) of X if

(1) xeXand ael=>xx*ael;
(2) xe Xand a,b el
= @x*(b*x)*x xel

Lemma (1.3) : InaBE — algebra following
identities hold ([2]).

(1) xx(y*x)=1
(2) x*((x*xy)*y)=1

forall x,y € X.

Lemma (1.4) : (i) Everyideal | of X contains 1.

(i) If 1 isan ideal of Xthen (a*x) *x € | for
allae land x € X.

(iii) If 1y and I, are ideals of X thenso isl; N L.

Now we mention some results which appear in

([3D-

Theorem (1.5): Let (X; * 1) be a system
consisting of a non —empty set X , a binary
operation * and a fixed element 1.LetY = XX
X. For w = (X3, Xo) , v = (Y1, ¥2) in Y, a binary
operation © is defined as

w O v = (Xpx Y1, Xo * Yo)

Then (Y; ©, (1, 1)) is a BE —algebra iff (X; *,
1) is a BE —algebra .

Theorem (1.6): Let A and B be subsets of a BE
—algebra X . Then Ax B is anideal of Y =XxX
iff A and B are ideals of X. In particular, {1} X
Aand A x {1} are ideals in Y for every ideal A of
X.

8 2. FUNCTION ALGEBRA OF BE -

ALGEBRA:
We have the following result:

Theorem (2.1): Let (X; *, 1) be a BE -
algebra and let F(X) be the class of all functions
f: X — X. Let a binary operation o be defined in
F(X) as follows:

Forf,ge F(X)and x € X,

(fog) () = £(x) * g (x).

Then (F(X);o0,1") is a BE —algebra, where 1”
is defined as1™ (x) = 1for all x € X.

Proof : Let f, g, h € F(X). Then for x € X, we
have

(i) (fof) (x)
= (x) * f(X)
=1
=1"(x)
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=>fof=1";
(i) (fol) (¥

=f(x) *x 1" (x)

= f(x)*1

=1

=1"(x)

=>fol =1";
(iii) 17of) (x)

=17 (x) * f(x)

=1(x)

=1 of="f;

and (iv) (fo(go h)) (x)
= f(x) * (g oh) (x)
= f(x) * (9() * h (x))
g(x) * (f(x) * h (x))
g(x) * (foh) (x)

(g o(f oh)) (x)

= fo(goh)=go(foh).

This prove that (F(X);0,1") is a BE —
algebra.

Corollary (2.2): If (X; *, 1) is transitive or self —
distributive then so is (F(X);0,1").

Theorem (2.3): Let | be anideal of X and let
F(I) be the collection of all functions feF (X)
such that f(x) e | for all x € X. Then F (I) is an
ideal of F(X) .

Proof : For f € F(X) and g F(l) we have, (fo
9) (x) =f(x) * g(x) < I.

SofogeF().
Again for g, h € F(l) and f € F (X), we have
((go(hof)of) (x)
= (g o (hof)) (x) * f(x)
= (9() * ((h(x) * £ (x))) = F(x) €l.
So (g o(hof))ofe F(l). Hence F(l) is
an ideal of F(X).
Notation (2.4): For any set A c X, let F(A)
denote the set of all functions f € F(X) such

that f(x) € A for all X € X.

§ 3. FUZZY IDEALS:

Here we discuss definitions and results of fuzzy
ideals given by Jun, Lee and Song ([4]).

Definition (3.1): Let (X; *, 1) be a BE —algebra
and let u be afuzzy set in X. Then p iscalled a
fuzzy ideal of X if it satisfies the following
conditions ([5]:

(Vx,yeX)(nx*y)zuy). &1
(Vx,y,z2eX) (n((x*(y*2)*2)
> min {p (X), p(y)}) 3.2)

The following characteristic property of a fuzzy
ideal appears in ([5]).

Theorem (3.2): Let p be afuzzy set ina BE -
algebra (X; , 1) and let

U(p; o) ={x e X: wx)> a}, where o
[0, 1]. (3.3)

Then p is afuzzy ideal of X iff
(Vael[0, 1) (U (b ;a)#¢d=U(u;a)is an
ideal of X). (3.4)

Some elementary properties of a fuzzy
ideal are noted below:

Proposition (3.3): Let p be a fuzzy ideal of X.
Then (a) w(1)>pu(x) for allx e X

(b) u((x*y)*y) = u(x) for
allx,y e X

() x,ye Xandx<y = u(x)
< (y).

Proposition (3.4): Let p; and p, be fuzzy ideals
of X andletpu=yp; Np,.Thenp is afuzzy ideal
of X
Proof : Fora € [0, 1], we have
U(u;a)={xeX:nx)=a}
={xeX: y)>an{xe X;
Mo (x) = o}
= U(p;0) NU (b5 )
Since U (iq ; o) and U (W, ; ) areidealsin X, U
(i ; o) is anideal in X. Using theorem (3.2) we
see that i is a fuzzy ideal of X.

8 4. gFUZZY IDEALS IN CARTESIAN
PRODUCT ALGEBRA:

Now we establish some results for fuzzy ideals
on Cartesian product of BE — algebras.

Theorem (4.1): Let p be a fuzzy set on a BE —

algebra X and let Y = X x X. Let pg, Mo Mg be
fuzzy sets on 'Y defined as

b (X, y) =1 (X)

H2 (X, y) =p1(y)
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Ha (x,y) =min{u(x) , uy)}

Then (a) wy is afuzzyideal of Y iff u is a
fuzzy ideal of X.

(b) p, is afuzzyideal of Y iff pnis a
fuzzy ideal of X.

(c) s is afuzzyideal of Y iff pis a
fuzzy ideal of X.

Proof :- Forany real o € [0, 1], let

Up;a) ={xeX: wx)= a};

Ui (o) ={x,y) e Y (X,Y) = u(x)

> a};

Up (25 0) ={(X,y) € Y1 (X,Y) = (y)
> o}

and Uz (ps; o) ={(x,y) e Y: e (X,

y))= a}

Then we see that
Ul(Hl;(X) :U(M;(X)X Y

U (2 ) =X XU (ko)

Us (g3 0) =U (o) XU (u;a)
Now using theorem (1.6) we see that

(M U; (pg; o) is anideal in Y iff
U (p; a)is anideal in X

(i) U, (L ; a) is anideal inY iff
U (pr; a)is anideal in X

(iii) Us (K ; @) is anideal in Y iff
U(p;a)and U (1 ; o) are ideals
in X.

for all real o € [0, 1]
Now using theorem (3.2) we get the result.

§5.UZZY IDEALS IN FUNCTION
ALGEBRA:

Definition (5.1): Let nbe a fuzzy set defined
on a finite BE — algebra (X;*,1). Let

(F(X);0,1) bethe BE — algebra discussed in
theorem (2.1). We extend z on F (X) as

z (f)= min{u(f (X)) : x € X}.

We prove the following result.

Lemma(5.2) : F (U (n; o)) =U (z; o) for every
a € [0, 1].

Proof :  Firstof all we observe that for any o
e [0, 1],

U@, a)#é=U(wa)#é (5.1)
LetU (m;a)=dand feU ;o)

Then z (f)>a. So min
{u(f(x):xe X} > a.

This implies that f(x)>a
forsome x e X,
i.e. f(x) e U(p;a) andso
U(p;a)=o.
Again let U(p;a)=dand ae U(pn; o).
Then p(a) > a . If we choose f, € F(X) such
that f, (xX) = a for all xe X, thenz (f) =
min{u(f, X)) :xeX} =p@=>a,ie fe
U@;a)andso U (z; o) = 6.
Now we see that
feF (U(n;a)
= f(X)eU(p;o) for all xe X
= p(fx)> a for allx e X
= min{p(fX):xeX}>a
= 7 (H2 a
=fe Uxu,;a)

SoF(U(nio)c Uz; o) (5.2)

Again
feU(m; o)
= 71 (H>«a

= min{pfX):xeX}>a
= p (fx) > a for all x e X
= f(X)eU(u;a) for all xe X

= feF (U (o)
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This gives U (z;a) < F(U (z;a)).
(5.3)

From (5.2) and (5.3) we get the result.

Corollary (5.3) : If U (u; ) is an ideal in X
then U (z; o) is an ideal in F(X).

Proof : This follows from above lemma and
theorem (2.3).

Theorem (5.4): If pisafuzzy ideal of X then so
is z on F(X).

Proof : Let ube afuzzy ideal of X.Then for
every a € [0,1]

U(p;a)z¢ = U (p; a)is an ideal.

So F(U (n; o) is an ideal inF (X) by theorem
(2.3).

From corollary (5.3), U (1; o) is an ideal in
F(X) if o € [0,1] and U@;a)#d.

This proves that z is afuzzy ideal of F(X).
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