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Abstract

In this paper, we establish some new oscillation criteria for second order nonlinear neutral delay

dynamic equation of the form
(r@Om®)y (@) + pOyE®ONIN? + (£, y(5(t)) =0

on atime scale T. The present results not only generalize and extend some existing results but also can be
applied to the oscillation problems that are not covered before. Finally, we give some examples to illustrate
our main results.
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1 Introduction

The theory of time scales was introduced by Hilger [5] in order to unify, extend and generalize ideas
from discrete calculus, quantum calculus and continuous calculus to arbitrary time scale calculus. A time
scale is an arbitrary closed subset of the reals. The cases when time scale equals to the reals or to the integers,
the obtained results represent the classical theories of differential and difference equations. Many other
interesting time scales exist (e.g., T = qNo: = {q*:t € N, for q¢ > 1} which has important applications in
quantum theory, T = hN with h >0, T = N2 and T = T" the space of harmonic numbers). For an
introduction to time scale calculus and dynamic equations, we refer to the seminal books by Bohner and
Peterson [3, 4]. In recent years, there has been much research activities concerning the oscillation of solutions
of second-order nonlinear neutral delay dynamic equations on time scales, see [5-10, 12] and references cited
therein.

In 2004, Agarwal et al. [1] considered the second order nonlinear neutral delay dynamic equation

O +pOyE -+ fEy(Et—8))=0,t€ET,
where y > 0 is a quotient of odd positive integers. In 2006, Saker [9] further studied Eq. (1.1) for an odd
positive integer y > 1.

Also, in 2006, Wu et al. [11] studied the second order nonlinear neutral delay dynamic equation
with variable delays

r@®OO® +pOyEON M+ f(Ey(E(©))) =0,t €T,
where y > 1. In 2007, Saker et al. [10] discussed Eqg. (1.2) for an odd positive integer y > 1. In 2010,
Shao-Yan et al. [12] studied Eq. (1.2) for an odd positive integer y > 0. In 2013, Saker et al. [7] considered
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the second order nonlinear neutral delay dynamic equation with variable delays
(r(®O) Mm@y @) + pOyEONH* + f(t,y(5(t) =0,t €T,
where,
f:TxR - R is a continuous function such that uf(t,u) > 0 for all u = 0 and there exists
K > 0 suchthat |f(w)| = K|u|.
In this paper, we study the oscillation of the second order nonlinear neutral delay dynamic equation
with variable delays of the form
(r(®O(MmOy ) + pOyEON I + Ly (1)) =0, t €T,
where T is a time scale. Through out this paper, we consider the following hypotheses:
(H,) y is a quotient of odd positive integers.
(Hy) t(t),6(t) € Cq(T, T), t(t) <t and lim,,(7(t)) = o, 6(t) <t and lim;_,,(6(¢)) = oo.
(Hz) m(t), p(t) and r(t) are real valued rd-continuous positive functions defined on T
and
m(z(t)) > p(0).
(Hy) f: T x R - R is acontinuous function such that uf (t,u) > 0, for all u # 0, and
there exists q(t) € C,q(T, R*) such that |uf(t,u)| = q(t)|u|f**, where B is
quotient of odd positive integers.

Also, the following two conditions are taken into consideration:

17 Era) = o

o r(t)

and

i Cyac <=
Now, defining
x(@):=m®)y(t) + pOy ().
Eqg. (1.4) reduces to

rOGAOIM + £t y(61®)) =0.

2 Preliminaries and Lemmas
Lemma 2.1.Assume that the conditions H, — H, and (1.5) hold. If y(t) isan eventually positive solution of
Egq. (1.4), then there exists t; € T sufficiently large such that x(t) >0, x4(t) >0 and
(r(®)(x2())")4 < 0 for t € [ty,0)7.

Proof.Since,y(t) is an eventually positive solution of Eqg. (1.4), then, by H, there exists t; €
[to, @) such that y(t) > 0, y(z(t)) > 0 and y(6(t)) > 0 for t > t,.
From Eg. (1.7) and Hs, we get
x(t) =m()y(t) fort = t,.
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Then,
x(t) >0 fort = t,.
Also, by Eq. (1.8) and H,, we have
r@OEAEINA < —q®)yP(8(0)) fort > t,.
Then,
Tr@®OEAE)NA <0 fort > t,,

which implies that (r(t)(x®(t))Y) is decreasing on [t;, ).

Now, we claim that (r(t)(x2(t))") > 0 on [t;, ). Therefore, we assume that this is not true.
Hence, there exists t, € [t;,)g such that (r(t,)(x%(t;))") < 0. Since (r(t)(x2(t))?) is decreasing on
[t1, ), then

() (x2(t)) < r(ty)(x2(ty)) fort > t,.
Hence, we have

() < (e (E) )P

Integrating inequality (2.1) from ¢, to t > t, and using Hs, we get
g 1
x(t) < x(t) + (r(£)7)x" (t2) f (@)?As - —oas (t - ©),
ta

then x(t) < 0 which is a contradiction. Therefore, (r(t)(x2(t))") > 0.
Hence, x2(t) > 0 for t > t,. This completes the proof.

Remark 2.1.By Lemma (2.1), Equations (1.4), (1.7) and Hypothesis H, , H,, we get
0 =@F®EXEN +q®)y* (1)

> (OGO + - O (H(5(0) - PO EEONY
> (OGO + O (H(0(0) ~ DAY
> (OGO + ot D (H0(0) ~ PGB
> (OGO + DS = P GO,
Define,
atta) = [ (%)J%As and (,0) = 200D,

Lemma 2.2.Assume that H; — H,, (1.5)hold and y(t) is an eventually positive solution of Eq.
(1.4). Then there exists t, € [t;,0)g such that
x(8(8)) = (¢, t,)x(a(t))fort = 5(t) = t,.
Proof.Since H, — H, and (1.5) hold, then by Lemma (2.1) we have (r(t)(x2(t))")* < 0 for
t € [ty, ), then r(£)(x2(t))” is decreasing function in the interval [t;,)r.

For t > t, > t;, we have
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a(t) a(t)
A Y
x(@()) — x(8(0)) = f MA < P (E(E)xA(8(8) f G )ms
500) (r(s)r 500
Therefore,
x(a(t)) r%w(t))xA(a(t))
HO0) < 14 TEOXBO) 4 (1), 5(2)). (22)
Also,
x(8()) 2 x(3(8)) — x(t) = [°© OO 5 > 35t (0) J2© oyras.

()Y
Hence,

1
@A) o 1

x(8(1) T AG@)L) (23)
From (2.2) and (2.3), we get
x(0(®) _ 14 A(e(®),8()) _AW@(®),8(1) + A1), t2) _ Ala(®) t2)
x(6() ~ A(6(t), t2) A(6(t), t2) AB(0), )

Hence,

x(8(0) = Y(t, t)x(a(@®)). (2.4)
This completes the proof.

y+1

Lemma 2.3.[12]If g(u) = Bu— Au v , whereA > 0, B are constants and y is a quotient of odd

positive integers, then g attains it’s maximum value on R at u* = (A( +1))”andnwtxuemg gu’) =
yy BY+1

(+Y+L Ay

Lemma 2.4.[2] If x and z are A-differentiable on T, then for x = 0 and any t € T, we
havex®(5)? = (z9)* — xx?[(H*]2

3 Main results

Case(1): when condition (1.5) holds.

Theorem 3.1.Assume thatthe conditionsH, — H, hold and y = g > 0. Also, assume that there
exists a positive rd-continuous A-differentiable function z(t) such that for a constant b > 0,

74 y+1

lim sup [} [Q()4(s) ~ e g As =, (3.1)

where
z(s) p(8(s)) (s, )P
Q(s) = [1- :

mb(5(s)) " m@(8(s)) bV B(A(s, t))rF
Then, every solution of Eq. (1.4) is oscillatory on [t,, ).

Proof.Suppose that y(t) isanonoscillatory solution of Eq. (1.4), then by H, — H, there exists t;
sufficiently large such that y(t) > 0, y(z(t)) > 0 andy(5(t)) > 0. Define the function w(t) by the

Riccati substitution
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z(Or®OEA )Y
xY(t)

where x(t) is defined by Eq. (1.7). Then w(t) > 0 and

WA = ) + ) ()
A y _Z(xy)A
xY(xo) )

74 . Z(xy)A
oy O Gy
z(x")A
xY(xo)’

w(t):= for t > t,

= (r(xA)y)A(—) + )

= (r(xA)y)A(—) +(r (xA)y)"

= (r(xA)V)A(x—y) twe’ Z—U — ()’

Using Remark (2.1), we have

—q pB®) L, xBE)F 2 2yt
oy Tmeeo)y W w6 maey
By Lemma (2.2), we have

wh(t) <

wh(t) < z(

)1 - p(5®) 8 D) 2(x7)"
ZO'

ANy\o
ﬁ(a(t)) m(f((g(t))) % GO oy

for t > t,. Since x2 > 0, we obtain

z(xy)

A -q __p@®) qp Bx NV Y
wh(t) SZ(mﬁ(ﬁ(t)))[ m(‘r(S(t)))] Wt t2)) (T(x ") x¥ (x%)Y

-q _ _p@®) qp B z— INVaY4 Z(X )A
< 2y o1~ LCO (e, 1)) s+ w L — ()T L

From Lemma (2.1), we have

(r(S)(xA(S))V)
x(®) - x(t) = | 25 ) < v et enAe ).
& ()
Thus, there exists T € [t;, ) and a suitable constant b > 0 such that
x(t) < bA(t,t,) fort € [T, ).

Since y = B, then

-1 < -1
xV=B(t) T bY=BA(tt)YF

fort € [T, ).

Take t; = max{t,, T}, then from inequalities (3.3) and (3.5) we have

A -q _ PpB®) 1 @tt))P Ll Ayyyo ZENDA
wi(©) Sz(mﬁ(s(cn)[ m(r(s(t)))] o baacey T W e T T Gaey

z(xV)A

—q(OQ®) + w7 5 — r(x ) 5oy

for t € [t3,0)r,
where,

p(6) , W)
m (r(8())) b P At F

Q(s) = [1-

mf (6 (s))

Using y > 0, Lemma (2.1) and Keller’s chain rule, we get
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(")t =y | [x® +hu@®x(O] " dh x5 ()

O\HO\H

=y | [(1—h)x +hx°]" 1dh x2(0).
Hence,
yxYH(6)xA(t) ify > 1,
(V)" 2
y(xO) 1 ()xA()  ify < 1.

From Lemma (2.1), we have [r(t)(x*(¢))"]* < 0 for t € [t;, ). Therefore,

r(e(®)(x* (@) < (D).

Hence,

1
- y A
yxV 1(0“’(10(0)36 (o(t) ify > 1,

rY(t)

CUGI =

1
o\Y—1,.y, A
Y9 Tyga(t))x (a(®)) ify <1,

rY(t)

and inequality (3.6) becomes

A y—-1 2 A
—q(t)Q(t) + Waz_a _ [TU(XA(O'(t)))Y] zZyx l(t)?‘]’(O'(t))x (O'(t)) if % >1,
wh(t) < rV(t)xly(t)(xU)V
A o\y—1,.5 A
—q(t)Q(t) + Wdz_a _ [TJ(XA(O'(L')))V] ZV(x )l TV(O'(t))x (O'(t)) if y < 1.
rv(t)xY () (x)Y
Since x2(t) > 0, we have
y+1
A 7 (r%) ¥ [(x8)o7r+1 .y - y+1
wh() < —q(0Q(®) +wo 5~ BEOTLDTT - —q0e® +wo L - L (we) 7
¥ ¥ (z0) 7
Taking
z8 yz
B=—J,A=17y+1>0andu=W”,
z rv(z9) ¥
then, Eq. (3.10) becomes
y+1

wA(t) < —qQ+Bu—Auv.
Using Lemma (2.3), we get
yy By+1 1 r(ZA)y+1
v g S 4@t 1
(y+1rtt Ar y+ 1y zY

wi(t) < —qQ +
Integrating from t; to t, we get

f[Q() () T ) —wie) < wits)
5)q(s IO 2 s <w(t;) —w(t) < w(ty).

Taking the limit suprimum of both sides as t — co, we get a contradiction with condition (3.1). This
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completes the proof.
Theorem 3.2.Assume that the conditionsH; — H,hold andp > y > 0. Also, assume that there exists

a positive rd-continuousA-differentiable functionz(t)such that for a constantb > 0,

11m supf [0:(s)q(s) — y+1)(y+1) r(s)(j((SS)))Hl]AS o
where
o z(s) p(6(s)) _
Q:(s) = P (5(5)) [1- m(r(6(s)))]ﬁ(¢(t’ t))PbEY.

Then, every solution of Eq. (1.4) is oscillatory on [t,, ).
Proof. Suppose that y(t) isa nonoscillatory solution of Eq. (1.4) and proceeding as in the proof of
Theorem (3.1), we get

WA(D) < 2(g a1 = LB (L 1)) P+ wo S — (r(x2))’

z(xV)A
xY (xo)Y’

Since x® > 0, we have
x(t;) < x(t) fort = t,.
Then, there exists a suitable constant b > 0 such that
b < x(t) fort > t,.
Hence, inequality (3.12) becomes

<2 —q p(6(1))
= mB(8(1)) m( ()]

—q(O)Q: (1) + w7 —— (r(x*)")?

z(xV)"

x¥(x?)Y

— 1Pt )P DPTY + wo— — (r(x*)")”
z(x")"

xY(xo)Y"

The remainder of the proof is similar to that of Theorem (3.1). So, it is omitted.

wh (1) (1 -

Define,
D ={(ts)eT:t>s >0},
and
H, = {H(t,s) € C*(D,R"): H(t,t) = 0,H(t,s) > 0fort > s = 0}.

Theorem 3.3.Assume that the conditions H, — H, hold and y = 8 > 0. Also, assume that there
exist a positive rd-continuous A-differentiable function z(t) and a function H € H,such that for a constant
b >0,

Crts)r(s)E@E)r*"

lim sup oot Ji [H(E5)a(5)Q(s) - TSRO a5 — o
where
0y =2 - p(6() 4 _(w(t,tz))ﬁ _
mh(5(s)) m(r(a(s))) bY=B(A(t, t,))Y P
and
C(t,s) = HA(t,5) + H(t,5) ;zg)
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Then, every solution of Eq. (1.4) is oscillatory on [t,, ).

Proof. Suppose that y(t) is a nonoscillatory solution of Eq. (1.4) and proceeding as in the proof of
Theorem (3.1), we get

A z4 yz 1
wi(t) < —qOQM) + W’ S — 1= (W) V.
r¥(z%) Vv

From inequality (3.14), we find that for a function H € H, and all t > t5, we have

ftt?, H(t,s)q(s)Q(s)As <

y+1
- ftz H(t, s)wh(s)As + ftz H(t, s)w(s) z—iAs - f; H(t, ) 5 (W) 7 As.
r¥(z%) VY
Integrating by parts, we get
- ft’; H(t, s)wh(s)As = —H(t, s)w(s)[E, + ftz HA(t, s)wO (s)As =
H(t, t)w(ts) + ;. HE(E,5)w? (5)As,
From inequality (3.15) and Eq. (3.16), we have
t t t A
f H(t,5)q(s)Q(s)As < H(t, tz)w(ts) + f HE(t, s)w? (s)As + f H(t, $)w(s) j—aAs
t3 t3 t3
t
4 y+1
- f H(t,s) =z W) v As

ts 7”’_’(20)7
< H(t, t)w(ts) + f

t3

A z*
HE(t,s) + H(t,s) z_"] w(s)As

t
y+1

yz v+
- f H(t,s) Tz (W?) ¥ As.
ts rv(z9) v

A
Taking B = [HE(t,s) + H(t,s) 5], A = H(t,s) =y > 0 and u = w7, then (3.17) becomes

rV(zU)T
t t
y+1
f H(t, )q(s)Q(s)As < H(t, t5)w(ts) + f Bu— Au v ]As.
t3 t3
Using Lemma (2.3), we have
t t
yy By+1
f H(t, S)q(S)Q(S)AS < H(t, t3)W(t3) + f WTAS
t3 t3

r(ZU)y+1

7 yY A v +1
<q —  __1H H e U —
< H(t ta)w(ts) + f G + yret s (G FH ) 51 e v A
i3

t
[C(t, )] Hr(zo)r*
HY (6, )2 (y +
i3

< H(t, t3)w(tz) +

Hence,
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[C(t S) y+1r(zzr)y+1
H(tt )f [H(t,5)q(s)Q(s) — W]AS < w(ty).

Taking the limit suprimum of (3.18) as t — oo, we get a contradiction to condition (3.13).
This completes the proof.

Theorem 3.4.Assume that the conditions H, — H, hold and g =y > 0. Also, assume that there
exist a positive rd -continuous A-differentiable function z(t) and a function H € H, such that for a
constant b > 0,

tlgg sup H(t to)

Y s)r(s)E@EN ! _
f [H(t $)a($)Q(s) = (P+DYFIHY (£,5)2Y (5) ]AS =

__ 2z _ _p@®) 18 B1B-v
WhereQ,(s) = 555 [ ~ maeeny! @& )7D

and

As)
C(t,s) = HA(t,s) + H(t,s) Zz(a(j))

Then, every solution of Eq. (1.4) is oscillatory on [t,, o).
Proof. The proof is similar to that of Theorem (3.3). So, it is omitted.
Theorem 3.5.Assume that the conditions H; — H, hold, y > 1, § = 0 and y = . Also, assume

that there exists a positive rd-continuous A-differentiable function z(t) such that for a constant b > 0,

: t _rI®EE)* A —
lim sup [, [02()a() AEES) | as = oo,

_ 29 _ pBE) 5 Wst)P
WhereQZ(s)_m%(s))[l m(r(S(s)))] bY=B(A(a(s),t1))VF

and
V(A(S t)) "
rV(s)

Then, every solution of Eq. (1.4) is oscillatory on [t,, ©)7.

Ci(s) =

Proof. Suppose that y(t) is a nonoscillatory solution of Eq. (1.4).Then by H, — H,, there exists
t; sufficiently large such that y(t) > 0, y(z(t)) > 0 andy(6(t)) > 0. Define the function w(t) by the
Riccati substitution

(OO EA )Y
xY(t)

Using Eqg. (1.7), we get

w(t):= fort > t;.

w(t) > 0,
and

- g | TOE = 1ty ()
wA(R) = 241+ Tea I

Since x2 > 0 and (r(:t)(xA(t))V)A < 0, then

Z(r(O@EAENNA (@)Y @A
(xo)y x¥ (x9)Y

A
A z
w (t)SZ—UWU'l‘

Using Remark (2.1), inequality (3.22) becomes
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e Tmaeey @y V@ owy
Using Lemma (2.2) and inequality (3.7), we find that for ¢t > t,,

wh(t) < PE®) L E@NF 2t () et

A -q __p(®) g1 P el (G MO L8 £ (O
WA = 2Gaal ~ naaen! VG G W X ()

From Lemma (2.1), we have

t
(r (S)(xA(S))V)V
O e
£ (r(S))V
Therefore, there exists T € [t;, o) and a suitable constant b > 0 such that
x(t) < bA(t,t) for t € [T,)r,

x(a(t)) < bA(a(t),ty)for t € [T,o0)r.

A(s) < rV(tl)xA(tl)A(t t1).

Since y = B, then
-1 < -1
xY=B(a(t)) ~ bYE(A(o(t)t)YF

fort € [T, ).

Taking t; = max{t,, T}, then from inequalities (3.23) and (3.24) we find that for every t € [t3, ),

22(Or (@)D, (xDYxh
Y (a() ()oY

wA(®) < —q(0Qx(0) + w7 L — |

Ta(za)z
Since x® > 0 and (r(t)(x2(t))")? < 0, then

V24

wA() < —q(DQa(0) + w7 L — L Wy

From Lemma (2.1), we have
A
x(t) > x(t) —x(t) = MA(S) 2 rV(t)xA(t)A(t t1).
& ()
Hence,

A1) 1

1
O v wace)

From inequalities (3.28) and (3.27), we get

WA(E) < ~g(D)Qa(D) + W L~ X WY T (DAL E)) ™ < ~q(DQa(0) + w7 L

r(z
ch(f) O’ 2
oy W)
Therefore,
A wo 8 we
wh() < =q(DQ®) ~ 261G ~ 775
Wo’ ZA 5 (ZA)Z
—410:0 - 260G ~ o) ~ oo
Hence,
AN2
WA©) £ =000 + g

Integrating from ¢t; to t, we get

ISSN: 2231-5373 http://www.ijmttjournal.org Page 72

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)


http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) — Volume 31 Number 2 March 2016

o A 2
I}, [0:(9)a(s) = 525 3HAs < w(ts) —w(t) < w(ts),

taking the limit suprimum of (3.29) as t — oo, we get a contradiction to condition (3.20).
This completes the proof.
Corollary 3.1.Assume that the conditionsH; — H,hold,y > 1, g > Oandy > . Also, assume that

there exists a positive rd-continuousA-differentiable functionz(t)such that for a constantb > 0,

1
rY 1

. t _ (A2 -
lim sup f), [05()4(s) = (22)2 = talds = o,

where

1
br=F(A(a (D), t))F

(z*)° - p(8(s))
mf(8(s))  m(x(8(s)))

Then, every solution of Eq. (1.4) is oscillatory on [t,, ).

Qs5(s) =

1P (W (t, )P (25)°

Proof. Suppose that y(t) isanonoscillatory solution of Eq. (1.4). Thenby H; — H,, there exists ¢,
sufficiently large such that y(t) > 0 andy(z(t)) > 0 and y(5(t)) > 0. Define the function w(t) by the
Riccati substitution

2Z2Or@OEA®)Y

w(t):= prr

>0 fort=>t,
where x(t) is given by Eq. (1.7). Then

A N myrZoa
wA) = [ra) 1A )7 + ) ()™

Using Remark (2.1), we have

- p(8(t)) (z%)° z?
WO < CaaayY ! " maeay) CEON’ oy rE Gn*
Using Lemma (2.2), then for t > t,, we have
p(6(1)

WA(t) < (b )[1 - 1 (t, )P (22)° ety (o,
O IG) Gy P o7

From inequality(3.24), we find that for ¢t > ¢4

- p(6(t)) .
wh(t) < (mﬁ((s(t)))[l - m(T(a(t)))]B(lP(t, t2))P (2%)

Ay z% )
P A, ey F T TG

where t; = max{T, t,}. Hence,

A 2
WA ©) £ 1000+ A
Using Lemma (2.4), we obtain
A A
wh(E) < —q()Qs(D) + r((fy)): [(22)? = 27 () (%)) < —q®Q:® + Tgy)ly ()2,

From inequality (3.7), we have
r(x?)

yx¥xA

A
WAL < —q(00(0) + - o (2 < —q(D0a(0) + 1 () )2

Using inequality (3.27), we get
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v
wAt) < —q(DQ5 (D) + (222 =

y (AL, )
Integrating from ¢t; to t, we get

t 1

ry 1
[ 10600 - 2=

Y @G, Ly 1as = wlta) —w(®) s wts).

Taking the limit suprimum as t — oo, we get a contradiction to condition (3.30). This
completes the proof.
Theorem 3.6.Assume that the conditions H; — H, hold, 0 < 8 <y <1 and

lim sup J}, 5 11— -2 RSP A, 00 (5, 2P s = oo (3.32)

Then every solution of Eq. (1.4) is oscillatory on [t,, o0).
Proof.Suppose that y(t) isa nonoscillatory solution of Eq. (1.4). Then by H, — H,, there exists t,
sufficiently large such that y(t) > 0, y(z(t)) > 0 andy(5(t)) > 0. Taking ¢(t) = r(x2)" where x(t) is
defined by Eq. (1.7), then
¢ >0 and 92 = (r(x*)"2 < 0.
Therefore, Eq. (1.8) becomes
PA(6) + f(£,y(8(6)) = 0. (3.33)

Using Remark (2.1), we have

q(t) p(6(1))
0> (OO + P (5(D) [1- m(T((s(t)))]ﬁ(x(@(t)))”-
Hence,
q(®) p(6(t))
0> ¢"+ P (6(0) [1- m(T(a(t)))]ﬁ(xw(t)))ﬁ,
therefore,
0> 9 90y _ _pOW) g @@ (3.34)

T @9 mBE) ms©) (@Y
Using 0 < ¥ < 1 and Keller’s chain rule, we get

(™" =0- V)[f (@) + hu(®)p*(®)) Y dh]p* (1)
0

<= V)[f (1 =P (e(®)) + he(a(£))) 7 dh]P(D).
0

Hence,

4 CEts
> . 3.35
@O = 1-y (3.35)

O
@)Y °

Now, we find an estimation for

Since, ¢(t) = r(x2)?, then
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@@EOYF _ _@@w»#
@0 oA

Since,(r(t) (x2(£))")? < 0, we have

1

1 Ty
xB(a () S '
TY(8(£)x2(8(1))

From Eq. (3.36) and inequality (3.37), we get

@E@Yf o @Ew)f
@ T e A GO

Using inequality (3.27), we obtain

@O (aBm.)Y’ ;
@y = 0 s (S0

From inequality (3.4) and Lemma (2.2), we get

@E@YF o @Bt »F
(¢o’)y — byZ ;2 ( (6(t)))B

> OO (¢, 1)) (< (0.

Since,x? > 0, then

x(t;) < x(t)for t = t,.

Therefore, there exists a constant d > 0 such that x(o(t)) > d for t > t;. Hence,

IO N GICION »k*
(4,0)1/ = by2 ;2 (l/)(t, tZ))ﬁdﬁ

From inequalities (3.34), (3.35) and (3.41), we obtain

@8 | a®  q __pB®) g (AGD)F BB
0= 1-y +mB(5(t))[1 m(r(s(t)))] pY?-B2 (W(t, t2))"d".

Integrating from t; to t, we get

_bV -2
(1 y)dﬂ

t () (QO)) 2
Ity wisay L~ macsioy) (AG@), 1) (W (t, 12))PAs

ft (@' (s)As
[¢1_y(t3) -]
¢>1 Y (t3),

taking the limit suprimum of (3.43) as t — oo, we get a contradiction to condition (3.32). This completes the

- (1 y)dﬂ

(1 y)dﬁ
proof.

Theorem 3.7.Assume that the conditions H; — H, hold. Let either (y > 1,8 >0andy = B)or (0 < B <
y < 1). Also, assume that there exists a positive rd-continuous A-differentiable and increasing function z(t)

such that for a constant b > 0,
lim sup f,, [4(5)Q(s) — 2 (S)r(s)(D)"1ds = oo.

_ (s PG g W(st2))P
WhereQ(s)_mb(s)) [t m(rw(s)))] bY~=B(a(s,t)YF

Then, every solution of Eq. (1.4) is oscillatory on [tg, o).

Proof.Suppose that y(t) is a non oscillatory solution of Eq. (1.4).Then by H, — H, there exists t;
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sufficiently large such that y(t) > 0, y(z(t)) > 0 and y(6(t)) > 0. Define the function w(t) by the
Riccati substitution

z(Or(®OEA )Y

w(t): = g

fort > t,,
where x(t) is given by Eq. (1.7).Then w(t) > 0 and
wAD) = [2r 1A 5+ [2r ()17 ()N
Since,
—(x")2
(") <0,
xY(xv)e

=
then,
WA(D) < 220 =+ 2 () —
XY XY
Using Remark (2.1) and z2 > 0, we get

1 z(t) p(6@®) ,x(6®))F
A < zA AYYO 1— B
wh(t) < z8(r(x®)Y) mP(8(t)) m(’[(6(t))) x¥(t)

By Lemma (2.2), Remarks (3.5) and (3.27), we obtain

fort > t;.

A

WA € ————— — (D0 ()
Sacny 1 '

Integrating from t; to t, we get

Ji [a00) - 52

Taking the limit suprimum of (3.46) as t — oo, we get a contradiction to condition (3.44).

]As w(tz) —w(t) < w(ts).

This completes the proof.

Case(2): when condition (1.6) holds.

Theorem 3.8.Assume that the conditions H; — H, hold, y >0 and g > 0. Also, assume
thatlim,_.p(t) > 0 and there exists a positive rd-continuous A-differentiable function z(t) such that for
aconstant b > 0, we have one of the following:

(i) y = B, condition (3.1) holds, and

f

(if) B = v, conditions (3.11) and (3.47) hold.

Then, every solution of Eg. (1.4) is oscillatory on [t,, ) or tends to zero.

qw) R LCOIRY: _
tz mﬁ(a(u» m(r(ﬁ(u)))] Au)ms o

Proof. (i) Suppose that y(t) is a non oscillatory solution of Eq. (1.4). Without loss of generality,
we assume that y(t) is eventually positive solution of Eq. (1.4). Then there exists t; € [ty, )¢ Sufficiently
large such that y(t) > 0, y(z(t)) > 0 and y(5(t)) > 0.

Since,
x(t):= m@®y(@) + pO)y(T()),
then x(t) > 0.
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From Eqg. (1.8), we have
r@OEEM* <o.

Hence, r(t)(x2(t))” is strictly decreasing on [t,, o) and eventually of one sign. Consequently, x2(t) is
eventually nonnegative or eventually negative.
If x2(t) > 0, the proof is similar to that of Theorem (3.1) and hence it is omitted.
Next, assume that x2(t) is eventually negative. Since x(t) > 0, then lim,_,,x(t) = a > 0.
Now, we want to show that a = 0. If not, then x#(5(t)) —» af as t — . Then there exists t, € [ty, o)1
such that

xﬁ(d(t)) > affort > t,.

From Remark (2.1), we have

~4(®) PO(®)
COEEON* < el = e s P )
~©___pO©) o,
TmiG®)  mEEO)

Integrating from t, to t, we get
t

rOEAE) < rOEO) — () (x4 () - af J.

a©) p(8() |
mb(8(s)) m(r(d(s)))

Hence,
1 q(s) p(8(s)) 1
O = e (r(t) O TGO M
Integrating from t, to t, we get
q(w) p(6w)

1
1 Au)7As.

x() < x(t;) — ar f r;(t)( f —

Fow) m(x(5@))
Consequently, condition (3.47) implies that x(¢t) is eventually negative, which is a contradiction.
Therefore, lim;_,x(t) = 0. From (1.7), we have
0 <m(®)y() < x(0),

which implies that lim,_,,,y(t) = 0. This completes the proof.
(if)The proof is similar to that of case (i) and hence it is omitted.

Theorem 3.9.Assume that the conditions H; — H, hold,y > 0 and g > 0. Also, assume that there
exists a positive rd-continuous A-differentiable function z(t) such that for a constant b > 0, we have one
of the following:

(i) y = B, condition (3.1) holds and

a(s) 1y _ _POE) 1818
I (r(z) Uz e L~ macon) K CONOIEE (3.48)

where,
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K(t): _J. (E) AS

(if) B = v, conditions (3.11) and (3.48) hold.
Then, every solution of Eg. (1.4) is oscillatory on [¢t, ).

Proof. (i) Suppose that y(t) is a non oscillatory solution of Eq. (1.4). Without loss of generality,
we assume that y(t) is eventually positive solution of Eq. (1.4). Then there exists t; € [ty, )¢ Sufficiently
large such that y(t) > 0, y(z(t)) > 0 and y(5(t)) > 0.

Since,
x(t):= m@®y() + pO)y(z(1)).
Then, x(t) > 0.
From Eq. (1.8), we have
r@®OCEAOM <o.

Hence, r(t)(x®(t))Y is strictly decreasing on [t,, o) and eventually of one sign. Consequently, x*(t) is
eventually nonnegative or eventually negative.

In case of x2(t) = 0, the proof is similar to that of Theorem (3.1) and hence it is omitted.

Next, assume that x2(t) is eventually negative. Since,

(r(® (1)) < 0 for t, € [to, )r.
Then, for s > t > t, we have
r(s)(xA ()" <O D).

Hence,
1 11
x8(s) < (@)W(t)ﬁ(t)-
Integrating on s from t to z (z = t), we get
x(2) - x(6) < TV (OXA(D) f (s

Then,

1 1
—x(t) < TV(t)xA(t)j (r(s))ms

As z — oo, we get

X(®) = () (~xA(0) [ (). (3.49)
Then,
x(t) 2 KO (©)(—xA(0).
Where,
K(t):—f (ﬁ) As.
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Since,
(@) (2 ()2 < 0fort, € [ty, ).
Then, for t > t,, we have
() (A1) = —7(t) (x2(t))"
From equations (3.49) and (3.50), we get
x(t) = CK(t),

where,

C:= —r%(tz)xA(tz) > 0.
From Remark (2.1), we have
QN JG(O)
- mb(6(1) m(t(8(1)))
(O p(8(t))
< [1-
mé (5(¢)) m(z(8(t)))

OGN 1P (x(8()))*

1PCPKE(8(8)).
Integrating from ¢, to t, we get

—q(s) p(8(s))

HOGAOY ST w) - f o[l sSSP (B(s)As
) [ pOE)
< ¢ f G0 BETCCO) M

Hence,

—q(s) p(&(s))

(t) e ey K GE)as).

xA(t) < C(

Integrating from t, to t, we get

—q(s) [1- p(8(s))
r(Z) mf(8(s)) - m(t(8(s))

x(t) < x(ty) — C¥ f ( ]ﬁkﬁ(a(s))AsﬁAZ.

Consequently, condition (3.48) implies that x(t) is eventually negative, which is a contradiction. This
completes the proof.

(if)The proof is similar to that of case (i) and hence it is omitted.

4  Examples
In this section, we give some examples of second order neutral delay dynamic equations which
cannot be studied by the previous known criteria of oscillation and illustrate our results.
The following two examples illustrate Theorem (3.1).

Example 4.1Consider the equation
5
(2@t + Dy(®) + ty(t — 1)) +

Here, f =1,y =2 r(t) = 1, m(t) = 2(t + D),p(t) = t,x(t) =t — 1 and 6(t) = ¢.

28 y(t) =0, t € [to, ).
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Hence, ¥ > B, f (—)VAt = oo and m(z(t)) > p(¢).

7(t)
Also,
As ) = f (— (t)) VAt =s—t,,
and
8(s) , 1 =
ftz (Tt))yAt S — tZ
11[)(5! tZ) = a(s) = O_(S) —t
ftz (r(t))YAt 2

Choosingz = 2s, then z% = 2 and

t

1 A y+1
gi_{gsupf [ (s)q(s)_(y+1)(y+1) T(S)(ZZ]/((:‘))) ] S

T f [2b§(s + /11;‘((0525 : :)) —t) (g gzisé]As
At 3

~ () —slAs
2b 3(s + 1)53 2s3

1 (1+t)
f G - i as
to 2bs sz (s+1)s= 2s3

> limsup f

t—>oco

> limsup

t—>oo

) 1 A+ tz) .
> limsup f — (= )—( )3 5]As=00,1f)L>0.
t—oo =
2bs s3 53 2S3

Hence, by Theorem (3.1) every solution of Eq. (4.1) is oscillatory if 1 > 0.
Example 4.2Consider the equation

(BVEF Ty (®) + VEy(t — DY2)B + Ayi(t) = 0, tE€T,

where T = [1,00). Here, f =7, y =2, r(t) =1, m(t) = 3Vt + 1,p(t) = VE,2(t) =t — 1 and &(t) =
t.

(4.2)

Hence, y > B, f (—)VAt = oo and m(z(t)) > p(t).

r(t)
Also,

A(s ty) = f ( (t)) VAt =s—t,

and

5(s) , 1 =
e (%)mt s—t,
w(sl tZ) = a(s) = O_(S) —t = 1‘
2
I, (r(t))mt

Choosing z = 1, then z* = 0 and
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A y+1
lim sup f [Q(s)q(s) — RS r(S)(ZZy(iS))) JAs

A
= limsup f (= )7 s As
e b7(s + 1)14(5 —t )7

A
> hmsup f (= )7—12As = 00,if 1 > 0.
b7(s + 1)1as7

Hence, by Theorem (3.1) every solution of Eq. (4.2) is oscillatory if 1 > 0.
Remark 4.1The results of [6, 7, 10, 11] can not be applied to equations 4.1 and 4.2.But according to
Theorem (3.1), those equations are oscillatory.
The following two examples illustrate Theorem (3.2).

Example 4.3Consider the equation
(2t +2)y(0) + ty(t —2)))7)* +

Here, =1,y = 1,r(t) =1, m@)=2(t+2),pt) =t 1(t) =t —2 and 8(t) = t.

28y (1) =0, t € [to, ).

Hence, S >, f (E) At = o and m(z(t)) > p(t).

Also,

5(s) 1
iz r(t))YAt _ s —1t,

a(s) o(s)—t
ftz (T(t))YAt ( ) ’

l)b(s' t2) =

Choosingz = 1, then z* = 0 and

1 A Y+1
limsup f [Q:(s)a(s) - (Hl)(m)r(s)(zzy((:))) 1As

, f Ab36(s)(s — L)

=i
28 ) 4s(s + 2)(a(s) — )
Ot .
> i f’”ﬁ 1 2|, if1> 0
Ab? _ o .
e | v s+l T !

to
Hence, by Theorem (3.2) every solution of Eq. (4.3) is oscillatory if A > 0.

Example 4.4Consider the equation

(

Ac? (t)

(2(t + D2y + By (e — 2092 + 220 y(0) = 0, t € [tg, ).

t+a(t)

Here, =1,y = E,r(t) =

m(t) = 2(t + 1), p(t) = t2,0(6) = t — 1 and 6(t) = .

t+o (t)

Hence, S >, f (Tr))mt = oo and m(z(t)) > p(t).

Also,
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5) (1

ftz (r(t)

a(s) Ll _O'Z(S)—tzzl
ftz (r(t))YAt

1
YAt st— 2

1!’(5, t2) =

We choose z = 1, then z* = 0 and

¢ 1 A y+1
lim sup J. [Q1(s)q(s) — T r(s) (ZZ},((;)) ]As

= limsup As

t—oo

f Abso?(s)(s? — t2)

2 as(s + 1)2(0%(s) - £2)

t 2
) Abs 5% —t?
> limsup f e [—]As
e s(s+ 1)

0

1 t, +1

t 2
) Abs
> limsup f e -

t—oo

As = oo,if 1 > 0.

3

(s+1)F (s+1)z

to
Hence, by Theorem (3.2) every solution of Eq. (4.4) is oscillatory if A > 0.
Remark 4.2The results of [6, 7, 10, 11] can not be applied to equations 4.3 and 4.4, but according to
Theorem (3.2), those equations are oscillatory.
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