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Abstract — In this paper, we define the concept of
an anti fuzzy HX ring and define a new algebraic
structure of an anti fuzzy sub HX ring of a HX ring.
Also we define level sub HX ring of a HX ring and
some related properties are investigated. The
purpose of this study is to implement the fuzzy set
theory and ring theory in anti fuzzy sub HX ring of a
HX ring. Characterizations of level subsets of an anti
fuzzy sub HX ring of a HX ring are given. We also
discussed the relation between a given anti fuzzy
sub HX ring of a HX ring and its level sub HX rings
and investigate the conditions under which a given
HX ring has a properly inclusive chain of sub HX
rings. In particular, we formulate how to structure an
anti fuzzy sub HX ring of a HX ring by a given
chain of sub HX rings.

Keywords — HX ring, anti fuzzy HX ring, level
subset, level sub HX ring

I. Introduction

In 1965, Zadeh [13] introduced the concept
of fuzzy subset p of a set X as a function from X
into the closed unit interval 0 and 1 and studied their
properties. Fuzzy set theory is a useful tool to
describe situations in which the data or imprecise or
vague and it is applied to logic , set theory, group
theory, ring theory, real analysis, measure theory etc.
In 1967, Rosenfeld [10] defined the idea of fuzzy
subgroups and gave some of its properties. Li Hong
Xing [4] introduced the concept of HX group. In
1988, Professor Li Hong Xing [6] proposed the
concept of HX ring and derived some of its
properties, then Professor Zhong [1,2] gave the
structures of HX ring on a class of ring. In this
paper we define a new algebraic structure of an
fuzzy HX subring of a HX ring and investigate some
related properties. In this section we introduce the
concept of an anti fuzzy HX ring and define a new
algebraic structure of an anti fuzzy HX subring of a
fuzzy HX ring and discuss some related properties.

Il. PRELIMINARIES

In this section, we site the fundamental
definitions that will be wused in the sequel.
Throughout this paper, R = (R ,+, :) is a Ring, e is

the additive identity element of R and xy, we mean
X.Y.

2.1 Definition [3]

A non-empty set R together with two
binary operations ‘+’ and ‘-’ is said to be a ring if
the following conditions are satisfied.

Foralla,b,c e R,
i. (R ,+)isan abelian group,
ii. (R,)isasemigroup,
iii. a(b+c)=ab+acand(a+b)c=ac+bc.

2.2 Definition

Let R be a ring. In 2% — {¢}, a non-empty
set9 ¢ 2R— {¢} with two binary operations  + * and
-’ is said to be a HX ring on R if 3 is a ring with
respect to the algebraic operation defined by
i,A+B={a+b/ae Aandb e B}, which its null
element is denoted by Q , and the negative element
of A'is denoted by — A.
ii.AB={ab/ae Aandb € B}

iii. A(B+C)=AB + AC and (B+ C) A=BA + CA.

1. Properties of Anti fuzzy HX ring

In this section we study about anti fuzzy
HX ring and discuss some related results.

3.1 Definition

Let R be a ring. Let p be a fuzzy set defined
on R. Let & c 2% — {¢} be a HX ring. A fuzzy set
hy, of 9 is called an anti fuzzy HX ring on 8 or anti
fuzzy ring induced by p if the following conditions
are satisfied. Forall A, B € 8,

i, (A-B) < max { %, (A), %, (B)}
ii. 4, (AB) < max { &, (A), A, (B)}
where %, (A)=min{ p(x)/ forall xe Ac R }.

3.2 Theorem
Let &, beananti fuzzy HX subring of a

HXring 8. If &, (A-B) 2 t, then, (A) =%, (B),
forAandBin 3.
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Proof

Let Aand B in §.

Now, %, (A) L. (A-B+B)

max { %, (A-B), %, (B) }

max{ t, %, (B) }

h (B)

ku (_B)

e (FA+A-B)
max { ku (—A), ku (A_B)}

max { &, (-A), t}

ku (_A)

e (A).

A (B), for Aand B in 3.

I IA 1

I iIA 1

Therefore, 1™ (A)
3.3 Theorem
Let A, be an anti fuzzy HX subring of a

HXring 8. If &, (A-B) <t, then A, (A) = A, (B), for
Aand B in 3.

Proof
Let Aand B in §.
Now, A,(A) = A, (A-B+B)
< max { A, (A-B), %, (B) }
= max {t,A, (B) }
= A (B)
= 7‘11 (_B)
A, (FA+A-B)

max{ A, (-A), A, (A-B) }
max { A, (-A), t }=24, (-A)
Ay (A).

Therefore, A, (A) =4, (B), for Aand B in 3.

o IA 0

3.4 Theorem

Let (8, +, - ) be a HX ring. If A, is an anti
fuzzy subring of 3, then A, (A+B) = max { A, (A),

A, (B) } with &, (A) = A, (B), for each Aand B in S.

Proof
LetA,B e S.

Assume that &, (A)< A, (B)

Now, 2, (A)= A, (FA+A+B)
< max {%, (-A), L, (A +B) }
< max { &, (A), L, (A+B) }
< max {7 (B), ke (A+B) }
= h (B).

and 2, (B)= max {i, (A), . (A+B) }
= L (A+B).

Therefore, 2., (A+tB) = X%, (B)
=max { \* (A), A (B) }, forall A, Be3S.

3.5 Theorem

Let &, be an anti fuzzy HX subring of a
HX ring 8. If &, (A) > A, (B), for some A , Be$ ,
then ., (A+B) = &, (A) =, (B+A), forall A, Be3$.

Proof
Let i, be a fuzzy HX subring of a HX ring .

Also A, (A) >\, (B), for some A, Be$
i (AtB)S  max{i (A) %, (B)}
= WA
and 2, (A= A, (A+B-B)
max{ L. (A + B), L. (-B) }

max{}, (A+B), %, (B)}
L. (A+B).

Therefore, &, (A+B)= %, (A), forall A, Be3$.
Hence, A, (A+B)= %, (A)

=A, (A+B), forall Aand B .

A A

3.6 Theorem

If u is an anti fuzzy subring of R then the
fuzzy set A, is an anti fuzzy HX subring of 9 .

Proof

Let p be an anti fuzzy subring on R, and A, be a
fuzzy subseton 9. Forany A,B€ 9
i. max{ A, (A), 2\, (B) }
=max { min {u(x) /forallx eAc R},

min {u(y) / forally € B c R}}
= max {u(Xo), K(Yo)} . X0 € A, YoeBand A, B c R}
> u(Xo — Yo), pis an anti fuzzy subring on R
=min{u (x-y)/forallxe AyeBand A-Bc R}
- 7“;1 (A_B)
Therefore, &, (AB) <max{ A, (A), A, (B) }
ii.max{ A, (A), A, (B)}
=max { min {pu(x) /forallxe Ac R},

min {u(y) / forally € B c R}}

= max {u(Xo), K(Yo)}, XoEA YoEB,A,BcR}
> u(Xo Vo), 1 is an anti fuzzy subring on R
=min {p (xy)/forallxe A,yeBand ABc R}
=M. (AB)
Therefore, A, (AB) < max{ A, (A), A, (B) }
Hence, A, is an anti fuzzy HX subring of 9.

3.7 Remark : If pis a fuzzy subset of a ring R and
A, be an anti fuzzy HX subring on 9, such that A,,(A)
= min{u(x) / for all x € A < R}, then p need not be
an anti fuzzy subring of R.
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IV. CARTESIAN PRODUCT OF ANTI FUZzZY HX
SUBRING

4.1 Definition

Let ., and vy, be two fuzzy subsets of the
HX rings 9; and 9, then the cartesian product of A,
and v, is defined as
(4 7a) (A, B) = max {4, (A), 7, (B)}
forevery (A,B) € 3; x 3,.

4.2 Theorem

Let 2, and y, be fuzzy subsets of the HX

rings 9; and 9, respectively. Suppose that Q and Q*

are identity elements of 9, and 3, respectively. If &,

x v, is an anti fuzzy HX sub ring of 84 x 9, then
atleast one of the following statements must hold
Loy (@QY) < A (A), forall Ae 9,

. %(Q) v, (B), forall Be 9,

INA

Proof

Let X, x v, be afuzzy HX sub ring of 9; x 3,.By
contraposition, suppose that none of the statements (i)
and (ii) holds then we can find A € $; and Be 3,
suchthat %, (A) <y, (Q" and v, (B) < %, (Q)
We have, (X v,) (AB) =max{}.(A), v4(B) }

< max{y,( Q). ,(Q)}
max{,, (Q), 7,( Q")}
(7% ) (Q. Q1)
Thus, &, X v, is not an anti fuzzy HX sub ring of
91 x 9.
Hence either v, ( Q') < A, (A)forall A e 9;or
2(Q) < v, (B) forall Be 9.

4.3 Theorem

Let %, and y, be fuzzy subsets of the HX
rings 9, and 9, respectively, such that A, (A ) >
v, (Q) for all A € 9;, Q' being the identity
element of 8, . If (A.Xy, ) is an anti fuzzy HX sub
ring of 9; x 9, then ., is an anti fuzzy HX sub ring
of 9,.

Proof

Let A, X v, be an anti fuzzy HX sub ring of 8; x 8,
and A,B € 9, then
(A1 Ql)v(Bv Q I) 68l X 82-
Now using the property, &, (A) > v, (Q")
forall A € 9,
i.%, (A-B)= max {i, (A-B), v, (Q- Q")}
=(hy X 1) ((A-B), (Q' - Q")
=(h1m) (A, Q) (B, QY)
<max {( }\'ux Yn) (A, Ql) ) (}\'ux Yn)(B! Ql)}
= max{max{’, (A), v, (Q")},
max{’, (B), y» (Q")}}

=max{’, (A), 1, (B)}
ii. &, (AB)= max {1, (AB), 7, (Q'Q)}
=(h. % 1)((AB), (Q* Q")
=(hux 1)[(A, Q) (B, Q)]
<max {( 1, X ¥n)(A, QY ,
(X 1) (B, QH}
=max{max{}, (A), v, (Q)},
max{L, (B), v, (Q"}}
=max{%, (A), %, (B)}
Hence, 2, is an anti fuzzy HX sub
ring of 9,.

4.4 Theorem

Let %, and y, be fuzzy subsets of the HX
rings 9, and 9, respectively , such that
@AY= A, (Q) forall X € 8, , Q being the
identity element of 8, . If X, x v, is a fuzzy HX sub
ring of 8, x 8, then y, is a fuzzy HX sub ring of 9,.

Proof

Let A, x v, be afuzzy HX sub ring of 9; x 8, and
AB € 3;then (A, Q),(B, Q) € 9; x 3,.
Now using the property, v, (A) = &,( Q) forall
Xeld,
iy (A-B)=max {1, (Q-Q),v" (A-B)}
(M x 1)((Q-Q), (A-B))
=(hx 1)((Q, A) ~(Q, B))
<max {( }\'u X Yn) (Q A), (}\'u X Yn)(Q: B)}
=max{max{%1.(Q).,vy (A)},
max{i.(Q), v» (B)}}
=max {y (A), v, (B)}
ii.yy (AB)= max {1, (QQ), v» (AB)
=(h x 1)((QQ), (AB))
=(Mx )I(Q, A) (Q, B)]
<max {( }\'u X Yn) (Q A), (}\'ux Yn)(Q: B)}
= max{max{i,.(Q)vy(A)},
max{%,.(Q).v (B)}}
=max {y (A), 1, (B)}
Hence, v, is an anti fuzzy HX sub ring of 9,.

4.5 Corollary

Let 2, and v, be two fuzzy subsets of
the HX rings 9, and 9, respectively. If &, x v, is an
anti fuzzy HX subring of 8, x 8,, then either A, is
an anti fuzzy HX subring of 9 or v, is an anti fuzzy
HX subring of 9,.

4.6 Definition

Let u be a fuzzy subset of R then the anti-
strongest fuzzy subset on R is a fuzzy relation on n

is ., defined by p, (x,y) = max {n(x) , n(y)}. Let %,
be a fuzzy subset of a HX ring 9, then the anti-
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strongest fuzzy subset on 3 is a fuzzy relation on A,
is v, which is defined by

v (A, B) = max{i.(A), &, (B)}, for all Aand B in
3.

4.7 Theorem

Let &, be a fuzzy subset of a HX ring $
and y,, be the anti-strongest fuzzy relation of 8 with
respect to &, then A, is an anti fuzzy HX subring of
$§ if and only if v, is an anti fuzzy HX subring of
91 x 9,.

Proof

Suppose that %, is an anti fuzzy HX
subring of 9 then forany X= (A,B) and Y = (C,D)
are in 9, x 9, ,We have
1(X-Y) = 1((AB)-(CD))
= m(A-C,B-D)
=max{i.( A-C), .( B-D)}
<max{max{i.( A),L.(C)},
max{.( B),7,( D)}}
=max{max{i.( A),».( B)},
max{’..( C),%.( D)}}
=max{y,(X), v(¥)}
1o(X-Y) <max {7,(X), v(Y)}
(XY) =v,((AB) (C.D))
=y.(AC, BD)
=max{1.( AC), »,( BD)}
<max{max{i.( A),1.(C)},
max{%.( B),A.( D)}}
= max{max{i.( A),, B)}max{i.( C),r.(D)}}
=max{y,(X), y,(Y)} forall X,Y in 8 x §
Conversely vy, is a fuzzy HX subring of $ x § then
forany X=(A,B)andY =(C,D)arein3x 3
max{},( A- C), (B -D)}=1,(A-C, B-D)
7+((A.B) - (C,D))
Tn(X=Y)
max{y,(X), va(Y)}
max {'Yn(A,B), Yn(C!D)}
max{max{,.( A) 1 ( B)},
max{,( C),A( D)3}
< max{h(A) M(C)}
max{,( A-C) 1, (B-D)}< max{A,( A), ( C)}
max{1.( A C), »,.( BD)}= y,(AC, BD)
7+((AB) (C.D))
Yn(XY)
max{y(X), 7(Y)}
=max{max{%.(A),.(B)}max{%.( C),..( D)}}
< max {A,( A), 1. (C)}
= M AC)
Hence %, is an anti fuzzy HX subring of 3 if and
only if v, is an anti fuzzy HX subring of 8;x 8, .

InIA 1

IA 11

V. LEVEL SETS OF AN ANTI FUZZY HX SUBRING

In this section we introduce the concept of
level sets of an anti fuzzy HX subring of a HX ring
and prove certain properties of these.

5.1 Definition

Let A, be an anti fuzzy HX subring of a HX
ring 9. For any t € [0,1], we define the set
L, ;t)={AeS /A, (A) <t} is called a lower
level subset or a level subset of 2.

5.2 Theorem

Let %, be an anti fuzzy HX subring of a
HX'ring 8 then for t € [0,1], L (A, ; t) isasub HX
ring of 9.

Proof

Let &, be an anti fuzzy HX subring of a
HX ring 3.
Forany A, Be L(A, t) we have X, (A)
< tand %, (B) <t.
Now, A, (A-B) <max {1, (A),~.(B)}
<max{t,t}=t, for somete [0,1]

e (A-B) < t

A (AB) S max{ A, (A), 1. (B) }
< max{t,t} = t

A (AB) < t

Hence, A-B, AB e L (A,;t).
Hence L (A,; t) isa sub HXring of a HX ring 9.

5.3 Theorem

Let 3 be a HX ring and A, be a fuzzy subset
of 8 such that L (&,; t) is asub HX ring of 9 for te
[0,1] then, A, is an anti fuzzy HX subring of 3.

Proof

Let A, B e,
Let AeL(;t) = WA < 4
and Be L (\;t) = B < t
Suppose L (A" t1), L(A*; t,) € 9 then
A,BelL (3 t),asL(A";t,) isasubring of 3.

A (A-B) < t,

= max { t;, to}

= max{" (A) , A" (B)}
M (AB) < t;

= max{ t, t,}

= max{»" (A) , A" (B)}
Hence A" is an anti fuzzy HX subring of 3.
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5.4 Theorem

Let A, be an anti fuzzy HX subring of a
HX ring .Then two level HX subrings, L(A,; t1), L
O‘H’ t2) for, ti,t, € [0,1] and t, 6 > )”ll (Q) with t
< t, of A, are equal then there is no A in 9 such that
t< A (A) <t

Proof

LetL (A;t) = L (A1)

Suppose there exists A € 3 such that t; < %, (A) <
t,, then

L(X;t) < L(A;t). Since, Ae L (A, ;t), but
A ¢ L (A, ; t), which contradicts the assumption that,
L (A t) = L (s t).

Hence there isno Ain 8 such that t; < 1, (A) < t,.
Conversely, suppose that there is no A in 3 such that
t< (A< t,

Then by definition L (A, ;t;) < L (A,;t1).

Let A e L (A,;t;)andthereis no Ain 8 such that t
< }\‘H (A) < to.

Therefore, AeL (A,; ;) and
O"u ; tZ)

Hence, L (A, ;t) = L (A ;).

5.5 Theorem

A fuzzy subset A, of 8 is an anti fuzzy HX
subring of a HX ring § if and only if the lower level
HX subsets L(A, ; t), t e Image A,, are HX
subring of S.

Proof

Assume that A, is an anti fuzzy sub HX
subring of 8. Lett € Im A" be arbitrary.
Consider the level subset
Lw;t)={AecS /i, (A) <t}
Then, L(hu; t) #0
Let A, BeL(x:;1) .
Then, &, (A) <tand 2 (B)<tand
max {i, (A), 1, (B) } <t
= A, (A-B)<tand A, (AB) <t
=>A-BeL(,;t) ,ABeEL(y;1) .
Thus ,the level subsets L (A, ;t) ,t € Im p are HX
sub rings of R.
Conversely, assume that the level subsets
L (A 1), t€ Imi,are HX sub rings of 9.
Let A,B € 9 be arbitrary.
Let max {L, (A) , 2. (A) }=t
then either &, (A) =tand %, (B) < A, (A) =t
or A, (B) =tand 2, (A) < 2,(B) =t
Therefore , 2, (A) <t andi,(B) <'t
Which implies A,B€L (4, ;1)
Also A-B,ABeL (h,;t) ,sinceL (h,;t) isa
HX subring of 3.
Hence, i, (A—B) < tand,(AB) <t

Thus %, is an anti fuzzy HX subring of 3.
5.6 Theorem

Any sub HX ring H of a HX ring § can be
realized as a lower level sub HX ring of some anti
fuzzy HX subring of 3.

Proof

Let A, be a fuzzy subset and Ae 9.

Define, A, (A) :{o if AeH, wherete (0,1]
t if AeH,

We shall prove that A, is an anti fuzzy HX
subring of 3.

LetA,B e 9.
i.Suppose A, B € H, then A+B € H, A- B € H and
AB € H.
M (A)= 0,4, (B)=0,%, (A+B) =0,1, (A-B) =0
and A, (AB) =0.
A (A-B) < max { &, (A), 4, (B) }
M (AB) < max { A, (A), A, (B) }.
i.Suppose A € Hand B ¢ H, then A+ B ¢ H, A-B
¢ Hand AB¢ H.
M(A)=0,2,(B) =t, A, (A+B) =t, 4, (A-B) =t
and A, (AB) =t.
M (A-B) < max { A, (A), A, (B) }
A (AB) < max { &, (A), A, (B) }.
i.Suppose A,B ¢ H,thenA+BeHor A+Bg¢H
and AB € Hor AB ¢ H.
M(A)=t, A, (B)=t, A, (A-B)= tor0andA, (AB)
= tor0.
A, (A-B) max { A, (A), A, (B) }
A, (AB) max { A, (A), A, (B) }.
Thus, in all cases, A, is an anti fuzzy HX subring of
9.For this anti fuzzy HX subring, L(A,;t)=H.

<
<

5.7 Remark

As a consequence of the Theorem 5.4 and
5.5, the lower level HX subring of an anti fuzzy HX
subring A, of a HX ring 9 form a chain.Since A, (Q)
< A, (A) forall Ain 8 and therefore
L(Ay to) , where A, {Q} = to is the smallest and we
have the chain :{{Q}= L, ;t) < LA, ;t) c
LA, b)c...cL(®;t,)=9, where to< t;<
to<....<t,,
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