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ABSTRACT
The main of the paper is to obtain a finite integral involving a product of Fujiwara's polynomial [1], M-series [4], a class of polynomials and two
Aleph-functions of several variables. The results are quite general in nature and hence encompass several cases of interest.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [2] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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Suppose , as usual , that the parameters
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with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/S, 15} /8, ’y's and ¢’ s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers T; are positives for ¢ = 1 to 2, T,(x) are positives for i*®) =11 R¥)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where 0 is a real number with loop , if
k k . .
necessary ensure that the poles of F(d; ) 53( )Sk) with 7 =1 to my are separated from those of
T

'l—a; + Zagk)sk) with j =1 to n and I'(1 — ( ) -1—7( ) 1) with 5 =1 to ny to the left of the

=1
contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(yi, -5 yr) =0(|y]™ .. fyel™) s max(|yil.. . |y ) = 0
R(y1, - yr) = 0( |yl - |yl P ) s min(fyal. . Jye] ) = 00

where, withk = 1,--- ,r:ay = min[Re(d;-k)/(sJ(k))],j =1,---,myand
B = mazlRe((¢f” = 1)/2}7)).j =1+
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Serie representation of Aleph-function of several variables is given by
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Where (., -+ ,.),0;(.),i =1,-- |7 are given respectively in (1.2), (1.3) and
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Consider the Aleph-function of s variables
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Suppose , as usual , that the parameters
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ISSN: 2231-5373 http://www.ijmttjournal.org Page 103



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 31 Number 2- March 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 103



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 31 Number 2- March 2016

k) .
aj a]_l Nk? Z(k))]_nk+1 7P7Z(k)’

D g =i 1 Que b G =1, My
with k:l ’S’i:17... ,T’l ’/L(k) :1’... 7r(k)

are complex numbers , and the O/S7 B /S7 ’)//S and ¢’ s are assumed to be positive real numbers for standardization
purpose such that
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Q, k)
k
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Jj=Mp+1
The reals numbers 7; are positives forz = 1,--- |7 , ;) are positives for i =1...p0)

The contour Ly is in the fz-p lane and run from 0 — 700 to 0 + 100 where ¢ is a real number with loop , if
necessary ensure that the poles of F(b(k) B(k)tk) with 7 =1 to M} are separated from those of

'l —wu; + Zu )tk with 7 =1 to N and I'(1 — a;k) + Oz‘g-k)tk) with 7 =1 to INj, to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < —Bfk)ﬂ, where

2
N P; Q; P (k)
Bfk) = Zuﬁ“ —L; Z ,ugf) —LiZU -I—Zoz( )—LZ(@ Z a(f()k)
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M;, (k)
"‘ZB;k)_Li(k) Z B(z(k)>0 with kzl---,s,i:1,~~,r,i(k)=1,~~,r(k) (1.13)

Jj=Mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(z1,-oo 5 2) = 0( |21 [2]*) omaa( |z - |2 ) = O

R(z1,-o-,2) = 0(Jaal®t |27 ) min( |z |z,] ) = o0

where, with k = 1,--+ ,z:a) = min[Re(bg-k)/ﬁj(-k))],j =1,--+, Mgand

k k .
/Bk—max[Re(( (k) _ )/ag. ))],J:L... . Ny,
We will use these following notations in this paper

Uzpi,Qi,Li;’l“l; V:Ml,Nl;'-';MS,NS (1.15)
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J

The multivariable Aleph-function write :

o,n:V .
N(z1, 20) = ROV . (1.21)

The generalized polynomials defined by Srivastava [6], is given in the following manner :

[Ny/M{] [N, /M)

/
M M, Sy (—=NDwmyx,  (=N,)m k.,
le"'yNu [y].’..‘ 7yu - Kl' e K |
! !
K,=0 K,=0
K K,

AN, Ky s Ny Kulyr 'y (122)
Where M7, -+ , M are arbitrary positive integers and the coefficients A[N7, Ky;--- ; N/, K] are arbitrary

constants, real or complex.

The M-serie is defined, see Sharma [4].

o = [(ap’)]é” yS/
rMiW=2_ 16, Tlas + 1)

(1.23)

ere @ € €, Re(a) > 0. [(a )]s = (1)~ (@) [(bgr ot = (B1)or - ().
The serie (1.23) converge if p’ < ¢'and |y| < 1.

F, (p, w; t) is Fujiwara's polynomial [1], we have

(—/f)”(b—t)”(lJrﬁ)nF[ IR R a—t (1.24)

Fn(PaW;t): ¢

n!
2. Main results

In the document , we note :

G(nG1,917 e 777G7‘y97‘) — qﬁ(nGl»gl? T ’nGrzgr)el (nthl) o '07” (nGTygr)
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\—4V1) MK, (Vo ) MK

A = Kl!l e !“ “A[N{, Ky;--- 5N, K
A (h — g)Pto+lT 1
n.
Formula 1

/b (t —a)?(b—1)7 Fy(p,w; OOR(z1(b— )" - 25(b—t)=)de

Zl(b_a)hl ('U;hl,"' 7k8)7 (W—O';hl,"' 7hs)7A:C
0,N+2:V

=R | L L

7s(b—a) |(-1-n-0 — p;hy, -+ ,he),(w+n —0o;hy, -+ hg),B: D
@.1)
Provided :

s b(i)

Re(p) > —l,Re[o-l—;h 1<I§lgzl\/1 B( )] >—1,h; >0,i=1,---s

Proof of (2.1)

To establish the finite integral (2.1), express the generalized Fujiwara's polynomials occuring on the L.H.S in the series
by (1.24) and the multivariable Aleph-function involving there in terms of Mellin-Barnes contour integral by (1.9). We
interchange the order of summation and integration (which is permissible under the conditions stated). Now evaluating
the t-integral, after simplifications and on reinterpreting the Mellin-Barnes contour integral, we get the desired result.

Formula 2

’ M! ... M’ ,
== 0B 0SA T N a6 = 0 b= 0P M (b~ )
N(z1(b— t)h/1, ez (b — t>hﬁn) N(yp(b— )", ys(b—t))dt
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(_)G1++G'r I‘Kl . CEKU' Z77G1791 . ZnGT,gT(b . a/)hllnal,gl+'“+h{p"7Gr,gr+K1k1+“‘+Kuku+k'/l
5, Gl -8, Gyttt A r
yl(b_ a)hl r / /
—0c—) ., hina, Kk; —K'l;hy,--- , hg),
NO N+2:V (w o Zz:l iNG;,9; — Zz 1 s 101, ) )
Uso: W . , ,
YS(b—CL)hS (w+n_g_2 hnGugz zz 1Kk kl;hl?"'7h8)7

(o= hnG,.gi — >y Kiki —K'l;hy, -+ h), A: C
2.2)
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a) hy >0,i=1,--- ,s;h, >0,i=1,--- ,7;Re(p) > —1;p' < dand|y| < 1
d(i) s b(i)

h; min j
1<5<M; 6(2)

] > -1

/
b)Re[a+Zh 1<r51£nz 5( o)
i=1 i=1

1
o) |argyk| < §BZ~U€)7T , where BZ-(k) is given in (1.13)

Proof of (2.2)
To derive (2.2), we express the general class of polynomials, M-series, the Aleph-function of r variables in series form
with the help of (1.22), (1.23) and (1.6) and then changing the order of integration and summation which is valid with

the conditions stated and evaluating the remaining integral with the help of the formula (2.1), we arrive at the desired
result.

3. Particular cases

a)lf, = Lity = -+ = L) =1 and r = r(l) = .= r(s) — 1, then the multivariable Aleph-function
degenere to the multivariable H-function defined by Srivastava et al [7]. And we have the following result.

/ (¢~ ) (b 7 Fulpr SNt a0 — 08w (b= )M (y(b — 1))

N(z1(b— )",z (b— )" ) Hypr (b— )", -+ ys (b — t)")dt

m,. [N{/Mi] [N, /M] oo

[(ap)li o
:Bl A1 GGy ,g157 " NG g,)
3 B3 S e 58 o Gl e (G G
( )G1+-..+G xKl . 'II?K“ Z"7G17.¢71 . Zﬁcr,gr(b . a)hllncl,fh+'”+h;~"7G7~,gr+K1k1+"'+Kuku+k'l
5g, Gal---0,.G)! w2 "
b—a)l
0N+2V y:l( ) (w_o-_z h/nGz’gz Zl 1Kk; k/l’h’l’ 7h’8),
Hp o0 0w .
YS(b—a/)hs ((JJ+7’L—0‘—Z h/nG17g1 27— Kk k/l;h‘la'” 7hs)7
('0_22:1 hing,.g; — Z —Kk'l;hy,--  h), A2 C'

(n-p—o—1=3"  king, g — 27_ K;k; — K'l;hy, - ,hg),B" : D’ o0
Provided :
a) hi >0,i=1,--- ,s:h, >0,i=1,--- ,7;Re(p) > —1;p' < dand|y| <1
r 4@ s pd)
) Relo Y b i, S+ 2t i ] >

1
o) largyx| < §B7;7r, k=1, s
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N r (W) ne M Wi
(1) (2) (2) (2) (1) _ (2)
whereBi:E,Lbj—E uj—EUjJrgozj—E a+§6 g B;7 >0
j=1 j=N+1 j=1 =1 j=N;+1 j=M;+1

b)If p,=q; =n =0 and P; = (); = N = 0 then the Aleph-function of r variables degenere to product of r
Aleph-functions of one variable and the Aleph-function of s variables degenere to product of s Aleph-functions of one
variable.

b
o M}, M, . o '
=0y 0= 07 Pl SN (b= 0 (0= 08 M 0 - )

T S

Nmuvnu ” b _t }L; NMU7NU N b _ t ho dt
L0 i Ty i (ulb = 2%) L TP Qi st i) (yolb=07)
m,. [N7/M]] [N, /M]] [(a )}l yl
p/
SED VD SES b SSED Db DL Y e e ey
G1,,Gr=0g1=0  g,=0 K;=0 «=0 1=0 q

(_)G1+--~+Gr , , ,
Ky K Z?Gl 91 . ZQGr,gr(b _ a)hlncl,gl +othong, g, tKiki++ Ky ko k'L

g, Gl -0, G ITH T

(w — 0 — Z::l h;nGi,gz Zz 1 K k k/l;hlv e 7hs)a

ys(b — a)hs (w tn—o-— Z::l h{inGi,gz 27 1 K k k/l;hla e 7h8)7

(-0 = >ici hinG, g — Zz  Kiki = K'Liha, - he) 1 C
3.2)
(—n—p—a—l—z LhinG, g — 27 | Kiki — E'l;ha, -+ hs) 2 D
Where G/(nGl,,qp o nGgn) =016y g1 ) Or(NGr g, ), 0i(1),i = 1, - -+, 7 is given respectively in (1.2)

Provided :

a) hi >0,i=1,---,s5:h, >0,i=1,---,7;Re(p) > —1;p' < dand|y| < 1

T d(i) s pd)
. i J —
b)Re[U+Z;h 1<njag71n 5() +Z;h11<r§1g]1wi B@] > —1
1= 1= 7

1
o)largy| < §Bi(k)7r , where

N, (k) My, 4, (k)
k k k k
B( ) _ +Za — Li(k) Z agz()k) +Zﬁj(~ ) — Lik) Z ﬁj(z()m >0,
j=Np+1 j=1 J=Myr+1

with k=1---,5,i® =1,... R®
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c)ltr = s = Z, we obtain two Aleph-functions of two variables defined by K. Sharma [ 3].

b . / ’
/ (t = @) (b= )7 Fu(p, i )S it n [a (b= )5, (b — ) [ Mg (y(b — 1))

u

N(z1 (b — )", 20 (b — 1)"2) Ry (b — )", yo(b — t)"2)dt

PR S0 B S0 ST b 3y N (1 A S
1,91 2,92
G1702 0 91=0 99=0 K10 Koo 1=t [(b ’)]l F(Ozl—f—l) 591G1!592G2!

g';{(l e x’i{“ Z?Gl’gl Z;/Gngz(b _ a)h/lnGl’gl +h/277G2,92 +K1k1+"'+Kuku+k,l
h / / u 7.
yi(b—a)™ (W =0 = hing, g = honG,,g, — Dy Kiki — k'l ha, ha),
NO N+2:V
Usa: W

y2(b—a)"* (wHn—o0—hing, g — hzncz,gz 2oy Kiki =K'l ha o),

(’U - hllnthh - h/277G2792 Zz 1 Kik; — k/l; hy, h2)7 A:C

(3.3)
(—H—p —o—1- hllnthl h277G2792 21 1 Kiki — k'l ha, h2)7 B:D
Where G(nGl,gl ) nGsz) = ¢(77G1791 ) nG2792)‘91 (77G1,gl) 02 (77G2,gz)
Provided :
a) hy > 0;Re(p) > —1,ha > 0,h] > 0,h, > 0;p < dand|7| <1
d(l) d(2) p) p
b) Re[o + R} min + k4 min +h; min < +hy min 2] > -1
1< <m 5(1) 1<j<mo 5(2) 1<5< M,y 53(-1) 1< < M; BJ(Q)
s ™ . . o "
c)larg(y1)| < A1§ and |arg(y2)| < A2§ =1, rg =11 ;0 =1,--- 7" where:
P M QY Py
2 1
Av=u D af - Z By + Zﬁa DY ﬁwzam > a0
J=N+1 Jj=1 j=Mi+1 j=N1+1
P, My Q% P
TEED ORI o SO SRS S0 3R DY
Jj=N+1 j=Ma+1 j=Na2+1

d)If r = s = 1, we obtain two Aleph-functions of one variable defined by Siidland [8].
b
o My, M), u ’
/ (t = @) (b= )7 (p, s )SMET M oy (b — )81, (b — )], MG (y(b — DY)
a

R(z(b— )" ) R(y(b — t)")dt
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m N/M [N/M o0 1

3 ) —
TP 2 b 2 Gl O Ty el e

G=0g=0 K;1=0 »=0 =0

(b _ a/)hnG,g"_Klkl"r"'_Kuku“!‘k/l

(w—0o—=hngge— ZZ | Kiki — E'l; ),

M,N+2
Rpo 4 2.e0ir (y(b —a)"
(w+n—o-_h/77G,g Zz 1Kk k/l7h)7
(-0 = h'ne,g — 22y Kiki — Kl ), (&, Aj)1n [cilagis Aji)nvipir
. o (3.4)
(np—o—1=Nngy— > Kiki — K'l;h),( bj, Bj)1m, [¢i(bjis Bji)lm+1.q:5r
(=)0, 01 00 ()
Where  G(nG.q4)= B,G!
Provided
a)Re(p) >0;p <dand|ly| <1;h>0,h >0
. by , d;
b)Relo+h min - +1h min 2] > -1
1<G<M B;j 1<5<m 0
1 M N Q: P;
c)largz| < 57?(2 Where €2 :ZBJ- —1—204]- — ¢ Z Bji + Z a;;) >0
j=1 j=1 j=M+1 j=N+1
e)Ifxry = = x,, = 0, then the class of polynomials SN’ 5 ]J\\,/{/ (xl, -+, Xy, defined of (1.14) degenere to

the class of polynomials sM N’ ( ) defined by Srivastava [5].

b ’ !
[ = 0= 07 P, )S lnlb — 01,3 (6~ )
N(z1(b— t)hll, ez (b — t)h:") N(yp(b— )", ys(b—t))dt

r NI/M/ oo
S (@)l '

(ap
= Bl Z Z Z Z ZAl G 77G1,917"'77Gr,9r) [(bq’)]l F(al T 1)

Gr=0g1=0 gr=0 K=0 1=0

(_)G1+...+GT xKl .. .xKu ZnGl’gl e z”Gr,gT(b — a)h/177G1»91 +'“+h;«77Gr,9r+Kk+k/l
591G1!'-'59TG 1 u 1 (s
—a)m
Y1(b a) (w—a—Zfﬂ h;ﬂGi,g _Kk_k/l;hla"' 7h3)7
N([)JN—;[%V :
22 .
ys(b— a)l (wH+n—o—>1_ 1h/77G1 g = Kk =Kl by, - hy),
s
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(-o=>i_ G, g — Kk — K'l;hy, -+ ,hg), A: C
L 3.5)
(hep—o—1— 5" Wig g — Kk —Klhi, - he),B: D
Where Ugs = P; + 2,0 + 2,137
Provided :
a) hi >0,i=1,--- ,s:h,>0,i=1,--- ,7;Re(p) > —1;p' < dand|y| <1
PO NG

/ : J , ; J _
b) Re[o + Zhi  Jin 5@ + ‘ h;  Jin B(i)] > —1
i=1 j j

1
o) |argyk| < §BZ-(]€)7T, where Bfk) is given in (1.13)

4. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions such as , multivariable H-function , defined
by Srivastava et al [8] , the Aleph-function of two variables defined by K.sharma [3].
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