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ABSTRACT

Our aim is to evaluate four integrals pertaining to the products of Aleph-function, a generalized polynomial set S 3 8,0 (Z‘) , a class of polynomial
S N11,7- B ,}VSS [yl s LY s] and the multivariable Aleph-function. On account of the most general nature of the function involved herein a very

large number of known and new integrals involving simpler special functions and orthogonal polynomials follows as particular cases of our main
integrals.
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1.Introduction and preliminaries.

The Aleph- function , introduced by Siidland [10] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :

(aj,A5)1n [ci(ajis Aji)lati,psr
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largz| < §7TQ Where {) = ;5]- + j;ozj — ci(j_%+1 Bji +j_;+1 a;;) >0 withi=1,--- 7
For convergence conditions and other details of Aleph-function , see Siidland et al [10].

Serie representation of Aleph-function is given by Chaurasia et al [4].
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b
with s = NG 4 = Gty

—= P, < Q2] < 1andQP 0:.c (8) is given in (1.2) (1.4)
BG i5Cq3

The generalized polynomial set defined by Raizada [ 5 ,p.64, eq.(2.1.2)] in the following Rodrigues type formula :
SeBT x5, q, A, B,m, (1) = (Ax 4+ B)™%(1 — 7a)5/7 (1.5)

XTI (Az + B)*Han (1 — 7a7) B/ T Fem)

d
with the differential operator T}, ; is defined by T, ; = x (k + a:d—) (1.6)
xr

Moreover it can be expressed in the following serie :

m+n o m+n jJ )
b 9 . —_ l l

57014[37'[2: '7a37QaAaBamaC7l]*Bqn$ (m—|—n(1_7_x )Snlm_HL Z Z Z a'plz|7| :

=0 p=0 j=0 i=0
b Z i (8, () (e (B a7
(1—a—7j); T 7 l "N — ) VB '

Taking A = 1, B = 0 and 7— 0, one arrives at the following polynomial set :

m4+n o
9 ,O J— ) 70 _ l

5280 () = 8480z 1 v, 5,4,1,0,m, (, 1] = xIHm+n) lm+”z Z a'p' Bxz7)? (1.8)
o=0 p=0

Where Ay = (—0),((a+gn+C+v0) /D) mtn (1.9)

The generalized polynomials defined by Srivastava [8], is given in the following manner :

[N1/M;] [Ns /M)
SMl’m M, o Nl M1K1 (_NS)MsKs
N17“'7Ns [y:l’ 7Iys - Z Z T KS'
K1=0 K.=0

A[Ni Ky 5 Ny, Kyt -yl (1.10)

Where M7, - -+ , My are arbitrary positive integers and the coefficients A[N1, K1;- -+ ; Ng, K] are arbitrary

constants, real or complex.

—-N N
In this paper, we note : A :( LTS (=N )u, KSA[NhKl;--- : N, K] (1.11)

Ky! K!

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [6] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.

Z1
— Ovn:m STV 5 T My ’
We have : N(’Z17 T ,Zr) B pi:Qiﬂl'i?Rl:pv;(l) '9(1) T4 (1) ROV P (r) 4y (r) 3Ty () SR

Ziy
(r) .
[(aj;a(.l),-" ,04(7"))1 n] [7i(ai; o 05 nrp]
j g e 51) 5 .
........................... [ 3275 »ﬁj )m—l—l,qz-] :
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1y 1) COIANE)) My (r r

[(Cj )a7j )1,n1]7 [Ti<1> (0]1(1)37]1(1»”14_1 p(l)] 53 [(Cg >),’yj(- ))17,%],[ Tiom ( 522T>, ]Z( ))n +1 p('r)]
1y 5(1) 1) <) My s r

()8 1 ms ] s (@880, g 3 @000 e (0508000, )

1 T
_W/ / (Qb(Sl,"' 737') Hgk(Sk)ZdeS:[“'dSr (111)
L Lo k=1
with w = v/—1

[[- T —a;+ 22—1 ol sp)

o sr) = - (1.12)
ZZ ilmi HJ Sna D@50 = 25y agf)sk) j= (T =0+ 32, 8 (k) sk)]
mp F d(k) 5(k) (1 — (k) + (k;)
and Oy (sx) = H ( j k) HJ L I( Y5 k) i

R(%) ; k k pl k k
Zi(k)z [Tim Hg (»n)zk+1 NGRS dgzgw + 53(7,<)k> )Hj:(:kﬂ F(C§i2k> 3(7,<)k>3k)]

where j =1 torandk = 1tor
Suppose , as usual , that the parameters
aj,j: ]_’ ,p;bj7j: ]_, ,q;
(k)

Cj 7j:17"'7nk;cji(k)?j:nk+17"'7pi(k);
k . .
d_g )73217 mkvd((k)vj mk+1,"',Qi(k);

with k=1 ,ri=1,---,R,i® =1,... R®

are complex numbers , and the a’s, 153 /S, ’y/S and 8’ s are assumed to be positive real numbers for standardization
purpose such that

Nk D, (k) mg
k
U9 =3 e s 35l 3 3 o 35
j=n+1 Jj=1 Jj=nk+1 Jj=1 Jj=1
q;(k)
—Tk) Z ;,Lk()k) X (1.14)
j=mp+1

(k)

The reals numbers T; are positives for ¢ = 1 to I, T,(x) are positives for " =1wR

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where 0 is a real number with loop , if
k k . .
necessary ,ensure that the poles of F(d; ) — 53( )Sk) with j =1 to my are separated from those of
T

'l —a; + Zaék)sk) with 7 =1 to n and I'(1 — (k) —f—’}/( ) 1) with 5 =1 to ny to the left of the

=1
contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :
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1
largzi| < §A§k)7r, where

n P,i(k)
k k k k k
A9 = Sfn 3 el 3 AP e > ol
Jj=1 Jj=n+1 Jj=1 Jj=nk+1
q,(k)
+Z‘5(>_T<k> Yo >0, wim k=1 =1 R0 =1 R®
Jj=mp+1

(1.15)

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence

conditions of the multivariable Aleph-function.
We may establish the the asymptotic expansion in the following convenient form :

N(z1, -5 20) = 0( 2] . [2r|) ymaz (2. f2r] ) = 0

N(z1,+,20) = 0( |21 . |2P7) s min( |21 |20 ) = 00
L e F) sV g ...
where, with k = 1,--- 7y = min[Re(d;” /0;7)],j =1, ,my and

Br = mam[Re((C§k) 1)/~ (k))] =1,--,ng

We will use these following notations in this paper
U :pia(Z’ivTi;R ; V= mi,Nys: - My, Ny

W =i, @i iy R, b, G Tirys R

1 r 1 r
A={(az;a, oSN milagis ol ol ) )

1 T
B = {Tz( ]7,76( ) aﬁj('i))erl,qz'}

(r)

(1.16)

(1.17)

(1.18)

(1.19)

1 1 1 1 r r
= {1 b i (59 dm st b - A 1 b i (0 1 It p b (1.20)

(1. s(1) (1) 1)
D = L7505 mm o (it s 58 st} e (A58 ), 3y i (03007 o100} 1.20)

J J

The multivariable Aleph-function write :

N(z1,y2r) :N?]"V“//

2. The main integrals
In this section the following integrals have been derived :

The first integral :

(1.22)
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x—s'h(w): t—s

x—w’ T —w

Let g(x) =

z1(g(x))" (h(x))*
SEE [ya (9() ™ ()X ym(g() 0 (h(x)KR) WY - da
7, (g(2))" (h(z))*r
m4+n o M oo M,N [Q1/P1] [Qr/Pr]
A (=)9%70 o (NG.g)
_ _gn+l(m+n)+~yo ym+n mmn ogyo Pi,Qises,r V197 ma,
- D P I 9p prmiia FELIIN 3
o0=0 p=0 G=1g=0 a1=0 ar=0
Alytlxl . y%z)R(t . w)—u—hqn—hl(m—l—n)—h'ya—h'nc;,g—H1a1—--~—HRocR
—v—kgn—kl(m+n)—kyo—k'ng ¢—Kia1——Kgrar

(s —w)

(t— s)u+v+(h+k)(qn+fya+l(m+n)—1+(h’+k’)ng,g+(H1+K1)a1+~~-+(HR+KR)aR

7 / t h1 h/ t k1
1(g ( )) ) ( ( )) (1 -u—hqn—hl(m+n)—h’ya — h/nG,g - Zf;l H’La17 h17 o 7h7“)7

O,n+2:V
NUm W

7 (g/(t))};" (h(t))k" .......

(1 -v-hqn-kl(m+n)-kyo — k'ng 4 — Zf:l Ko ki, k), A C
T @.1)

(1-u-v-(hl+kl)(m+n)-(h+k) (qn+yo) — (B + k' )ne,g — Zf:l(Hi + K;)ag;hy + kg, by + k), B; D

t_s;h’(m): t—s

t—w S —w

Where :Us1 = p; +2,q; + 1,7;; Rand ¢’ (z) =

Provided that :
a)h,k, W k' hi ki >0,i=1,---,7, kis an integer
r 4@

b
b) Re[u+h' min L4 h; min —-] >0
IGSM By = 1<ism 550

b
c)Re[v+ k' min L 45" h; min 1>0
1<j<M By, = Igism 53(@)

M N Qi P;
1
d)largz| < §7TQ Where {2 = E Bj + E o _Ci(b E Bji + | E aji) >0
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1
e)|argz| < §Az(‘k)7r’ where Agk) is given in (1.5)

The second integral :

t
[t st = IS (e = )t at -

ziz (t — z)k
M,N " K\ s 0,1:V ’
NPZ’?QMCi;T(y:C (t - :I;) )NUnW * dx

zeah (t — 2)br

m+n o MN

o=0 p=0

At (= s

thh1 +k1

0o,n+2:V
NU21 W

erthr+kr .......

(1 -v-hqn-kl(m+n)-kyo — k'ng 4 — 213:1 Ko ki, k), A C

(1-u-v-(hl+kl) (m+n)-(h+k) (qut+yo) — (B + &)ne,g — Ef;(Hi + Ki)ai; hy + k-

Where :Us1 = p; +2,q¢; + 1,7, R
Provided that :
a)h,k, W k' hi, ki >0,i=1,---,r, kis an integer
r (7)
d]

b
b)Re[u+h min — + Y h; min
<G<M By, = gsm (5 i)

>0

a4

c)Re[v+ k" min —|—Z i, Join >0

1<j<M BL (S(Z)

d)largz| < 7rQ Where = Z@Jrzaj—cz Z Bji + Z ;i)

j=M+1 j=N+1
e)|argz| < iAE )7r, where AE )15 given in (1.15)
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zqn+l(m+n)+voim+nz Z U"np'n i io Pzi;?(;jqc;ar("(;vg)yne,g Z Z

051:0 aRZO
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The third integral :

1
| ) R eSS0 - ) S (- )™ g1 = )
0

Zl(l — x)hl
M,N 1\ a0,V ’
Np’ Q“C“T(y(l — :lz)h ) NU:“W . dx
7. (1 — z)hr
m4+n o M oo (_)gQM,N ( )
— antl(mn)+yom+n o P;,Qi,c;,r\"IG.g ne.g

[Q1/P1] [Qr/Pr]

> Y Apyreypn

o1= 0 aQR= 0
“1 (1 -v-hgn-hl(m+n)-hyo — h'ng 4 — Zil H;ai;hy, -+ hy),
ROH2:V C
22:W

7 (1 -u-v-hgn-hl(m+n)-hyo — h'ng 4 + o' — Zf;l H;aihy, -+ hy),
(1 -u -v-kqn-kl(m+n)-kyo + o/ + ' — K'na.g — Soi, Hios ha,y -+ hy), Az C
o 2.3)

(1-u-v-hqn-hl(m+n)- hyo) — Mgy + ' — So0 | Hiayshy, -+ hy), B: D

Where :Uss = p; +2,q; + 2,75, R
Provided that :
aYh,k, W k' hi, ki >0,i=1,---,r, kis an integer
r 4@

br,
b) Re[u + A’ min L 45" h; min -2 |>0
1<j<M By, —Igi<m 5( i)

r q®

br,
) Refv+ k" min — +> h; min —2-]>0
IGSM B, = 1<i<m; 5j(z)

M N Q: P;
1
d)largz| < §7TQ Where {2 = E B + E Oéj—Ci(. E Bji + . E aj;) >0
j=1 7j=1 j=M+1 j=N+1

1
e)|argz| < §A,Ek)7r , where Agk) is given in (1.15)

fyRe(u+v+a' + ") >0,Re(u) >0
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The fourth integral :

/ () (= ) B (1 st — ) 2SO0+ ) (1 — )

—1
B [y (1 )T (L= ) (L4 o)1 — )RR ({14 )" (1 - )
QR yl( +IL' ( w) ) 7yR( +$ x P;,Qi,ci;r y( +w) ( x )

z1(1 4+ x)h (1 — M

ROV dx

20(1 = 2)lr (1 — 2)Fr

m4+n o M oo Jwg (nG [Q1/P1] (Qr/Pr]
_ gn+l(m+n)+yoim+n o P;,Q;,ci,r g 77G
=z ’ ZZUW TR Beg! D DD DR
o=0 p=0 G=1g=0 a1=0 aprp=0

qutvt(ntk)gnt(htk)(metn)+(htk)yo+(h'+K )06, o +(Hitk)oa - +(HatKr)ar—1 (g 4 1; )

aq aR
yl ryR ,u)'

zw: —w:R)(1+d + 0 +w; R)(st/2)R

— R!(¢/ + 1; R)
Z12h1+k1 R
(1 -u-hgn-hl(m+4n)-hyo — h'ng g — > .21 Hicais ha, -+ he),
N0:n+2:V Ce
Us1:W
ZTzh.r+k:T .......

(1 -v-hqn-kl(m+n)-kyo — k'ng 4 — Zle Ko ki, k), A C

(2.4)
(1-u-v-(hl+kl)(m+n)-(h+k) (qun+yo) — (B + & )ne,g — Zfil(Hi + K;)ag;hy + kg, by + k), B; D
Where :Ug1 = p; +2,q; + 1,75 R
Provided that :
aYh,k, W k' hi, ki >0,i=1,---,r, kis an integer
b) Re[u+ A’ min b—L+ih- min d§i)]>0
) 1M B, = L 1<i<m, §@)
i= J
r (4)
b d;
ORev+k min — +> h min —2~]>0
IGSM By = T 1<g<m; 55})
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v

d)largz| < 7TQ Where 2 = Zﬁj ZOAJ—CZ Z Bji + Z aji) >0

7j=1 j=M+1 j=N+1

e)|argzi| < EAZ(-k)ﬂ' , where A,Ek) is given in (1.15)

Proof :

To establish the finite integral (2.1), express the generalized class of polynomials S,Cf 8,0 (Z( g(m))h (h(m))k) and
Sgll’ :gﬁ [y1(g(x) 7 (h(z)) K, -+ yr(g(z) 2 (h(z))* %] occuring on the L.H.S in the series form

given by (1.8) and (1.10), the Aleph-function in serie form given by (1.3) and the multivariable Aleph-function
involving there in terms of Mellin-Barnes contour integral by (1.11). Now interchange the order of summation and
integration (which is permissible under the conditions stated), so that the L.H.S of (2.1) say I assume the following from
after a little simplification :

m+n o Ql/Pl QR/PR

qn+l(m+n)+'yalm+n Z Z 0_|p' )Ji i(_)q Pqu,Cz, (T}G’g 77G g Z Z

Brdl
=0 p—=0 G=1g=0 Gy a1 =0 an=0

(x— )u+hqn+hl(m+n)+hwo+h’nc g+H1a1+ +HRaR+h181+ ~+h, sr—l

(t o x)v—i—k:qn—‘r-kl(m—&—n)—f—k'ya—i-k'ngyg+K1a1—|—~~~—|—KRaR+k151—|—-~~—|—l€rsr—1

(x . w)—“—“_(h+k)q”_(h+k)l(m+”)_(h+k)’w—(h'+/€’)ng,g—(H1+K1)a1—-~~—(HR+KR)ozR—(h1+k1)sl—~--—(hT—|—kr)sT 1

dxdsy - - - ds, ] (2.5)
On evaluating the inner integral occuring on the R.H.S. Of (2.5), we get after simplification :

[= (t . S)u+v+(h+k)(qn+l(m+n)+'ycr)fl (t 7u7h(qn+l(m+n)+70)( —v—k(gn+l(m+n)+~o)

—w) s —w)

m+n o ]WN [Q1/P1] [Qr/Pr]

an+l(m+n)+wcrlm+nz Z 'p' )aii leach;,;;: r(0G.9) Y19 Z Z

o=0 p=0 G=1g=0 : a1=0 ar=0

~se) [ [ O (o) 2
k=1

(t)] (Hi+Ki)on++(Hr+Kr)ar+(hi+ki)ar+-+(hr+kr) o)

A1?J1O[1

g
I'(u+ hgn + hl(m +n) + hyo + h'ng,g + Hiay + -+ Hrag + his1 + -+ + hysy)

xT(v+ kgn + kl(m +n) + kyo + k'ng,g + krar + - + krag + kis1 + - + krs,.)
X[T(u+v+ (h+k)gn+ (h+ k)l(m+n) + (h+ k)yo + (B + k' )ng g+

+(Hy + Ky)ay + -+ (Hr + Kp)ag + (hy + k1)s1 + -+ + (hy + ky)sp)] !

dsy ---ds, (2.6)

where g(t) =

Finally, on reinterpreting the Mellin-Barnes contour integral in the R.H.S. Of (2.6) in term of the multivariable Aleph-
function given by (1.11), we arrive at the desired result. The proofs of the integrals (2.2), (2.3) and (2.4) can be
developed on similar method.
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3. Particular cases

Replace S70 (1) by HT(lt) (x,a, 3), we get :

/7

a)/ (z—9)" "t —2)" @ —w) " HO (2(g(2)" (@), 0, BIREG, i (W(g(2)" (A(2)*)

z1(g(2))™ (h(x))™
Soy Gl (@)™ (@) yn(g(e) " () n) R . da
2 (g(@))" (h(z))*
m+n o M oo (=)0 Q (nc.g) [Q1/P1]  [Qr/PR]
_ o—n o P;,Qqi,ci,r ) T] g
STy prmiauct PEUTIARS o
o=0 p=0 G=1 g=0 a1=0 ar=0
Ay (_QI)PNM L (_QR)PRQR (t B S)u+v+(h—|—k)’ya+(h/+k/)77G,g+(H1—l—Kl)a1+..,_|_(HR+KR)aR
041! CL/R!
(S . w)—v—kn—k'ya—k/ng,g—Klal—-n—KRaR(t . w)—u—hn—hl(m+n)—h’YU—h/TIG,g—Hlal_“‘_HROZR
7 !/ t h1 h/ t k1
1lg'(®) _ (R(®)) (1 -u-hn-hl(m+n)-hye — h'ng,4 — Zf:l H;ai3hy, -+ hy),
NO ﬂ+2 1% o o
Uz1:W
Zr(g’(t))hr(h(t))kr .......

(1 -v-hn-kyo — kg — S0, Kiausky, - k), A C
o (3.1)
(1-u-v- (k) (me+n)-(h+k) (qu+yo) = (B + Ky — Soiy (Hs + Kiagshy + by e + k), B D

T — 5
Where g(7) = —— - and Bppn = (—0),((—a —vp) /1)y and Where :Uz1 =p; +2,¢; +1,7;; R
t
b )/ 2 (t— )" H [za(t — 2)F, 0, BISST G I (t— o)yt — @) Kr gt
0
71z (t — x)ks
~ ' ANROR T % ' ,
Ry Qe (y2” (8 = ) NGy - da
zpx"r (t — x)kr
m+n o M,N [Q1/P1] [(Qr/PR]
B QP ,Qi,cq (nG 9)
__ _yo—n J i)Cis ’ naG, ce
o 35 B g5 SO s lin) o S
o=0 p=0 G=1g=0 a1=0 arp=0
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Ayt -y SR (t — S)U+’U+(h+k)"‘{0’—1+(hl+k‘/)7]c”g+(H1+K1)O&1+'”+(HR+KR)O¢R

thhﬁ-]ﬁ R
(1 -uthn-hyo — h'ng g — >, Hicisha, -+ S hy),

NoUn+2 % C
21:W

Zrthr—i—kr .......

(1 -v-hn+kn-kyo — k'ng,q — Zf;l Kiagky, - k), A: C

(3.2)
(1ewv- (K)o (k) — (0 )i — S0y (F 4 Ko hy + by by +J), B D
Where :Us; =p; +2,q¢; + 1,75, R

1
O [ a1 =) R ]S = ) )S (1 2yl = )
0

Zl(l — l‘)hl
) ’ 0o,n:V ‘
N%{:guciﬂ‘(y(l - x)h ) NUnW . dz
(1—a)"
m+n o M oo ( ) ng (nG [Q1/P1] [Qr/Pr]
_ So—n 0’ i,Ci,T g TI
o § S B e S B sl o, G
o=0 p=0 G=1 g=0 a1=0 ar=0
21 (1 -v-hn-hyo — h'ng 4 — ZZRZI H;a;;hy, -+ hy),
o,n42:V P
A -
Z‘T (]' —ll—V—f-hl’l-h’)/O' - h/nG,g +a' — Zqﬁ;l Hlaza hla T 7h’7")7

(1-u-v-hn- hyo — gy + o + 8 = % Hiuis by, -+ ), A C

(3.3)
(1-u-v-hn- hyo — h'ng 4 + 5 — Zil Hiag hy, -+ hy), B; D

Where :Uso = p; +2,q; + 2,7, R
1
d)/ (1+2)" 11— 2)" P — st(1— 2)/2)HP [2(1 + 2)"(1 — 2)F, o, ]
-1
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SE R (4 ) (1= )y )= 2SR (1 @) (1))

z1(1+x) (1 — )k
o,n:V '
Ny . dx

20(1 — 2)hr (1 — z)kr

m+n o M oo M,N [Q1/P1] [Qr/PR]
B, (—)9Qp, Qi ci +(NG.q)
_ yo—n o 1y Ciy )
=z =PI Beog] D DEEEDY
o=0 p=0 G=1g=0 : a1=0 ar=0

2u+u+(n+k)n+(h+k)w+(h’+k’)nc,g+(H1+k1)a1+-~+(HR+KR)aR—1 (a +1: w)
Y

Ayt - LR
%1 Yr w!

Z Lo+ +wi )
t/2
Rz::O R, CESHG (st/2)
Z12h1+k1
(1 -u+hn-hyo — h'ng,4 — Zf;l H;aishy, - hy),
o,n+2:V
NUznllw

Zrth—Hcr .....

(1-v+kn-kyo — k'ng 4 — Zil Ko ki, k), A: C
(3.4)
(1-u-v+(h+k)n- hyo — /gy + o — S0 (H; + Ki)ow; by + ku,y -+ he + k), B; D

Where :Us1 = p; +2,¢; + 1,75, R
4. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions such as I-function of several variables
defined by Sharma and Ahmad [6] , multivariable H-function , see Srivastava et al [9] , the Aleph-function of two
variables defined by K.sharma [7], the I-function of two variables defined by Goyal and Agrawal [1,2,3], ,and the h-
function of two variables , see Srivastava et al [9].
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