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ABSTRACT

The object of present document is to derive an integral pertaining to a products of two multivariable Aleph-functions, Two general class of
polynomials and the M-serie with general arguments of quadratic nature. The result established in this paper are of general nature and hence
encompass several particular cases.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [2] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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and 9k<5k) = (1.3)

Suppose , as usual , that the parameters
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()]—1 c N c(()k),j—nk-i—l * 5 Pik)

k k .
d().j_l "mk;dg‘i()k)a.]:mk_l_la"'7q1j(k);

with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/S, I} /8, ’y/s and 0’ s are assumed to be positive real numbers for standardization
purpose such that

nk D;(k)
k
EAED YRR o R0 ARSI DRI oL O w0
Jj=n+1 j=1 Jj=np+1 j=1
4;(k)
Tk Z 5(k<)k>\ (1.4)
Jj=mp+1

The reals numbers 7; are positives fori = 1to R, T; (k) are positives for i(k) =1to R(k)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to 0 + 900 where 0 is a real number with loop , if

k k . .
necessary ,ensure that the poles of F(d§ ) _ (53( )Sk) with 7 =1 to my are separated from those of
T

(1 —a; + Zaﬁk)sk) with j =1 to 7 and D(1 — '™ 44 s) with j =1 to ny, to the left of the

=1
contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r, where

n P,(k)
(k) (k) _ (k) gk (k)
AY 23 alon 3 o) oyl Z P=m D0 Vi
Jj=1 Jj=n+1 Jj=1 Jj=nk+1
mp q;(k)
+Zé§’“>—¢i(k) > 5((k)>o wih k=1 ri=1--- R i®=1... R® s
= j=mpr+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
R(yr, -+ yr) = 0([ya|™ .yl ) s maz(fual. . yr| ) = 0
N(yr, - 5yr) = 0(lyal ™[yl ) s min( [yl -y ) = 00

where, withk = 1,--- ,r: o = min[Re(dg-k)/5](.k))],j =1,---,mpand

B, = maz[Re((c{” — 1)/, i =1,

Serie representation of Aleph-function of several variables is given by
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G1+ +G,
N(y:l?'.. 7?/7‘) = Z Z Zé Gl 5 G !w(nGlygl7”' 777Gr79r)
1,,Gr=091=0 g, gr =T
X 01(NG1,g) - Or(NGyg yy 27 ey 1O (1.6)

Where (., -+ ,.),0;(.),i =1,-- |7 are given respectively in (1.2), (1.3) and

: dgy + G ) dy) + G,

G, = T 1y s Gr,9r — N

S  :

which is valid under the conditions 55? [d; +pi] # 5§i)[dﬁh + Gi] 1.7)
fOI‘j 7& mq, m; = 17"'77Gi,gi;pi7n’i - Oa1327”' ys Yi 7& O,Z = 1a , T (1.8)

Consider the Aleph-function of s variables
VAl
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with w = /—1

s) H¢k (tk:)zlik dtl e dts (1.9)
k=1

N s k
Hrﬁﬂ—w+2kmym

Cltr, i ts) =—= _ (1.10)
dima |l Hf;NH T(wji — Y g 1# tk)H T(1—vji + 35—, J(k)tk)]
[245 00 = 87 ) TH™ T = af 4+ afsi)
and Pk(tk) = — 0 o (1.11)

k k k k
2 it =1 [Law Hj:sz-H I 5513@ + ﬁ( ()k>t )Hj;NkH F(a§i2k> - O‘( ()k>3k)]

Suppose, as usual , that the parameters
UJ,J: 17 7P7v]7.7: 1, 7@5
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(k)a] - 1 Nk? (Z()k) 7] =ng + 1 7P7;(k);
D g =i 1 Que b G =1, My

with k:l ’S’i:17... ’r/’i(k):17... 7r(k)

are complex numbers , and the O/S, 5/8, ’y/S and 0’s are assumed to be positive real numbers for standardization
purpose such that

P (k)

k
(k) _ k 2
U, Zﬂg Yl +Za( RZCHD DS —LZZ’U( =8
Jj=N+1 j=Np+1 j=1
Q, k)
k
—Li(k) Z ( ()k) X (1.12)
Jj=Mp+1
The reals numbers 7; are positives forz = 1,--- |7 , ;) are positives for i =1...p0)

The contour Ly is in the fz-p lane and run from 0 — 700 to 0 + 100 where ¢ is a real number with loop , if
necessary ensure that the poles of F(b(k) B(k)tk) with 7 =1 to M} are separated from those of

'l —wu; + Zu )tk with 7 =1 to N and I'(1 — a;k) + Oz‘g-k)tk) with 7 =1 to INj, to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < —Bfk)ﬂ, where

2
N P; Q; P (k)
Bfk) = Zuﬁ“ —L; Z ,ugf) —LiZU -I—Zoz( )—LZ(@ Z a(f()k)
j=1 J=N+1 j=1 J=Ng+1
M;, (k)
"‘ZB;k)_Li(k) Z B(z(k)>0 with kzl---,s,i:1,~~,r,i(k)=1,~~,r(k) (1.13)

Jj=Mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(z1,-oo 5 2) = 0( |21 [2]*) omaa( |z - |2 ) = O

R(z1,-o-,2) = 0(Jaal® |27 ) min( |21 |z,] ) = o0

where, with k = 1,--+ ,z:a) = min[Re(bg-k)/ﬁj(-k))],j =1,--+, Mgand

81, = maz[Re((al” — 1) /a{)],j=1,--- , N,

We will use these following notations in this paper
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U=P,Qiv;r'; V=DM,Ny--; Mg, N (1.15)
W= Py, Qv ti1); ™, Py Qi i) 7™ (1.16)
A= {(Uj;M§1)7 T 7M§S))1,N}ﬂ {Li(ujiﬂllﬁ)a T ,ng))N—f—l,Pi} (1.17)
B = {Li(vji;vﬁ), o 7U'§f))M+1,Qi} (1.18)
C z(agl);agl))l,Nl ,Li<1)(a§.121);aﬁ()l))Nﬁl,Pi(l), cee, (ag‘s);ag‘s))l’]\rs y Lis) (agjzs);agj()s))NSH,pi(s) (1.19)
D =(b§»1); 5](-1))1,Ml,bi<1> (b;;()m?6‘53()1))M1+1,Qi(1)7 e 7(55‘8)3 5]('8))1,Ms»%<5> (ﬁj(i)) ; QS‘()S))MSH,QZ.(S) (1.20)

The multivariable Aleph-function write :

A C
N(z1, -, 25) = Ry . (1.21)
B:D

Zs

The generalized polynomials of multivariables defined by Srivastava [6], is given in the following manner :

[Nl/ml] [Nu/mu]

M, O 3 (=Nom,ky  (=Nu)on, i,
SN Y, Y] = Z Z el P
K1=0 K,=0
K K
A[N1, Kus e s Ny KuJyp -y, (1.22)
Where M, , - - -, M, are arbitrary positive integers and the coefficients A[N 1, K1, 5 Ny, Ku] are arbitrary

constants, real or complex.

Srivastava and Garg introduced and defined a general class of multivariable polynomials [8] as follows

L1+ F,L,<FE ZLl ZL”
F ER 7FU . T v
Sg' [21,- -+, 2= >, (—E)mLyttp,, B(E; Ly, - - ’L”)m (1.23)
Ly, Ly=0
The M-serie is defined, see Sharma [4].
o0 a /)]Sl ysl
M (y)= la (1.24)
re 20 [(bg)]sr T'(as” 4+ 1)
Here @ € C, Re(a) > 0. [/(ap/)ls/ = (al)s/ D (ap’)s’; [(bq/)]s/ = (bl)s’ s (bq’)s’-
The serie (1.23) converge if p’ < ¢'and |y| < 1.
In the document , we note :
G(nthu T 777GT,gr) = ¢(77G1,g17 T anGr,gr)el (776‘1,91) -0y (nGr,gr) (1.25)
—-N —Ny,
o= N )QJ'I“K“A[Nl,Kl;--- i Ny, K] (1.26)

Kq! K,!
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—-F B(E;Ly,---, L,
b:( )F1L1+ EF]-’I;%T.IE '7 1) ’ ) (127)

X
P+ qr + sx?

g(x) =

(1.28)

2. Main result

We shall establish the following result :

/ 2P (p+ gz + 52232 G e [ g(a)™ - 2g (@) ] M (g ()
0

’

ST g (@)™ yug (@)™ R (@ g() 1 2lg(@) TR (21g ()7 wag(2) 7 )da

my my. [N1/9,] [Ny /My|Fy L+ FyL,<E oo
SCTP P50 M MR SR DI WL TR oo

Gly T_O g1= QT—O K1=0 K,=0 F A} »=0 L=0

(_)G1+--~+GT

[(CL ,)] TL K K, L L, ./ nGy,g I NGy, g
Gl 0, Gl (b ], T(aL w1 AT Ao e

(q + Qﬁp)ﬁ_zzzl Uz{nGi)gi_Zyzl niKi=>27_y n;Li—Li-1

X ' U v
0N ' (ﬁ - zi:l UgnGi,gi - Zizl Kin; — Zizl Lin;’ —Ll;oq,- - aUs)’A :C
N +1:V
Ury: W ' . @.1)
(6 - Z::l 0-7/;77Gi79i - Z?:l Kin; — Z;}:I LG; - Ll - 1/2; 01, 708)’ B:D

Xs

Un =P +1,Qi+ 1,17
Provided :
a)yo,>0,i=1,---,r;0,>0,i=1,---,5;p <qand|r| <1, Re(p) > 0,Re(q) > 0,5 >0

" d(l) S b(l)
Ry ol min, S 2o 1, i) > 82

1
o) |argxry| < §B,i(k)7r , where Bi(k) isgivenin (1.13),k =1--- ,s

Proof of (2.1)
To prove (2.1), first we express the Aleph-function of r variables, two general class of polynomials of several variables,

the M-function in form of serie and the Aleph-function of s-variables in terms of Mellin-Barnes contour integrals. Now
interchanging the order of summations and integration wich is possible under the stated conditions, we obtain.
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my [N1/9,] [Nu/MMu]F1 L1+ Fy Ly <E oo (_)Gl—l—n-—l—G,,«
Z Z DD Z ZabGnGl’ql’“'nGﬁgT)(g G5 G
G,=0g1=0  ¢,=0 K =0 Ku=0  Li,,Ly=0 L=0 grlsT T Oge M
[(ap/ )]L " Ly L, ./ na ! : / /
uz A A 1 1’91...3777G'r'»9'r'7 N t,...’ts
[(bq/)}L F(OéL"— 1) yl “Yu, v 1 r (277'(4))8 Ly L C( 1 )

Hd)k(tk)xzfe [/ 1 (/8 Z =1 J nGz 9q Z:iuzl anl_Z’::l n;Ll_Z =1 ot Ll)
— 0

(p + qxr + sz )5 Y 1 TG, g — ey i K=D)L =05 oiti—L1—3/2 dT] dtq - - - dis

On solving above x-integral with the help of known theorem, see Saxena [1] and reinterpreting the result obtained in
terms of Aleph-function of s-variables, we get the desired result.

3. Particular cases

a) f p,=q;,=n=0 and P; = (); = N = 0 then the Aleph-function of r variables degenere to product of r

Aleph-functions of one variable and the Aleph-function of s variables degenere to product of s Aleph-functions of one
variable.

/ P (p 4 qr 4 s2?) P2 SET g (@)™ 2pg(2)™ ] MG (g ()
0

T
/

ml; . mu: Moy Ma,MNq o
Sy g @)™ yag @) [T RS ) (20g(2)7)
My, N, o
Npil;w :Z?i(w NOLAR (Tag(z)?*)dt
My Nl/gﬁ [N /m F1L1—|— FyL,<FE oo
SCETD IO M SAED SRR I SELC (TR
Gy, ,Gr=0¢1=0 gr=0 Ki= K,=0 1, ,Ly=0 L=0
G +"‘+G7 L
(=)= [(ap/)]L T y{ﬁ oy Ky Zfl ‘__va l’llncl*gl ___x;ng,ﬂ,gr
0, Gl 00, G [(bg)] T'(aL + 1)

(q + Qﬁp)B—ZLl OiNG; .9, 2aie1 MiKi— 32y njLi—Li-1

X
Y B o g — Yo King = Y0 Lin}, — Llyo1, -+ ,04) : C

Nl ) . o G.1)
X, (B = 2ic1 OiNG,g: — 2imr Kimi — >,y Linj — LU= 1/2504, -+ ,05) : D

Where G,(nGlagl7 T /r]G'ry.q'r) - 01 (T]Gl791) e er(lrlG'r‘ygr)’ 97/()’7/ = 17 U 7/r. are giVen in (12)

b)If i\, =0,y =" =1 =1and 7= r) = ... = 7() =1, then the multivariable Aleph-function

degenere to the multivariable H-function defined by Srivastava et al [9]. And we have the following result.
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o0
/ 2P (p + gz + s2?) P32 S [ g(2)™ - 2pg(2)™ ] MS (g (@)
0

!

S e g (@)™, yug(@) ™ R (@ g (@), 2hg (@) ) H (21 g(2) - weg(2)7 )da

me [NU/O] [Na/OMW]FiLi+Fy Ly <E oo
\/; Z Z Z Z Z Z Z ab G(UGl,glv e ‘ﬂGr,gr)

G1,,Gr=001=0  g,=0 K;=0 K, =0 Ly, ,L,=0 L=0
Git-+Gr L
(_> ' [(a /)] T yf{l . /y Ul‘fl ...xLU xllnlegl ...x/nGTng
0g,Gh!- 04, Gl [(bg )] T(aL + 1) b ° '

(q+2\/7p)ﬁ Zz 1 lncz 9q Z’L 1TL1K Zz 1nzL —Li-1

X1

i King =Y Lint — Llyoq,-+- ,04), A" : C'

H]%NJFE?V . ) (5 Zz 1 1T]Gz7gz Zz_l n Zz_l Ty 01 0 ) 52)
+1 +1 . . . .

(B 22:1 JgnGi,gi - Z?:] Kin; — E:‘,le Li”; - Ll-1/201,-- ,08),B’ D'

XS
Provided :

a)o,>0,i=1,---,r;0;,>0,i=1,---,5;p <dand|r| <1, Re(p) > 0,Re(q) > 0,5 >0

P e 10
. ] ] pR—
b) Re Zo 1<njnir?1m 6@ +2;011<I§1g]1wi B(i)] >fB—2
i= j
0 |largzy| < §Bi7r, k=1---,s

- < o Qi
where B —ZM(’) YDITIED SRS ST S +ZB(” > A0

J=N+1 j=1 j=1 J=Ni+1 j=M;+1

¢)If r = s = 2, we obtain two Aleph-functions of two variables defined by K. Sharma [3]

o0
/ 217 (p + qx + sa?)P3/2 S?"" o lzg(a)™, - ’ng(x)nv]p/Mgf(Tg(.’E)l)
0

My, , My, “ 4 ol o
ST B (@)™ g (@)™ R(@hg(2)7h, hg(2) N (@1 9(2) ", 22g(2)*)da
mi ma2 [Nl/m ] Nu/mu Fi1Ly+- F LUQE [(CL ’)]L ,7_L
ED I S5 b S DS @b G(161.01 16202 (4, V] T(a + 1)
G17G2 Ogl 092 0 K] =0 11—0 Ll»"'vLU:O 4 L
K K, L L (_)G1+G2
yl 1, yu uz 1., Z’U ’lelnclagl x;nG2192

(q + 2v/5p)P~Ziz1 G, 0, = Xy miki =3 miLi—Li-1
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X1 (5_2?21 oNG; g — Zz 1K”z Zz  Ling — Ll;01,02),A: C
NO N+1:V
Uy1: W . 9 (33)
2 |(B—2 L1 0iNG g — 21::1 Kin; — 27 y Lin; — L1 —1/2;04,02),B: D
Where G(UG1,91 y 7702,92) = ¢(77G1791 ’ 77G2792)91 (nthl) 02 (nGz,.Gz)and Us1 = P; + 2, QZ + 1,455 r!
Provided
a)o, >0,i=1,2;0;>0,i=1,2;p <dand|r| <1, Re(p) > 0, Re(q) > 0,5 >0

. ] —
b)ReZo 1<r§lgln 5(1)+ZJ1<I?E}»1§')]>B 2

=1

T T . :
C)|a7“g($1)|<141§ and |a7“9(~’132)|<142§ ;1=1,251" =1,2;1" = 1,2, where:

M, lel) Ni Pi(,l/)
(1)
DRI SYTIES SRS SRS SR S
J=N+1 Jj=1 Jj=1 Jj=Mi+1 Jj=1 j=Ni1+1
o, My Q%) N, P
_ (1) , (2) S — 1 s . g
= = i By + = L Jir > =L viir >0
J=N+1 j=1 j=1 j=Ma+1 =1 j=Na+1

d)Ifr = s = 1, we obtain two Aleph-functions of one variable defined by Siidland [10].

/ 2 P (p 4 gu + 527) IR SR P g () zug(a) ] M (g(2))
0

S g (@)™, - yug (@)™ R(y'g(2) WN(yg(x)”)de
m o0 [Nl/ml] [Nu/mu] F1L1+"'Fva<E [( /)] ’TL

_ abG(naG.q) Yoyt g K
22 X X Y ) gl L

zlLl ..ZII}’U (q+2\/§p)6722 1 27]01 g; Ez anK Ez lnlL —Li-1

(B - 0/77(?,9 - Z?:l Kin; — Z::l Lin} — Ll;0),

NM N+1
(B—0"na,g—> iy King — Y4 Linj — Ll — 1/2;0),

Pi+1,Qi+1,ci5m

( aj, Aj)l,n7 [Ci(ajia Aji)]n+1,pi;r
3.4)

( bj, Bj)1,ms [€i(bjis Bji)lm+1,q:5r

(-) PyQicir (s) oM.N (s) is defined by Siidland [10]

Where  G(ng 4)= felel s Qp 0, e
.G

Provided :
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a)o' >0,;0>0, ;p <dand|r] <1,Re(p) >0, Re(q) > 0,5 >0

d; b,
b) Relo’ 1£I;I<nm5—+ailgjn<nM6 |>p8—-2

) largz| < 7TQ Where 2 = Zﬂj—l—z%—cz Z Bji + Z a;;)

j=M+1 j=N+1

A B® . (v)
I EEYCH PR [T, 1( ey L= (857 o0

e)If B(E;Ly, -+ ,Ly,)= = OV (3.5)
Ha’=1(cﬂ)m1w’+ Amy|”) H i (d Py 1o (d§. ))Lraﬁ-”)
then the general class of multivariable polynomial Sgl ok [21, -+, 2, reduces to generalized Lauricella function
defined by Srivastava et al [7].
Zl v v
prsprsm | "B Fu R0 0OR0) s [00) 00|
Db - [(c): /s ™) ], [( ) [(B) ™) 5(")]

We have the following result.

/o 2P (p + qu + 52®) 7 MG (rg(2) ) SRR g (@)™ pug ()]

7

prsasti oo | 9 BBy B (@) 0 000 05 0) 00
R P () 0o O () £ 2 () £ 30

’

R(zig(x)°h, -, 2)g(2) " R(e1g(2) - w9 (x) 7" )da

myr Nl/m] Nu/mtu F1L1+“-FUL,U<E 00
STT-ED VD DR S DD SEED SR ST
G, ,Gr=0g1=0 gr=0 K;1=0 K,=0 Ly, ,L,=0 L=0
()G1+--+GT [(ap,)]L 7L K ZlLl---zL“
E)ppesrin, B(E; Ly, o Ly) yKt o ogKuZl 20
50 Gil- 3, Gl (b)) TaL + 1) DItwtesrt, BE Ly, o Do)y N AR

_5r ! _
:L./177G1791 ...x;f)Gr,gr (q+2\/§p)5 Zi:lazngiﬂi ey i K —=370 1nzL —Li-1

* (B - Z;:l UgnGmgi - Zgzl Kin; — 23:1 Lin; - Ll; 01y 70'3)7 A:C
NO JNA+1:V . (3 7)

Ui W
(B =11 i g — Doimy Kini = Y iy Ling — Ll = 1/2;01, -+ ,0,),B: D

Xs
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U =P +1,Q;+1,u;7", B(E; Ly, -+, L) is defined by (3.5)
Provided :
a)yo,>0,i=1,---,r;0;,>0,i=1,---,5;p <qand|r| <1, Re(p) > 0,Re(q) > 0,5 >0

" d(l) S b(l)
Ry ol min, S 2o 1, i) > 82

1
o) |argxry| < §B,i(k)7r , where Bi(k) isgivenin (1.13),k =1--- ,s

f) Ifyo =+ =y, = 0, then the class of polynomials S%{’.’.l',}]v‘i“ (Y1, ,Yu) defined of (1.14) degenere to
the class of polynomials S ]Iy (y) defined by Srivastava [5] and we have.

/0 2P (p+ g+ s2®) PRSP g ()™ z0g(0)™ ) SN [yg(2)"] Mg (rg(x)')

7

R(z1g(z)7, -, 2,9(2) 7 )R(21g(x), - 29 (x) 7" )da

m,. [N/M]F1Li+F,L,<E oo
\/7 Z Z Z Z Z Z”bGnGuha' “NGr,gr)

le "a —091— g’l‘_o K=0 1

»

( >G1+ +Gr
0g,G1!--

[(a ’)] Tk K _L: Ly /MG, g 'MG,.q
T L TeLr? & 5 Tr

( _|_2\/_p)5 Doiea 177G1 9i Z?=1"iKi_Zf=1”;Li_Ll_1

X1 v
NON+1V (6 2 10'77Gz,gz K”—Zizleé—Ll;m,“',Us)yAIC

Ui:W 3.8)

X (B_ZZ:1UQUG¢,91 Kn—z _Lin; —Ll—1/2;01,- ,05),B: D
Un=PFP+1,Q; +1,u;r

Provided :
a)yo,>0,i=1,---,r; 0, >0,i=1,---,5;p <qdand|r| <1, Re(p) > 0,Re(q) > 0,5 >0

. 3 ] pR—
b)Re[z;o 1<njnir?1m 6@ +2;011<I§1g]1wi B(i)] >3 -2
1= 1= 7

1
o) |argzy| < §BZ-(k)7T, where Bfk) is givenin (1.13),k =1--- ,s

4, Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions such as , multivariable H-function , defined
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by Srivastava et al [9] , the Aleph-function of two variables defined by K.sharma [3].
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