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ABSTRACT
An attempt has been made to establish an integral tranformation concerning the M-series, a class of polynomials of several variables and two
multivariable Aleph-functions. The result established in this paper are of general nature and hence encompass several particular cases.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [1], itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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Suppose , as usual , that the parameters

and Oy (sx) = (1.3)
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with k=1---,ri=1,---,R,i® =1,... ,R(k)

are complex numbers , and the O/S, 15} /8, ’)//8 and ¢’ s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers T; are positives for ¢ = 1 to 2, T,(x) are positives for i) =1 to R

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where o is a real number with loop , if
k k . .
necessary ensure that the poles of F(d;- ) _ 5]( )Sk) with § =1 to my are separated from those of

r(l—a;+ Za ) with j =1 to 7 and D(1 — /™ + %) s1) with j =1 to ny to the left of the

contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(y1, -5 yr) = 0(|yd]™ .o fyel™) smaz( |yl . |y ) = 0
N(y1, - ye) =0l -yl P ) s min( - - Jye| ) = 00

where, withk = 1,--- ,r:ay = mz’n[Re(dJ(.k)/dj(.k))],j =1,---,myand

Br, = maz[Re((c{") — 1)/, j =1,y

Serie representation of Aleph-function of several variables is given by
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Where ¢(., -+ ,.),0;(.),i = 1,--- ,r are given respectively in (1.2), (1.3) and
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for j # mi,my =1, -G, g,50imi = 0,1,2,- -+ 5y, 0,0 =1,--- 7 (1.8)

Consider the Aleph-function of s variables
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Suppose , as usual , that the parameters
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are complex numbers , and the a’s, 153 'S, ’y/S and ' s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers 7; are positives forz = 1, |7 , ;) are positives for iF) = 1...p0)

The contour Ly, is in the t5-p lane and run from 0 — 700 to 0 + 100 where ¢ is a real number with loop , if

necessary ,ensure that the poles of F(bg-k) — ﬁj(k)tk) with 7 =1 to M} are separated from those of
S

'l —wu; + Zugk)tk)with j=1t N and I'(1 — alg-k) + algk)tk) with 7 =1 to Nj to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(z1,-ow 0 2) = 0( |21 [2]™) »maa( |z - |2 ) = O

Rz, 2) = 0(]zal |27 ) omin( 2] |z0] ) = o0

where, with k = 1,--+ ,z:a) = min[Re(bg.k)/ﬁj(k))],j =1,---, Myand

B, = maz[Re((@\™ — 1)/a{)],j=1,--- | N,

We will use these following notations in this paper
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The multivariable Aleph-function write :
Z
o "1A:C
N(z1,- -+ ,2s) = Ny e (1.21)
B:D
ZS

The generalized polynomials defined by Srivastava [6], is given in the following manner :

Sﬁl, mu _ (_Nl)lel ( Nu)muKu
SNl,.., [yh"' 7yu]_ Z Z K1| u' (1.22)
K1=0 K,=
The M-serie is defined, see Sharma [3].
- [ ap' ys'
,MO‘ p
Here @ © C, Re(a) > 0. [/(ap/)ls/ = ((1,1)5/ B (ap’)s’; [(bq/)]s/ = (bl)s’ s (bq’)s’-
The serie (1.23) converge if p’ < ¢'and |y| < 1.
In the document , we note :
G(nthw e 777Gr,9r) = ¢(77G1,917 T 777Gr79r)91 (776'1,91) 0y (nGr,gr) (1.24)
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Ay = CNore ENDmk i g K (125)
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2. Formulas
Formula 1
a, b, (m+d)/2, (m+d+1)/2 o0 d
) ’ ) — 1
4F3 C idr(l—x) | = Z umkxk

a+b, m, d = (a+bk
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where ™, is given by the following relation, see Slater [4]

oF1 (@, b;m; 2)oFy (a, by ds ) = > mya® @.1)
Formula 2
1
/ PM(yra", Ly ) Rzl zgat) MY (rat) Sy ralt, - ] da
0
e’e) mi My [NI/Zfm [Ngu] [(a )] TL
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G, ,Gr=0g1=0 g-=0 Ki1=0 K.,=0 L=0 [(bq’)]L F(OéL + 1)
ERRREET it ()t Y Gt Ly G
! v (591G1! (5 Gyl L "
Z ,
O.N ! ('h'Zizl hénGi7gz Zz 1 Kil; — Ll; h17 T ahS)v A:C
Y +1:V (2 2)
Uir:W . .

(h1-5 Wgrg — S, Kili — Lk, hy),B < D

Zs
Where: Upy = Py +1,Q; + 1,157
provided :
a)h, >0,i=1,--- ;r; h; >0,i=1,--- ,s;p <dand|r| <1
b) Relh + T h; min dgi)+ihi min b
.

t1<i<m; 5(1)

=1
0 k).
d)|argz| < iBi 7, where B, is given in (1.13)

Proof of (2.2)

: 7Mu

To establish the finite integral (2.2), express the generalized class of polynomials S]A\;[ll?’_'_: N, in several variables

occuring on the L.H.S in the series form given by (1.22), the M-function in the serie given by (1.23), the Aleph-function
of r variables in serie form given by (1.6) and the Aleph-function of s variables involving there in terms of Mellin-
Barnes contour integral by (1.9). We interchange the order of summation and integration (which is permissible under
the conditions stated). Now evaluating the x-integral, after simplifications and on reinterpreting the Mellin-Barnes
contour integral, we get the desired result.

3. Main Result

We establish a general finite integral transformation

1f 2F1(a, b; m; x)oFy (a, b; d; x) = Z mix”® | then
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1 a, b, (m+d)/2, (m+d+1)/2 ,
/ 4F3 C ;dx(1 —z) N(ylwhl oy ) Rz zeal)
a+b, m, d
My (T )Sm“ ' ]\?ﬁ“ [Tla:lll, o Tt ]da
0 my [N1/D] [Nu/D] oo
- Z Z Z Z Z Z ZAl 77G1,<717 e 777Gr,gr)[(ap/)]L o
(_)G1+-..+G'r (m + d— 1)kzmk TlKl . y?cl 91 y;}cr g

0y, Grl--8, Grl (atb)s
71 T /
kST hing, Kl — Ll:hy, -+ hg), A:C
0,N+1:V ( Zz:l ilGi,gi — Zz 1 3 101y ) )
NUu.W G.1)
' (_k_l_ZZ:l hénGmgz Z K l Ll’ h17 T ahs) 7B : D
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Where: U1 = P +1,Q; + 1, Li§7’/

provided :
a)h,>0,i=1,---,r; h; >0,i=1,---,5 ;p <dand|t| <1

h h h; i I
b) Refp+ 3 hi gmin Gy +D hi min, 5] >0

i=1 5 i=1 == Bj
1 B® B® i given i

d)|a7“gzk| < 5 Pi 7, where 5, is given in (1.13)
Proof of (3.1)
Multiplying both sides of 2.1) by S at [rialt, -, Tl ] R(yaa™, - ypah) MG (1)
N(Zl z" Toee zsxh S) and integrating it w1th respect to  from O to 1. Evaluating the right side thus obtained by

interchanging the order of integration ans summations ( which is justified due to a absolute convergence of the integral
involved in the process ) and then integrating the inner integral with the help of the result (2.2). We get the equation
3.1).

4. Particular cases
a)lIf p, =q¢; =n =0 and P; = (Q; = N = 0 then the Aleph-function of r variables degenere to product of r

Aleph-functions of one variable and the Aleph-function of s variables degenere to product of s Aleph-functions of one
variable, and we the following result.

1f 2F1 (a, b; m; x)2F1 (a, b; d; x) kax , then

U qa b, (med)/2, (mod+1)/2
/ Py (1= @) | M (ral) ST k]

a+b, m, d
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T S
4 My, N, h
NMata zla N zpx't) dt
H P;(a)d;(a) Ty(a) s R (Ya ) P (5),Q(b) st by i ®) ( )
a=1 b:
o0 o0 mq My [Nl/ml 93? o0 (m+d 1)
- k
= Z Z Z Z Al G(7701,917 e ’77Gmgr) (a + b) mg
k=0 G1, ,Gr=0g1=0  g,=0 K;=0 K,=0 [— k
L Git-+G,
(ap)le 7 ()= ' "
P K Ko MG1.9 NGy gr
Tll...Tu ylll. Y 9

[(bg)]r T(aL +1)6,4,Gq!---d,,G,!

z .

0LV .1 (-k-> i1 PinGy g — 2 ey Kili — Llha, -+ s hs) 2 C

N1,1;W R Y [ 4.1
i=1"4NGi,9; — Zz 1 3 101, ) S) : D

Zg
Where G'(11G1 g1, MG g,) = 01(1G1,91) =+ 0+ (NG g, ), 0i(.),i = 1, - -+, 7 is given respectively in (1.2)
b)If t; =t;,0) =+ =1;(s) = land 7; = T;(1) = +++ = T;(-) = 1 then the multivariable Aleph-function

degenere to the multivariable I-function defined by Sharma et al [1]. And we have the following result.

1f oF1(a, b; m; x)oF1(a, b; d; x) kax , then

U fab, (med)/2, (mtd4)/2 , ,

/ 4F3 EER ,4LL(1—Z‘) I(y1$h17"' ;yrth) I('lehla"' ,sths)
0 a+b, m, d

p/Mgf( ) Sml’ ' m“ [Tlxlf, e ,Tu,l‘L“] dz

my [(N1/P0] [Nu /D] oo

= = .- [(ap)]L T
; ZG Z_ 2 Z D Nl (% ey )

gr=0 Ki= K.,=0 L=0

e
65, Gh!-- 30, Gl (a+Db)y 1 1 '

71 r
k> hing, K;l; — Lli;hy,--- yhg), A1:C
IO,N—F]_V X ( Z’L:l ’LTIszgz Z’L 1 Y 1, ) 1 1 (4 2)

U112W
(—k—l—zgzl h;nGi,gz Zz 1 K l Ll, hl, cee ,hs) ,B1 . D1

Zs

Where: Uy; = P, +1,Q; + 1;77
Gl(nGl,gl, .. 'UGT»QT): G(nthl, - nthr)T:Ti(l):m -

Al :AL:Li(l):“ 1 , Bl :BL:Li(l):"':Li(S):l

=L (s) =

Cl :CL:Li(l):...:Li(S>:1 ; Dl :DL:Li(l):"‘:Li(s)zl
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provided :
a)h,>0,i=1,---,r; h; >0,i=1,---,s;p <dand|r| <1
T (’L) s b('b)
/
) Rell 3 i, S+ 3 i, C] > 0
1 ,
largzi| < iBf(k)w
P; Q: Ny P
k k k k k
R AED LD SNTIED WD WD St
j=N+1 Jj=1 Jj=1 j=Nir+1
My q;(k)
380 - 3 B 50, wim k=1 si=1 i =1 )
= Jj=Mp+1
c) Ify;, = Lity = -+ = L) = 1 and r = r(l) = ... = r(s) — 1, then the multivariable Aleph-function

degenere to the multivariable H-function defined by Srivastava et al [8]. And we have the following result.

1f 2F1(a, b; m; x)2F1 (a, b; d; x) kax , then

g, (m4d)/2, (mebd+1)/2 | |
/ 4F3 S Ax(l—z) | R(yrz™, - ypal) H(zpz™, - zeahs)
0 a+b, m, d
p/M;f(Tl’l) S%l’,’,‘f;]’\%" [ﬁwlf, e aTuCUiL”] dz
DV SR S SRS S SPIC bocis !
- Al 77G1,g17 T 7,’7Gr797’) £
k=0G1, ,Gr=0g1=0  g,=0 Ki=0 w=0 L—0 [(bg)] TaL +1)
_\Gid Gy d—1 .
( ) (m + )k mp 7_1K1 . Tlf(u y11G1’91 . y;IGT .gr

5,G1l- 0, Gl (a+0b)

7]

(k- WG g — Yoiy Kili — Llshy, -+ Jhg), A :C

H?Dfﬁéﬁ w| (4.3)
(e g - S Kl — Llihy, - hy) B D
provided :
a)h,>0,i=1,---,r; h; >0,i=1,---,5;p <dand|T| <1
- FON 50
b) Relh + ;h' 1<1r1]f121f7171 5(1) + ;hi 1<njﬂg}\/f ngi)] >0

1
) |argz| < iBﬂ’ k=1---,s
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- & @ N Qi
ST ST SR SRS SRS SRULD SUAEI S
j=1

j=N+1 Jj=1 Jj=1 Jj=N;+1 J=M;+1
d) If r = s = 2, we obtain two Aleph-functions of two variables defined by K. Sharma [2].
1f oF1 (a, b; m; x)oF (a, b; d; x) kax . then

1 a, b, (m+d)/2, (m+d+1)/2 ) )
/ 4F3 ( dz(1— ) | R(yra™, yox"2) R(z12" | 202"2)

a+b, m, d
p My (T )Sml’ m [7'1:13%1, e ,Tu.fliif] dz
SIS IR WS s
= Ay G 77G1,q1>77G2,q2) £
k=0G1,G2=0 g1=0 go=0 Ki=0 w=0 L=0 [(bg)l T(al +1)
_\G1+G2 d—1
( ) (m+ )k mp 7_1K1 ...T’[f{u y?GLgl ,__y:]Gr,gr

5, G110,, Gl (a+ by

v [ B (-k-327_ hlne, g — Zz | Kili — Ll;hy,hy), A:C
N : (4.4)

Ui W
2 | (LS, WG, — S0y Kili — Ll ha, o) B 2 D

Where: U1 = P; + 1, Qz + 1,045 7’ and G(nGhéh s nGz,gz) = ¢(77G1,gl ) nGz,gz)‘gl (77G1,91) 02 (nGz,gz)

provided :
a)h, >0,i=1,--- r; h; >0,i=1,---,s;p <dand|r| <1

2 d('b) 2 b(’b)
/
b) Re[h-l—z;h 1<Ja]r1£f7171 5(1) +Z i) Join B(Z)]>O

T T . . .
o)larg(y)| < A1§ and |arg(ys)| < A2§ where:i = 1,2 =1,2:7" =1, 2 with

p; M, Q(l) P(l)

Z aﬁ) — Z (1) + Zﬁ] — Ly Z /3]1/+Za3—1,1 Z oy >0
j=N+1 j=1 j=Mi+1 J=Ni+1

P, My Py

Yool —u Zﬁm + 25 — L Z djir +Z%—Lw Z Yjirr >0
j=N+1 j=Ms>+1 j=Ns+1

e) If r = s = 1, we obtain two Aleph-functions of one variable defined by Siidland [9]. We have

1f 2F1(a, b; m; x)oF1 (a, b; d; x) kax , then
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1 a, b, (m+d)/2, (m+d+1)/2 /
/ 4F3 ( Az(l—x) | R(yz") R(zz")

a+b, m, d

oo m c>o[Nl/Sm [N /Qﬁ] [e%)
@ My, My l
p/Mq/(TLEl) SNCIUN, [Tz, T dT_ZZZ Z Z ZAl (nG.g)
k=0G=1g=0 K;=0 K,=0 L[=0
/ L d—1
[(ap )]L T (m+ )k? mp 7_11(1 . y?G1 91 y:zC‘r ,9r

N (-k-h'na,g — > 1Kl Li;h), (aj, Aj)1m, [ei(aji, Aji)lastpr
N ]

Pi+1,Q;+1,cq5r < o (4.5)
(‘k‘l‘h777G g Zz 1 Kl — L h),( b;, Bj)l,ma [Ci(bjiv Bj'i)]m-i—l,qi;?"

GQM N s
= g ??:l ) ng ¢, (8) 1s defined by Siidland [10]
g .

Where G(UG,g):

Provided :

a) h> 0,0 >0,;p <qand|7| < 1,Re(p) >0

b)Re[o + k' min d——l—k: min ﬁ]>—1

1<G<m 0 1<G<M B
) largz| < 7TQ Where {2 = Zﬁj + Zaj — ¢ Z Bji + Z aji)
j=M+1 j=N+1
— — — . Mlv"' 7Mu .
f) If 7o = -+ = 7, = 0, then the class of polynomials SNl,_._ N, (7‘1, s ,Tu) defined of (1.14) degenere to

the class of polynomials S% (7’) defined by Srivastava [5]and we have.

1f oF1(a, b; m; x)oF1(a, b; d; x) kax , then

L fa b, (nd)/2, (mebd+1)/2 , ,
/ 4F3 S Ar(l—z) | R(yz, - yea) R(zpa™, - zeah)
0 a+b, m, d
pMy (T ) Sml[ﬁxl] dz
mi my [N1/9,] o (m—i—d— 1)k
- Z Z Z Z Z ZAl (MG1,g1> s NGrrg,) ka
k=0G1, Gr=0g1=0 g, =0 K,=0 L=0 k
[(ap/)]L TL (_)G1+~~-+G Kl ynG1 91, .ynGr,gr
[(bg)]L T(aL + 1) 6g, G1!- - 6g, G S '

ISSN: 2231-5373 http://www.ijmttjournal.org Page 165



K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 165


K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 31 Number 3- March 2016



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 31 Number 3- March 2016

71

0NV (-k->0_  hng,.gs — Kili — Ll he, - -+ ,hg), A:C

U11 w st (46)
S (k1Y hingy.g — Kili — Ll hy, -+ hs) B:D

Zs
Where: Upy = P; +1,Q; + 1, 04577
provided :
a)h;>0,i=1,---,r; h; >0,i=1,--- ,s ;0 < Jand|r| <1

r (Z) s pl®)
/ : J
) Relh+ 3 M pin, S5+ 2 i, S >0
1= 7

1
d)|argzi| < §BZ-(I€)7T , where Bi(k) is given in (1.13)

g) Letting m = d = bin (3.1), we get the following integral.

1 a, m-1/2 , ,
/2F1 sdz(l— ) | R(yaa™ - yea) R(za - zeah) M (ral)
0

a+m
T [Nl/sm ] [N /EIR oo
My, My l l
SN il ]dx_z Z Z Z Z Z ZAl
k= OGl, ",G =0 glf g'r‘_O K1=0 Ky,=0 L=0
[(ap)]l % (2m—1)2a)r g K., NG i
aQ S AL AU E
(G MGea [ 3] TaL ¥1) (amyht 7w Y Y
A T
kST hina, Kili — Ll;hy,--+ ,hg), A : C
( )G1+ +Gy )\20 Ni1:V . ( Zz:l ZnGugz Z—l y 11 )
05,G1!---04.G,! Uni:W ) , 4.7
91 (-k-1-Y " hing,.g: — Z 71Kl Ll;hy,--- ,hs),B : D

Zg

Where: Uy; = P +1,Q; + 1,41
provided :
a)h,>0,i=1,---,r; h; >0,i=1,---,5;p < dand|T| <1

- PO B0
/ J
o) Relh+ 3 i pin, S+ 2 h i, S >0

1
d)|argzi| < §B§k)7r , where quk) is given in (1.13)

5. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions such as , multivariable H-function , defined
by Srivastava et al [8] , the Aleph-function of two variables defined by K.sharma [2].
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