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ABSTRACT
The main object of this document is to obtain integral transformation using certain product of multivariable Aleph-function with a general class of
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1. Introduction and preliminaries.

The Aleph- function , introduced by Siidland [10] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :
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j=1 j=1 j=M+1 j=N+1

For convergence conditions and other details of Aleph-function , see Siidland et al [10].

Serie representation of Aleph-function is given by Chaurasia et al [2].

M ()90, 00 (5)
P;i,Qi,cq, —s
N%:gi,ci;r(z) = Z Z B 9 'r 2 (1.3)
G=1g=0 Gy
b
With s = gy = G??,Pi < Qi |2l < Land Qg ... (s) is givenin (12) (1.4)

The generalized polynomials defined by Srivastava [7], is given in the following manner :
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[N1/M;] [Ns/M;]

N (=Ns)
My, M, § BIVAS e e
SN ] = Z 1Ky ;{s!
Kl— 5—0

A[N17K1;"' ;NsaKS]y{(l'”yfs (15)

Where M7, - -+ , My are arbitrary positive integers and the coefficients A[N7, K1;- -+ ; Ng, K| are arbitrary
constants, real or complex.

In the present paper, we use the following notation

(=N, (=Ns)wm.x,
A1: K1!1 L... K' A[vaKla NS7KS] (1'6)
X1
LetF| . . . | denote the generalized Lauricella function of several complex variables defined by Srivastava et al [7].
Xy
X1 kl . pkr
Wehave: F|. . .| = Z A(ky, -+ Ky )774 1.7)
k- k!
Xr ki, =0

A B’ B™ . (r)
Hj:l(aj)klg/,+..,+k 9(,”) Hj:l(b/')’ﬁ(]b; o 'Hj:l (bjr )k ¢(r>

where ; A(ky,--- k) = (1.8)
5 ) C D) r
PR PRPEN § Pt C/ATSREE | A G P
The M-serie is defined, see Sharma [5].
= ()]s v
ME (y) = P (19)
I 2 [ Tas 1)

Here a € C, Re(r) > 0. [(ap )]s = (a1)s -+ (ap)s 5 [(bg/)]s = (b1)sr - -+ (bgr)s.
The serie (1.9) converge if p’ < ¢’and |y| < 1.

The Aleph-function of several variables generalize the multivariable h-function defined by H.M. Srivastava and R.
Panda [9], itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral
occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and will be
defined and represented as follows.

Z1
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[(dg ))’ 53( ))1,m1]7 [Ti(l) (diz()l)’d](z()l))ml—}—l q(1>] BEE [(dé ))753( ))1-,m7‘}7 [T< >(dﬂ(7)7 sz()'))m +1, q(’)}

1 T
ZW/L /L (st s s0) [[Orlon)2f dsy - - ds, (1.10)
1 r k=1
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with w = v/—1

r k
I 1r<1—aj+zk 1a<- 's1)

P(s1,- ,8r) = (k) (1.11)
Zz [T HJ Cag Plagi — Dk la]z Sk) D1 = bji + ko1 By s0)]
e P(d®) — 50 P — ™ 4+ 4®s
and 0, (sp) = L= T i ow) HiE T 7 sk) (1.12)

R(k) s k k P, k k
DAL <n1k+1 L1 —d%,, +8%,s >Hj;z>k+1r<c§i2k> o n)]

where ) =1 torandk = 1tor
Suppose , as usual , that the parameters
aj,j::[;"' ,p;bj’j:]_’... 5
(k) Jj=1-- 7nk;C§I;2k)7j =ng+ 1, Do

k) . .
dg )7]:17 mk’vd(()k)aj mk)+17"'7Qi(k);

with kzl...’r,izl’...7R,Z‘(k):1,...7R(k)

are complex numbers , and the a's, ﬂ/S, ’y's and 'S are assumed to be positive real numbers for standardization
purpose such that

nk p, i (k) mg
U9 =30 4 37 o+ 3P 3 oS-
j=n-+1 j=1 j=nr+1 7j=1 7=1
q;(k)
—T;(k) Z ;f()k) X (1.13)
Jj=mpr+1

The reals numbers 7; are positives for 2 = 1 to 2, T;(x) are positives for i*) = 110 R®

The contour Ly, is in the Sp-p lane and run from 0 — 400 to 0 + 400 where O is a real number with loop , if
k k . .
necessary ,ensure that the poles of F(dg- ) 5](. )Sk) with 7 =1 to my are separated from those of
T

I'l—aj; + Za§k)8k) with 7 =1 to n and T'(1 — C§~ ) —|—”}/J( )s k) with 7 =1 to ny to the left of the
=1

contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r , where

n Di D;(k)
AP ol 3l n Yl Z —T ) Ve
j=1 j=n+1 j=1 j=ni+1
mpg q,(k)
+3 67 = T Y 5( >0 with k=1 ri=1,-- R i®=1... RO (1
Jj=1 Jj=mpr+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.
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We may establish the the asymptotic expansion in the following convenient form :
N(z1, -, 20) =0( |21 .. 20| ,max( |z1]... |z ) = O
R(z1, o 20) = 0( 2| o 2l ) omin (|21l 2] ) = 00
where, withk = 1,--- ,r:ap = mm[Re(d(’“)/é(k))] j=1---,myand
By, = maz[Re((¢” —1)/7")],j =1,y

We will use these following notations in this paper

U=piq,m;R; V=min - ;me,n, (1.15)
W =i, G0, Ty R, pio s i Tirys R (1.16)
A= {(aj;oé-”, e ,ay))l,n}, {mi(ajs; ;Z), océ?)nﬂ,pi} (1.17)
B ={ri(bj: 85 B 1., } (1.18)

1 (1 1 1 T s T r
= {(C( )7’7] ))1 nl} <1)(Cg'i()l);fyg('i()l)>n1+lapi(1)}, c {( 5 )775 ))1,717»}77—1‘“) (C;'i()T‘);7§i27‘))n'r+17pi(7‘)} (1.19)

D = (@581 i (A2 852 )., ) - {(dgﬂ”);5](A’“))Lmr}77i(r)(d§,’;2m;5;,;)”)%“7%“)} (1.20)

The multivariable Aleph-function write :

o,n:V
N(Zly T ,Zr) = NU,nW S I (1.21)

2. Formulas

The following result of Srivastava-Daoust [8 , eq.(1.2), p.15], see eq.(1.7), and Chaurasia [1, p.194, eq. (2.3)]
respectively also required in our investigations :

7]
L] [(aw)sn's -0y s s s 5 [m); )]
NN | B g e ) s 75 I 7 [ L 11 8 + 131
(1-x)t

) L1 (), (@8) (1 — 94
- ;} (@ + D)n(8+ 1)n [T5—1 (Bj)np, PP (1 = 2)

Z1
PN MO [oww +nyws ' 0 Al [ms o' s [m ) )]
il | [Bo s ¢ C s 57 1) 70)]

Zs

(2.1)
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530320 S SR P
) Bag! (b )i T(d + 1) 0 T

G=1g=0l=0 K;=0

Z1 (—k —LTG,g - L'l —K1L1 — —KtLt;hl,"' ,hT),A :C
NOnFLV ) T (2.2)
Up:W ’ c e .
zr (-1-g-Lrgy—L1—KiLy —--— K{Li;hy, -+ ,hy),B: D

Where: Uy =p; +1,¢;, + 1,7 R
provided :

a)Re(a) >0,h; >0,i=1,--- ,r;p <dand|r| <1

b;
b) Re[l + L min ——I— h min -] >0
1<j<M B 1< <my; 5@

C)|CL7”gZ|< T‘—Q Where {2 = Zﬁj+za]_cz Z sz"" Z agz

d 4 ( E) h 4 (k) g : 3 ] ]
)|C” gzk| < Z 7 T , W ere i 1S glven m ( . E))

Proof of (2.2)
To establish the finite integral (2.2), express the generalized class of polynomials S%l’_’_'_' ’]]\\,/;rt [T1 y{”, Cee Ty ytL ¢]

occuring on the L.H.S in the series form given by (1.5), the M-function in the serie given by (1.9), the Aleph-function in
serie form given by (1.3) and the multivariable Aleph-function involving there in terms of Mellin-Barnes contour
integral by (1.11). We interchange the order of summation and integration (which is permissible under the conditions
stated). Now evaluating the y-integral, after simplifications and on reinterpreting the Mellin-Barnes contour integral, we
get the desired result.

lehl
1 . A : C n
. )T 4+ 1
’ n.
0 . B:D
zpaxhr
%1 (_O-;hla"'ahr)a ('U+a;h17"'7hr)7A:C
0,n+2:V )
Ruaw L L
Zr (—0+a+n;h1,--- 7h7”)7(_/8_0-_n;;h1,"' >h7“)7B : D
(2.3)

Where Uss = p; +2,q; + 2,7 R

provided
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a)Re(o) > 0,Re(B) >0
(2)
dj

b)Re[oc + » h; min ]>0
i=1

1<5<m; 5 i)

1
c)|argz| < iAz(-k)w, where Agk) is given in (1.15)

Proof of (2.3)
() a+n
Use the formula : Pn ’ (1 — 258) = n 2F1(—’I’L, o+ ,8 +n+ 1; o+ 1; fL’), we express the Gauss

hypergeometric function in serie and the multivariable Aleph-function involving there in terms of Mellin-Barnes
contour integral by (1.11). We interchange the order of summation and integration (which is permissible under the
conditions stated). Now evaluating the x-integral, see Panda [3], after simplifications and on reinterpreting the Mellin-
Barnes contour integral, we get the desired result.
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G=1g=01=0 K1=0 K:=0 Bag! [(bg)]i D(al +1) ! k
71 (-0 — Lrgg— L'l — KiLy — - — Ky Lys by, -+ 5 hy),
(=)"T'(B+n+1) ont2v]| -
(a+l)nn! U22: W . C
2o |(co+a+n—Lrgy—L'l—KiLi —+ — KyLi;ha, - hy),

(-oc+ajhy,--+ h.),A:C
.4)
(48— 0 —nishy, -~ h).B: D
Where Uz = p; +2,q; +2,7; R
Provided
a)Re(B) > —1,h; >0,i=1,---,r;p <dand|7| <1
(4)

b. A
b)Relo+L min -+ )Y h; min %] > -1
1<G<SM Bj - 4 1<ssmi )

r

S8
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c)largz| < 7TQ Where {2 = ZBJ—I-ZO&]—Q, Z Bji + Z aji)

j=M+1 j=N+1
1 k
d)|argz| < §A§k)ﬂ' , where AE ) is given in (1.15)
Proof of (2.4)
To establish the finite integral (2.6), express the generalized class of polynomials S]]\\;[ll,’.::.7’]kat [7-1 ale Toees TtxtLt]

occuring on the L.H.S in the series form given by (1.5), the M-function in serie given by (1.9), the Aleph-function in
serie form given by (1.3). Now, use the formula (2.3), after simplifications and on reinterpreting the Mellin-Barnes
contour integral, we get the desired result.

3. Main Result

We establish a general finite integral transformation

1
-1 M,N L
/0 7 (1 B x)ﬁ NPin,Ci;T (Tl

( aj7Aj)1 n7[ci(aji7Aji)]n+1 p-"r) /Lt
’ P MO (T
( bj, Bj)1,m; [€i(bjis Bji)lm+1,q:5 P ( )

Z1
FoiMe M @mof , [(av);g’),--- 17,7 [m’;(f)’]; e [m); )]
NN 1Be)s e C s [ 7 s s U r s o+ L B+ 15
(1-x)t
Zl.’Ehl
S]]\",fll?’,:'_"%t [k e ROy : dx
zpahr

X WA IR [T (0)uns (-)0%g

co M oo
j=1 ' PiQuscir (1G,g) T
S50 Y X rn T Py

n=0 G=1¢g=01=0 K;=0

[(ap)i 7" K,k (ZO)T(B+n+1)

b, T(al +1) 't T n!
q’ )|l
71
oM M@ | gy 0yl [ml s [l pl)]
N/ ;N () . [60 +n’ua;cl, . 7<—(s)“u“u]; [l/;T/]; L. ;[l(s);T(s)]
Zg
Z1 (-O'—LTgyg—L/l—KlLl—"'—KtLt;hl,"' ,hr),
0,n+2:V )
Rifmw o
z (o +a+n—Lrgy—Ll—Ki L —---—KiLi;hy,--- , hy),
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(-c+a;hy,--- ,h),A:C
(3.1)
(-8—0—mn;;hy, - ,h.),B:D
Where Uso =p; +2,q; +2,7; R
Provided

a)Re(B) > —1,h; >0,i=1,---,7;p < dand|7| < 1,|t| < 1

(4)
b; d;
b) Relo + L irjngn B——|—Zh 1<I§1g¢1nl 5(1)]>0
M Qi P;
c)|argz| < 7TQ Where 2 = Zﬁj Za] i Z Bji + Z aj;) >0
j=1 j=M-+1 j=N+1

1
d)|argzi| < iAgk)ﬂ' , where Agk) is given in (1.15)

Proof :

( aijj)l ns [C i(aJ“ AJZ)]TH‘LPUT )

Multiplying both sides of (2.1) by 2%+ (1 — x)? RY (mL
ultiplying both sides of (2.1) by ( ) P“Q“C“ (vaB )1 ma[ ‘(bﬂvBﬂ)]erl,qi;r

GMa,ee M L ” . N
pMy (T Pl N11,~-~ N [Tixy™, - Ty t] N(aj 21, ,z? 2, ) and integrating it with respect to 2 from 0
to 1. Evaluating the right side thus obtained by interchanging the order of integration ans summations ( which is
justified due to a absolute convergence of the integral involved in the process ) and then integrating the inner integral

with the help of the result (2.4). We get the equation (3.1).

4. Particular cases

a)lfc;=1,,1=1,---,r, and r = 1, the Aleph-function of one variable degenere to the H-function of one
variable and we have

1 . (a;,A4;)
/ 7 N1 —z) Hpy' 7ot MG ('™
0 ( ijBj)
Z1
oM M@0 ()i o0y, ki [/ 0%+ 5 [m); pl)]
NG NELL L R (Be); ¢ O s [ 7] 19579 e+ 1515 (8 + 151
(1-x)t
le'hl
S%ﬁ’,:l%t GETREE ,Ttxft]N?]’ﬁ}[y : dzx
zpxhr
00 oo oo [Ni/M;i] Ny /M| v
S T3 3 i) DD S L e
o 1
(@4 1)n(B+ 1) ITi=1 (B)nu, BG.‘]!

n=0 G=1g=0]=0 K;1=0
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(@)l ™" ki ok (O)T(B+n+1)

(6 T(@l + 1) !
71
oM@ [ gy 0yl [ s [m) )]
NI N (B g ¢ ¢ s (U7 19570
Zs
Z1 (-O'—LTGLQ—L/l—KlLl—---—KtLt;hl,--' ,hT),
0,n+2:V .
NU;QW e
2 (co+a+n—Lrgy—Ll—KiLy —— KL by, hy),

(-o+a;h1,--- ,h),A:C
(4.1)
(—B—a—n;;ﬁl.,:--,hr),B:D
Where Uz =p; +2,¢; +2,7; R
Provided
a)Re(B) > —1,h; >0,i=1,---,r;p < dand|r| < 1,]t| <1
, a0

b;
b)Rel[o+L min —-+ Y h; min
1<j<M B, —I<m; 5(%)

|>0

N P
Olargz] < 370 wheeQ =30+ Y a, Zb £y
j=1 i=N+1 j=m+1

1
d)|argz| < iAgk)ﬂ' , where Agk) is given in (1.15)

b)Ify; =40y =+ =13 =1ad R=RW = ... = R(" — 1, then the multivariable Aleph-function
degenere to the multivariable H-function defined by Srivastava et al [9]. And we have the following results.

1
/0 xo_l(l — x)ﬁ N]\{’g“pwr (TJ:L

(ajaAj)l,m[Ci(ajiaAji)]n-l—l,pi;r) ME (72 )
( bj, Bi)1.m; [ci(bji, Bji)lm+1,q:;

71
FrAmieol ()i Al s pls 5 [l )]
NN R (e )i e € s [ 7T 1 7] la + 1L [+ 151
(1-x)t
le'h’l
Syl et mat | v | de
Zpxhr
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[ee) o0 N1 M1 Nt Mt v M N
S TP I T 2 D S TR AL L PH
n=0 G=1g=01=0 K= (o4 1B+ D Tt (B, BGg!

[(ap)e 7" Kk ()T (B+n+1)
(bq n!

71
o [ om0yl [ 'l 5 [m);pl)]
N5 NG : [BU + Nig; Cla e 7C(S)7:U7 :u]ﬂ [llv 7—/]; B [l(8)7 7—(8)]
Zg
Z1 (—O'*LTGﬂ*L/l*KlLl*"'*KtLt;hl,"' ,hr>,
0,n+2:V | Ce
pr2 q+2:W . L
zr (<o +a+n—Lrgy—L1l—KLi —---—K{Li;hy, -+, hy),

(-c+a;hy,--- hy), A" C'

4.2)
(‘ﬁ_a_n;;hlf"7h7‘);BI:DI
Where Uy =p; +2,q; + 2,75, R
Provided
a)Re(B) > —1,h; >0,i=1,--- ,r;p < Jdand|r| < 1,]t| <1
d(i)

b) Re[o + L ér]u<nM—+Zh 1<n;1g71n 5(1)]>0

] M
c)laTgZ‘<§7TQ WhereQ:Z/Bj Za]_cz Z 6]1‘*‘ Z a]z

j=1 J=M+1 J=N+1

1
d) |argz]| < §Ai7r,k: 1--vr

S ) NS () N a0 NS0 NS 0, N5 NS 0
where Ai = ) agt— 3 at= 3 BU+) U= D i 60 = > 87>0

j=1 j=n+1 j=1 j=1 j=ni+1 j=1 j=mi+1

¢)if U = n = 0, the Aleph-function of r variables degenere to product of r Aleph-functions of one variable.

1
[ty (et
0

(aj, Aj)in, [cilagis Aji)lnt1,pir ) M (™)
( bja Bj)l,m» [Ci(bji7Bji)]m+17qi;
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Provided

a)Re(B) > —1,h; >0,i=1,---,r;p <dand|r| <1,]t| <1

r (1)
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with k=1--- 7 ,i® =1,... R®
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d) If » = 2, the Aleph-function of several variables degenere to Aleph-function of two variables defined by K.Sharma

[4].
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Where Uz = p; +2,¢; +2,7; R
e)If 7o =+ =75 =0, then the class of polynomials S%ly’.:"’NNf (71, ,Ts) defined of (1.14) degenere to

the class of polynomial S% (7'1) defined by Srivastava [6].
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Where Uzz =p; +2,¢; +2,7; R

Provided
a)Re(B) > —1,h; >0,i=1,---,7;p < dand|T| < 1,|t| < 1
. 4

b;
byRe[o+L min -~ + Y h; min
1<j<M B —1 1<j<m; 5(74

c)largz| < 7TQ Where {2 = ZBJ—I-ZO@—C@ Z Bji + Z aji)

j=M+1 j=N+1
NG (k)
d)|argz| < §Ai 7, where A, is given in (1.15)

5. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions such as , multivariable H-function , defined
by Srivastava et al [9] , the Aleph-function of two variables defined by K.sharma [4].
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