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Abstract

We consider third order non- homoge-
neous recurrence relation to obtain Tri-
bonacci like sequence called Pseudo Tri-
bonacci Sequence. We obtain some general
properties of this new sequence and extend
it to obtain another generalised sequence
using extended circular function.
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1 Introduction

A well known generalisation of Fibonacci sequence
is the Tribonacci sequence and many have studied
these sequences. Various properties of Tribonacci
sequence are found in [1], [3], [4]. Phadte and Pethe
[7], introduce a new extension of Fibonacci Sequence
called Pseudo Fibonacci Sequence (PFS) using a non
homogeneous recurrence relation. This study of PFS
was further developed in (8], [9],[10],[11].
extend this idea to Tribonacci Sequence. Here we

We now

consider third order non homogeneous recurrence
relation to derive a new sequence called Pseudo Tri-
bonacci Sequence (PTS).

Definition: We define the Pseudo Tribonacci Se-
quence {J,} as the sequence satisfying the following
non- homogeneous recurrence relation.

In =pIn1+ @2 +rJng+ A"3, (11)

n > 3,t # «,B,v where A, t € Z, p,q,r are
arbitrary integers and «, 3,7y are distinct roots of

for

auxiliary equation

3

2 —pa? —qr —r=0. (1.2)

Let the homogeneous relation corresponding to the
equation (1.1) be given by

H,=pH, 1+qH, o+rH,_3 (13)
with the seed values
H():O,Hl ZO,HQ =p. (14)
A solution of (1.1) is given by
Jn = Hy + JP)
where J,(f’ ) is a particular solution.
From the characteristic equation we have
Hy, =cia" +c2f" + 37",
with
a+pf+y=p,
af + By +ya = —q, (1.5)
afy=r
Using initial conditions in (1.4), we get,
ooo=68 _Bla=v) -0
1 A 5 2 A » €3 A .
(1.6)

where A = (v = 8)(y —a)(f — ).
Let the particular solution of equation (1.1) be

J7(1p) = Dt". We get,

A
(3 —pt? —qt —7)°

D= (1.7)

Using equation (1.6) and (1.7), we get

Jp = H, + I

= (7= Ba™ T+ (a = 7)™ + (5 - a)y™+1)
At™

+(t3fpt2—qtfr)'

This is Binet Formula for the Pseudo Tribonacci Se-

quence.

Denote the sequence H,, by H}, and H?2, when the

seed values are

H():]., H1:0, H2:q (18)



and

HOZO, H1:O, HQZT (19)

respectively. Denote the sequence {J,,} by {J}} and
{J2} with the initial conditions as in (1.8) and (1.9)
respectively. Then we have,

Th= S0 = et = (7 — ) 4
. Atm
(61 Oéz)/y +1} + (t3 _th _ qt _ 7")
al
72 = 6= Bam + (@ = )B" + (8= a)y"} +

Atr
(t3 —pt? —qt —r)’

2 Some identities of {J,}

In this section we shall obtain some usual identities
for Pseudo Tribonacci Sequence {.J,,}.

Proposition 1. The Generating function G(z) of
Jn is given by
z(1 —tz) — Ax®

- ided
G(x) (1 —t2)(1 — pr — qi2 —ra3)’ Provee
tz| < 1.
Proof.
Lt G0 =St )
n=0

Then 27 'G(x) = Y Jpa™ = Y Jupia™
n=0 n=-—1
Hence

7 G(x) = Z 12" + Jox L.

n=0

(2.2)
Similarly

oo
v %G (2) = Z Jngox™ 4+ Jox ™2 + izt (2.3)

n=0

and

m_?’G(x) = Z Jngax™ + Jox ™3 + i ™% + Joa L.
n=0

(2.4)
Multiply corresponding equations (2.3), (2.2), (2.1)
by p,q,r respectively and subtracting them from
equation (2.4), we get

G@)e~® —pr? —qa! 1] =
E (Jn+3 - p']n+2 - qJn+1 - TJn)xn
n=0

+(JQ.Z‘_3+J1$_2+j2$_1) —(JQ.T_2+J1$_1) —Jox_l,
which yields,

G(2)[l — pr — q2® —ra’) =

oo

A Z(t”x"+3)+J0+J1x+j2x2—p(J0x+J1x2)—rJ0x2.

n=0

Thus
x— Az3A Y (ta)"
G _ n=0 )
@) 1—px —qz? —ra’
Hence
1—tz) — Az?
G(z) = al %) > , provided |tz| < 1.

(1 —tx)(1 — px — qx? — ra’)

O

The Exponential Generating Function E*(x) of
Jy, is given by
E*(x) = c1e™" 4 2™ + 37 4 ze'® (2.5)

where ¢y, ca, c3 and 2z are constants .

Proposition 2. The sum of first n+1 terms of the
sequence {J,} is given by

n
> k=
k=0
n—1
Jo+(1=p)(Jo+J1)—qJo—(Jnt2+Int1)+pIns1—rIn+A 3 tF
k=0

(1—p—gq—r)

Proof. From the recurrence relation

Int3 = DInt2 + qJns1 + 1y + AL",

we write the following.

For n =0, Js = pJa+ qJy +rJo + At°.
Forn =1, Jy = pJs + qJo +1rJy + Atl.
For n =2, Js = pJs+ qJs + rJs + At

In general,
Forn =k, Jy =pJe_1+ qJu_o + rJu_z + AtF=3.
On summing both sides, we get,

n n—1 n—2 n—3 n—3
STk =p > Jeta X e+ Y I+ AY R
k=3 k=2 k=1 k=1 k=0
Therefore,

Yodi—Jo—Ji—Jo=p > Jp—p(Jo+ 1+ )+
k=0 k=0

q Z Jk - Q(Jo + Jn—l + Jn)

k=0
n n—3
+r S Ty —r(Jpo + Ju1 +Jp) + A R
k=0 k=0
Then,

S Jk(l—p—q—r) = (Jo+J1+J2)—p(Jo+J1+Jn)—
k=0

n—3
q(Jo+Tn 1+ Jp) —r(Jp_o+ Ju1+Jn) +A S tE

k=0
=(Jo+Ji+J2)—pJo—pJ1— (pJn+qJn—1+7Jn_2)—

n—3
qJo — qJn —1Jp_1 — 1y + A Y R
k=0



Z(J0+J1+J2) (Jn+1—At"_2)—qJO+

n—3
—rd, + A tR
k=0

—pJo+pJi—
pInt1 — (PIny1 + qJn +1Jn-1)

=(Jo+J1+J2) —p(Jo + Jl) Jn+1 —qJo+pJut1 —
(Jpao — A" ) —rd, + A E tk.
=Jo+(1=p)(Jo+J1)—
rdy, +An§_j1t’<f.

k=0
Hence,
n

> Ik =
k=0

n—1
Ja+(1=p)(Jo+J1)—qJo— (Jng2+Jns1) +pIng1—rIn+A 3 ¢
k=0

qJo— (Jn+2 +Jnt1) FpIns1—

(1-p—g—r) )

O
Now we state and prove some identities involving

summation of products of terms of J,,.

Let,

v =14p°—¢* 12,

vo=1-p2+¢*—1?

vy =14 p? 4+ ¢® — r2, for any integers p, g and 7.

51 = 2”: Jktk and SQ = i tQk.

k=0 k=0

Proposition 3. For any integer n > 0,
n
i)>° Jidk

pQ(Jg + J12)

n n n n
> Jl§+3 +p? > Jkt2 — ¢ > Jl§+1 —r? > Jl?
k=0 k=0 k=0 k=0

[p Z Jir2dri3 +7q Z JpJky1 + 1A Z Jit"

k=0 k=0 k=0
+AQY  Tpat® + APPH].
k=0
Therefore,
(1+p°—¢*—17) Z I
=(Jg+J2+J3) - (J?Jrl +J2+2+J2 3)
+p?(J§ + JE) = P2 + Tiie) — (56 — Jiri)

+2(p+7q) > JkJer1 — 2p(JoJ1 + J1J2)
k=0
+2p(Jn+1Jn+2+Jn+2Jn+3)+2A<r+qt_1) Z Jk:tk_
k=0

2Aqt 1 (Jo — Jpgrt") + A2 S 12k,

which is written as

nX =2(p+rq)Y +my, (2.6)

(J§ + 7 +J3) = (J2+1+J rotJais)+

(J2+1 + Jn 2) — *(J5 — Jn+1) -
2p(JOJ1+J1J2)+2p(Jn+1Jn+2+Jn+2Jn+3)+2A(T+
qt_l)Sl — 2Aqt‘1(J0 - Jn+1t7l+1) + A2SQ,

Z Jk’ and Y = Z Jka+1

where m; =

k=0
_ Hp+rgllg+rp)yms — gma)] — 4p(g + rp)(1 — gmiX =
5
i)Y g2
k=0

_ 2[(g 4+ rp)vrvz — gmovs + gmive — (q + rp)myvs)

n (5 7
i)y J?
0
2p(1 — q)(vima — myva) + 2(p + rq)(Mm3ve — Mav3)
a )
v —2(p+rq) 0
provided , 6 = | vo 0 —2(q +p)
V3 0 —2q
i.e.
6 = 4(p+7rq)[(g+7p)vs —qua)] —4p(g+rp)(1—q)v1 #
0.

Proof. Using the recurrence relation (1.1), we write
(Jr43 = pIit2)® = (@1 + 10k + AF)?.

Jivs 0 Jky2 = 2pTkr2dkrs = ¢° J5 4

+1r2J2 4+ A%k 4 2(rq i kg1 + r AJitR) + Aq g1 t®
Jis + 0%k — i — 12 TR=

2[ka+2Jk+3 + rqJixJpy1 + TAJktk + Aqu_;,_ltk +
A2t2k].

Taking summation on both the sides from 1 to n, we
get,

9

5 k=0 k=0
Similarly we obtain the equations in terms of X,Y

and Z.

veX =2(q¢+rp)Z + mao, (2.7)

n
where Z = > JiJito,
E=0

=(B+IF+J5) - (Jia+ JE;H + T s) —

PP(Jg +JD) + PP (e + JR) + P — i) +
20A(r +pt=2)S1 — q(JoJ2 — Jps1Jny3) — Ap(Jot =2 +
Jlt_l + Jn+1t”_1 — Jn+2tn)] + S5,
and

v3X =2p(1 — q)Y +qZ + ms, (2.8)
where m3 = (J2 + J? + J3) — (J2+1 + J? a2 T
Jiis) =P (R + e — D) + I — Jo) +
2[1961(J0J1 In1dn+2) + p(Jnt1dnte + Jnyo2dnis —

JoJ1 — J1J2) + Q(Jn+1Jn+3 — J()JQ) + Aqtil(;](] —
Jn1 ")+ Apt =2 (Jo+ Jit — Jp gt tnt2)—
At=3(Jo + Jit + Jot? —
Tngat™ ) — Algt™! +pt —t7%)]91 —

7J7l+2
n+1tn+1 _ Jn+2tn+2 _
A%S,.

Solving the equations (2.6),(2.

X =3 JpJitt
k=0

7) and (2.8), we get,



— Aptrgl(atrp)ms *tmga)l —4p(g+rp)(1—q)m1

7

Y =3 JiJiso
k=0

_ 2[(g+rp)vivs—gmavz+gmiva—(g+rp)mivs]
- o

Z=3J

=0
_2p(1—q)(vima—m1v2)+2(p+7q) (M3v2—mavs)
= 5 .

O

We Illustrate the above result with an example.
Example
Letp=2,g=1,r=1,t=—1and A=1.
Few first few terms of the sequence {.J,,} are
Jo=0,J1 =1, =2,J3 =6,Jy =14,
Js = 37, Jg = 93 etc.
Hence v; = 3, v = —3 and vz = 5.
For, n =2, my = —69, mg = —219, mg = —43,
s1 =3 and sg = 1.
0 = 216, Numerator of X = 1080, Numerator of
Y = 3024, Numerator of Z = 7344.
Verification of Proposition 4.(i)

2
LHS.= Y JuJes1 =5.
k=0

R.H.S.— 4@tra)l(atrp)ms—gms)]—dp(g+rp)(1=g)m
_ 1080 _ & 0
216 .

Result is verified. Verification of Proposition 4.(ii)
2
LHS.= 3 JiJpso = 14.
k=0

R.H.S.— 2latrp)vivs fqm2v346rqm1v2 —(g+rp)mivs]

216
Result is verified. Verification of Proposition 4.(iii)

2
LHS.=Y J2 =34
0

= 3024 — 14

_ 2p(1—q)(vima—miv2)+2(p+rqg)(msva—mavs)
R.H.S.—p gq)(vimz 1261711 302 23

__ 7344 __
216 = 34.

Result is verified.
The following theorem gives an expression for J, in
terms of H,.

Theorem 4. J, = —rJéP)Hn_g - (le(P) —

JSNH, oy + (1= I H, + I,

Proof. Let H,, be homogeneous relation and J,(LP) be
a particular solution of equation (1.1). Then we have

Jp = Hy+ ) = cra™ + o™ + ey + I, (2.9)

with the seed values, Jy =0, J; = 1 and Jo = p.
Using these values and solving we get,

= LA == gD E4) + - 55
=P - )+ - )

S - =) - )+ (- JD)),

C1

Co =

and

R [ N )]

Substituting ¢1, c2 and ¢z in equation(1.3) and with

C3 =

some computations,
we get

Hy = 1 —r B0l oy = §) = (3 ) + 20 ) (6

(1= I am(y = B) = B(y — a) +4™) (8 — a)]
(1= I amH (g = B) = B (y — @) A D) (B~
)]

+(p— I)am(y = B) — B™(y — @) + 4™ (B — a))
= Hy g —p(1 = TN H,_y + (2— JEYH, +
(p— JS")H, 1.

Hence, solution of (1.1) is given by

Jn = —rJSOH, 5 — I — JPYH, 4+ (1 -
JINH, + 15 0

Similarly we can obtain expressions for the n'"

term of the other two sequences as
Ty = (L= JYVHL L+ 0" +q -
I HY + I

and

Y
I H2 4+ I

Jz(P))Hl

n—1

v — JPH2, —

n

3 E-Operator

We define operator E such that

EJ, = Jny1.
Let «, 8,7 be distinct roots of auxillary equation
23 —pa® —qr—r=0.
Therefore,
(2—0)(w—B)(w—7) = (s2—pa+q)(e—7) =0, (3.)
where a4+ f =p and aff = q.
Hence, from (1.1), the recurrence relation

Jnts = pdnto + qJny1 +rdy + AL
reduce to
(E? = pE +q)(E — 7)Jn = At".
Therefore,
(E* — pE + q)u, = At",

if (E—~)Jp = un.
Hence t,49 — ping1 + qu, = At™

Upt2 = PUnt1 + qun + At",n >0

with ug = 0 and u; = 1.
The various properties of u,, can be utilised for .J,.



4 Further
{Jn}

In this section, we state the generalized circular func-

Generalisation of

tion,studied by Mikusinski, which are used to obtain
more generalized form of the sequence {J,}[5]. Let

J*(x) as follows.
Let,

K()(SU) = clN,«,o(a*x)—ﬁ—cQNT,o(ﬁ*x)—ﬁ—c;;NT,o('y
(4.6)
a*=al/" g* = Y7 and t* = ¢1/", r be-

ing the positive integer.

where

Now define the sequence { K, (z)} successively as fol-

0 t’I’L’I‘Jrj
Z " 0,1,...,r—1; r>1, lows:
o (r+J)! Ly K= K (),
. 2r
S WU Kafw) = K7 (@),
M, (t) = Z(*l)ri.,, j=0,1,..,r—1; r >Hence in general
= ) K, (a) = 5§ (@)
(42)  where derivatives are with respect to x.
Observe that Since,
— ot — — < 00 .
Nio(t) = €', Noo(t) = cosht, Na1(t) = SZ?’Lht and Noyj= 3 (t( _:7))” P =011 P>,
M o(t)=e™t, Mao(t)= cost, Ma;(t)= sint. n=0 " 7
One obtains following result by differentiating (4.1) and
Nio(t) = ¢ (4.7)

term by term with respect to t.

N(p)( ) {Nﬁj—p(t)v
7
Nr,r+jfp (t)v

0<p<y
0<j<j<p<r
(4.3)
In particular, note from (4.3) that

N () = Nyo(t),

so that in general,

NSO () = Nyo(t),r > 1. (4.4)

Further note that
N,o(0) = N7 (0) = 1.

Now we further extend Pseudo Tribonacci se-
quence to a new sequence {K,}, using Pethe and
Phadte techniques [6], wherein Elmor M. [2] concept
of exponential generating function is used to gener-
alize Fibonacci function.

Let,

Jy(z) = BT 1 c3e7® 4 Ae®

J*(x) = 1" + cqe
be the exponential generating function of {.J,, } where
c1,¢2 and cg are as in (1.6),. Further, let J(x) of
J(x)} be defined as the n'" derivative

with respect to x of Ji(z), then

the sequence {

JH(x) = c1a™e™ + e P 4 c3e” + At"e™, (4.5)

which is a generalization by Elmore’s Method. Now
we use extended circular functions to generalize

using equation (4.6), we get,
Ki(z) = «aaNla*z) + 2N o(f*z) +
esYNyo(v*x) + AtN, o (t*x)

Ks(z) = c1a®Neo(a*z) + 22N, o(B*z)
e3Y?Nyo(v*z) + At2 N, o (t* ).

In general,

Ky,(z) = «caa"Nyo(a*z) + c28"Npo(B*z) +

e3Y" Ny o(v*z) + At" N, o(t*z).
We have the following result.

Theorem 5. K, (x) satisfies the non-homogeneous
recurrence relation

K,i3(x) = pKpyo(x) + ¢Kpi (z) + 7Ky (z) + At™.

(4.8)

Proof. We prove

R.HS. =c1a"3N,o(a*z) + 23N, o(B*z) +
03’)/7L+3NT,0(7*) + Atn+3NT,o(t*$).

From equation(4.8)

RH.S.=p(cia"N,o(a*z) + "N o(B*2) +
3y " 2N, o(v*) + AtV 2N, o (¢ 7))

+  qleia™ N, g(a*z) + BN o(B*z) +
esY" TN o(v*) + At TN, o (¢ )
+r(c1a™ Ny o(a*z)+c2 " Ny o(S*
At N, o(t*z)) + At".
=c1a"N,.o(a*z)[pa® + qa + 7]
+c28" Ny o(B*2) [pB2+qB+71]+c37" Ny o [py2 +q7+7]
+t"N,.o[pt? + qt +r + A].

Using the fact that, «,B,y are the roots of

)+e3y" Ny o(v*)+

x® — px? — qr —r =0, we get,

R.H.S.=c1a"™3N, o(a*z) + 2" 3N, o(B*x) +
37" 3N o(v*) + At P3N, o (t* ),

which is the required result. O

)HAN, o(t*x)



Remark
Observe that if r = 1, then o* = o, * = 5,7* = v,
and hence N, o(z) = e”. Hence for r =1 , we have
K, (7) = c1e%% + coeP® + c3e7™ + Ae™.
=J(x), which is Elmore’s generalisation of {G,}
[2].
Further with p=1,¢q=1,r=1, A=0 and z = 0,
K, (z) reduces to Tribonacci sequence.
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