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ABSTRACT: In this paper, we used the sub-equation
method for solving the nonlinear complex fractional
Schrodinger equation, the nonlinear complex fractional
Kundu-Eckhaus, and nonlinear complex fractional
generalized-Zakharov ~ equations in  the  sense
oftheJumarie's modified Riemann-Liouvillederivative.
Whit the aid of the mathematical software Maple, some
exact solutions for these equations are successfully.
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1. Introduction

Fractional differential equations are
generalizations of classical differential equations of
integer order, have become a focus of many studies
due to their frequent appearance in various
applications, for example, many important
phenomena in  electromagnetism,  acoustics,
viscoelasticity, electrochemistry [1] and material
science are well described by fractional differential
equations [2].To find the explicit solutions of linear
and nonlinear fractional differential equations, many
powerful methods have been used such as: the
fractional sub-equation method [3-5], the (G'/G)-
expansion method [6- 8], the Exp-function method
[9-12], the tanh-coth method [13-14], the
Adomian’s decomposition method [15], thecosine-
function method [16], the extended multiple Riccati
equations expansion method [17] and the first
integral method [18], and so on.In this paper we
have considered the following complexNFCPDEs:
(1)Thenonlinear complex fractional Schrodinger
equation

% .
“a Tt + (a2 =0 (1)

(2) Thenonlinear complex fractional Kundu-
Eckhausequation

. 0% .
129+ gy — 2ylal?q + 8%q|*q + 2i8(1q1D)xq =
0(2)

(3)Thenonlinear complex fractional generalized-
Zakharov equations

9%%r

o~ TIxx T (|q|2)xx =0

. 9%
{1;3+ dxx — 2alql?q +qr =0
3
atztx

Where q is a function in two independent variables
xpDo<ax<i, the timederivativeis the
Jumarie'smodified Riemann-Liouville
derivative.This paper is arranged as follows: In
Section 2, we present concepts that we need them to
convert the proposed (NFCPDE) into a (ODE). In
Section 3, we give the description for main steps of
the sub-function method. In Section 4, we apply this
method to finding exact solutions for the
equationswhich we stated above

2.Preliminaries

In this section we list the definition and some
important  properties of Jumarie’s modified
Riemann-Liouville derivatives of order o as follows:

Definition 2.1 let f(t) be a continuous real (but not
necessarily differentiable) functionand let h > 0
denote a constant discretization. Then the Jumarie's
modified Riemann-Liouville derivative is defined as
[19- 21]:
D{f(t) =
e ot = W (FW) — £(0))du, a <0
t 4
r(1-a) dt

J3(t— w7 (f(w) — £(0))du, 0 < a < 1(4)
"@)*™, n<a<n+l1

Where
DEF(E) = limpoo h™ 520 (k) [x + (@ — K)h](5)

In addition, some properties for the proposed
modified Riemann-Liouville derivatives as follows:

T(1+1)

[0 9 G
Dt = T(1+r—a)

tr=%(6)
D (f(Dg(1) = g(ODFE(D) + f(©DE(D(7)

Diflg(t)] = fo[g(D]DFg(t) = Dgflg(](g'(1)%(8)
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This is the direct consequence of the following
equation:[22]

DEf(t) = I'(1 + a)DF(t)(9)

which holds for non-differentiable functions

3. Description of the sub-equation
method

In this section we gave a brief description for the
main steps of the sub-function method. For that,
consider a nonlinear partial evolution equation

P(q' At 9x, Qe xtr ) = 0(10)

Where P a polynomial in q and its partial derivatives
.In order to solve it using sub-equation method, we
give the following main steps [23]

Stepl. Using the wave transformation
q(x, 0 = u(§),§=x—ct(11)
Where c is an arbitrary constant to be determined.

From Eqg. (10) and Eqg. (11) we have the following
ODE

R(u,u’,u”,..) = 0(12)

Where Ris a polynomial of u and its derivatives and
the superscripts indicate the ordinary derivatives
with respect to &.

Step2. We suppose that Eqg. (12) has the formal
solution:

u(® = Xil, aie'(13)

Where M is a positive integer, which can be find by
balancing the highest order derivative term with the
highest nonlinear terms in Eq. (12), and a; (i=
0,1,2,...,M) all are constants to be determined later,
and @(§) = o satisfies the Riccati equation.

@©'(®) =0+ @*(&)(14)
Where o is a constant.

Step3. We list the exact solutions of Eq. (14) as
follows, which is known to us.

—V=otanh(vV=0%), 0<0

—V=o coth(V=0%), 6<0
(p(f) = \/Etan(\/—_GE), >0 (15)
—o cot(\/—_GE), o>0
2 o=0

Eo’

Where w is a constant.

4. Applications

In this section, we apply the sub-functionmethod for
solvingthe  nonlinear ~ complexfractional  partial
differential equations which we mentioned in the section

Q).

Example 4.1 Consider
thenonlinearcomplexfractional Schrédinger equation

% .
?2 +iqxx + (|q|2q)x =00<a< 1(16)

In [24], the authors solved Eq. (16) by a proposed

G - - .
(E’) expansion method in the classical caseand

established some exact solutions for them. Now we
will apply the described method above to Egs. (16).
To begin with, we suppose

2At*

qx,t) = u(®e,§ = ik(x + T(1+0)

ta
M) (1)

), n=(Ax+

Where,k,A, and p, are arbitrary constants to be
determined later. Based on this and by help of Egs.
(6-8) we can easily drive

29 = i(uu + 2Aku")e(18)

Qxx = —(A%u + 2Aku’ + k2u'") eM(19)
(19129)x = i(Au® + 3ku?u'") eM(20)

Substituting Egs. (18 — 20)into Eq. (16) we get the
following ODE

(u—2%)u — k2u" + Aud + 3ku?u’ = 0(21)

Balancing u’ with u?u' in Eq. (21) we obtainM = %
To obtain an analytic solution, M should be an
integer; this requires use of the transformation [25]

u(® = (v(9):(22)
Substituting Eq. (22) into Eq. (21) we get

4(n — A2 + kK2(v)? = 2k?vv" + 4Av3 + 6kvZv' =
0(23)
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Balancing v?v'with v3we in Eq.(23) obtain M =

1.Thus Eq. (13) becomes

v(®) =ag +a,0(§)(24)

Substituting Eq. (24) into Eq. (23) along with Eq.
(14) and then setting the coefficients of (i =
0,1,2,...,M) to zero, we have the set of algebraic
equations about k, A, i, a, and a, as follows:

©%4(u — A%)ad + 6kajado + 44ad + k*a?0? =0

et 12kaga?o + 12Aaka, — 4k?aga, 0
+ 8(# - Az)aoal =0

@%:2k%a?0 — 12)aya? — 6kata, — 6kado — 4(u — A?)
=0

@3:40a3 + 12kaga? — 4k?aga, = 0

@3:3k%a? — 6ka3 = 0:

Solving these equations with the aid of Maple we
obtain

-A +Ai +Ai
a=—,a; = Fé,k ==, 1= 22%(25)

From (25) and Eq. (24) along with Eq. (15) we can
find the following exact solutions of Eq. (16) as
follows:

Q1 (xt) = .

+ @i \/ 1+ itan (Ax += (?;) t“) ei(A”%ta)(ZG)
q2(x, 1) =

+ @J—l + icot (Ax + F(Zl}‘:a) t“) ei(AH%tQ)(ﬂ)

Example 4.2Consider thenonlinear complex
fractional Kundu-Eckhaus equation

. 9% .
i+ Qux — 2Ylql2q + 82|q|*q + 2i8(1q|2)xq =0
(28)

In [24]again, the authors solved Eg. (28) by a

proposed (%) expansion method in the classical

case and established some exact solutions for them.
Now we will apply the described method above to
Egs. (28). To begin with, we suppose

2At%

a0 ) = u(e,§ = ik(x — ), 1 = (x +
)

Where k, A, and p, are arbitrary constants to be
determined later. From Eq. (29)and Egs. (6-8) yields

Za—q = i(uu — 2Aku")el"(30)

tlx
Gxx = —(A%u + 22ku’ + k?u") e™(31)

(la1®xq = 2iku?u’ €!"(32)

Substituting Egs. (30 — 32)into Eq. (28) we get the
following ODE

—(u+2AH)u — k20" — 2yu? + 8%u5 — 48ku?u’ =
0(33)

Balancing u” with u® in Eq. (33) we obtain M = %
To obtain an analytic solution, M should be an
integer; this requires use Eq. (22) into Eq. (33)
yields

—4(u+ A2)v2 + k2(v")? — 2k?vv" — 8yv3 + 46%v* —
8k&v?v' = 0(34)

Balancing vv" with v* in Eqg. (34) we obtain M = 1.
Thus Eq. (13) becomes

v(®) = a, +2a1¢(§)(3Y)

Substituting Eg. (35) into Eq. (34) along with Eq.
(14) and then setting the coefficients of ¢'(i =
0,1,2,..,M) to zero, we have the set of algebraic
equations about k, A, u, agand a, as follows:

@°:4(u+ 2%)a2 + 8yad + 8kbala,o — k?a?0? — 46%af = 0
@ 24ya3a, + 4k%aga,0 + 8(u + 1%)aga, — 166%a3a,

+16kSagato =0

©?: 8k8ajo — 248%aka? + 8kala, + 4(u + 12)a?
+2k?a?0 + 24yaga? = 0

@3: 4k%aga, + 8yad + 16kdaya? — 166%a4a3 =0

@*:8kda3 — 46%at + 3k%a? =0

Solving these equations with the aid of Maple we
obtain two sets solutionsas follows:
o (5 +V7)y a = (16 + 5v7)yi
0 882 N 4Vo(5+/7)8?
(16 4+ 5V7) (V7 = Dyi
© 2ya(5+7)’s

_ (29Y*+4y*V7+1288%A%+4082A2V7)
n= 8(16+v7)62

.(36)
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. =(5—\/7)y = (=16 + 5vV7)yi

0 gsz 1 4\/8(—5+\/7_)52'
(=16 4+ 5V (V7 + Dyi
C 2va(=5+v7)s

__ (=29y*+4y*V7-12862A+4082%7)
n= 8(-16++7)82

(37)

Where k and A are arbitrary constants.

From (36), and Eq. (35) along with Eg. (15) we get
the following exact solutions of Eq. (28) as follows:

q1 (X! t) =

1 +itan y(16+5v7)(1- \/_)(
P fran (5+v7)"s

l"(1+a) a)>(38)

qZ(X' t) =
ip\]—l + icot <y(16+5\/_)(1 i r(1+D‘)ta)>(39)

(5+\/_) 5
Where

(29y? + 4y*V7 + 12852)% + 408°A*V7)
8(16 +V7)82 '

/2 5+V7) .
Y( ) X 1(;‘ +1"(1+a)t )

P "¢

Similarly, from (37), we have the following exact
solutions:

q3(X1 t) =

Lt y(16+5v7)(1— \/_)(
T + itan < (_5+\/_) 5

l"(1+a) a)>(40)

q4,(X, t) =
_ \/ ] <y(16+5\/—)(1 V7)(x—
it |—1+icot

l"(1+a) a)
(-5+v7 ) 8 >(41)

Where

(=292 + 4y*V7 — 1288%A% + 406°A%\7)
8(—16 +7)82 '

2y(5—-V7) .
JHEVD anertie)

48

T =

Example 4.3Thenonlinear complex fractional
generalized-Zakharov equations

(42)

%%
eex Iyx + (|q|2)xx =0

{ e T Qe — 2vlal?q +2qr = 0

In [26], the authors solved Sys. (42) by Exp-function
methodin the classical case and established some
exact solutions for them. Now we will apply the
described method above to Sys. (51). To begin with,
weAssume that

q(x,t) = u(x,t)ei",n = Ax +

F(1+ot) ta(43)

Substituting Eq. (43) reduce the Sys. (42) into the
following Sys

L+ 2Hu—2yud +2ur=0

{iﬂ + 2iAuy + Uygy —
at* (
%% 9%r
ave o T U U =0
44)
Suppose that
ux ) =@, r(xt =TE,§=x—- (1+ )ta(45)

Substituting Egs. (45) into Sys. (44) vyields

{s" —(L+A®)S—2yS3+2ST =0

@2 DT+ (s =0 O

Integrating the second equation of Sys. (46) and
neglecting the constant of integration we find
that

T(®) = 87

Substituting Eq. (47) into first equation of Sys. (46)
we get

— (W ADS+ ( - 2y) $3 = 0(48)

1-4A2

Balancing S" (€) withs(€) in Eq. (48) we find that
M = 1. Thus Eq. (13) becomes

S() = ao + a;9(£)(49)

Substituting Eq. (49) into Eq. (48) along with Eq.
(14) and then setting the coefficients of ¢'(i =
0,1,2,...,M) to zero, we have the set of algebraic
equations about A, u,a,, a; as follows:

¢0: 8yadA? + 4pagh? + 2ad — pa, + 4A*a, — A%a,
—2yai =0

¢': 24ya%aA? — pa; + 42\*a; — 8a,0A% —A%a, + 2a,0
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—6yada; + 4pa A? + 6a2a; = 0
@%: 6yaga? — 6aga? — 24yayga?i® = 0
@3:2a, + 8ya31* — 82%a; — 2ya} +2a3 =0

Solving these equations with the aid of Maple we
obtain

J@E A2y @y A2-1)
(4yA*—y+1D)(4yA D:M =20 — 12(50)

a =0,a, = 4yA2—y+1

Substituting Egs. (50) into Eq. (49) along with (15)
we find that

1 22
\/47L2—1\/(—rtan\/3(x—2?\mt“) ei(}‘XJr(za 1) ay

=+ ri+a)
100 = T
G, 0) = _1/6(4A2—1)tan2\/5(2?\ﬁt“—x)
! 4yAZ—y+1
(51)
o = 8 TSI e
' T = JAYAZ—y+1
D) = _1/6(47\2—1)tan2\/5(2?\ﬁt“—x)
’ 4yAZ—y+1
(52)
c+0.

5. Conclusion

In this paper, we successfully use the sub-function
method to solve fractional nonlinear partial
differential equations with Jumarie’s modified
Riemann-Liouville derivative. To our knowledge,
the solutions obtained in this paper have not been
reported in the literature so far.
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