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NEW GENERALIZATION OF FRACTIONAL KINETIC EQUATION

USING ALEPH-FUNCTION OF TWO VARIABLES

F.Ayant

Abstract : Recently, Dutta et al [21] use the Aleph-function on one variable for solving generalized fractional kinetic equation. In
this paper, the solution of a class of fractional Kinetic equation involving Aleph-function of two variables has been discussed.
Special cases involving the I-function of two variables , H-function of two variables and product of two Aleph functions are also
discussed. Results obtained are related to recent investigations of possible astrophysical solutions of the solar neutrino problem.

Keywords :Aleph function of two variables. I-function of two variables. H-function of two variables. Aleph-function of one
variables. Fractional Kinetic equation. Laplace transform. Riemann-Liouville fractional integral.

2010 Mathematics Subject Classification. 33C99, 33C60, 44A20

1. INTRODUCTION

The fractional calculus has many important developments and concepts in mathematics initiates with fractional kinetic
models (kinetic equation). The great use of Mathematical Physics in imposing astrophysical problems have pulled
stargazers and physicists to pay more attention in available mathematical tools that can be used to solve several
problems of astrophysics. The importance of fractional kinetic equation has been increased by virtue of its occurrence in
certain problem related to kinetic motion of particles in science and engineering. The thermal and hydrostatics
equilibrium are pretended as spherically symmetric, non-magnetic, non-rotating, self gravitating model of a star like
sun. The properties of star arecharacterized by its mass, brightness effective surface temperature, radius, central density,
temperature etc. Turn over an arbitrary reaction characterized by N = N (t) which is dependent on time. It is possible to
compute rate of change dN/dt to a balance between the demolition rate d and the production rate p of N, that is

dN/dt = —d + p. In general, through interaction mechanism, demolition and production depend on the quantity N itself :
d=d (N)orp=p (N). This dependence is complicated for the demolition of production at time depends not only on
N( t), but also on the proceding history N (1),1<t, of the variable N.

This may be formally represented by [3].

dN
dt
Where V; denote the function defined by V; () =N (t—1),t>0.

Haubold and Mathai [3] studied a special case of this equation , when instance of changes in quantity N ( t ) are
unvalued , is given by the equation :

= —d(Ny¢) + p(Ny), (1.1)

dN;
dt

= —CiNZ'(t) (1.2)

with the initial condition that /V¢ (t = O) = Ny is the number density of species i at time t = 0; constant ¢; > 0 ,
known as standard kinetic equation. The solution of the Eq. (2) is give :

N;(t) = Noexp(—c;t)
Alternative form of Eq. (2) can be obtained on integration :
N(t) — No = coD; ' N(t) (1.3)

where th_ 1 is the standard integral operator. Haubold and Mathai [3] have given the fractional generalization of the
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standard kinetic Eq, (2) as
N(t) — No = coD; "N (t) (1.4)

Where oD, Y is the well known Riemann-Liouville fractional integral operator ( Oldhman and Spanier [3] ; Samko et
al [4] ; Miller and Ross [19], Srivastava and Saxena [18] ) defined by :

1

t
-v _ . v—1
; _F(U)/O(t w)'  f(u)du, Re(v)>0 (1.5)

The solution of the fractional Kinetic Eq. (1.4) is given by Haubold and Mathai [3] as:
oo (_ 1>7L
N(t) = N ——(ct)"" 1.6
(t) OHE—OF(“”“)( ) (16)

Further, a number of research workers have also studied the generalization of kinetic equation in term of Mittag-Leffler
functions. Recently, Chaurasia and Kumar [20] investigated the solution of the fractional kinetic equation associated
with the generalized M-series.

2. MATHEMATICAL PREREQUISITES

Recently, I -function of two variables has been introduced and studied by Sharma et al.[15], which is a generalization
of the H-function of two variables due to Gupta et al.[4] , has been investigated the certain double integrals involving
H-function of two variables due to Buschman et al. These double integrals are of most general character and can be
suitably specialized to yield a number of known or new integral formulae of much interest to mathematical analysis
which are likely to prove quite useful to solve so me typical boundary value problems. The double Barnes integral
occurring in the paper will be referred to as the Aleph-function of two variables throughout our present study and
will be defined and represented as follows , see K. Sharma [16] :

_ wO,nimi,niima,ng
Rlz,y] = NPz',QmTii?“;P{,QiaT{ZT’;P/’7Q¢”,n”:r” [21, 22]

o NO,n:ml,nlzmg,ng oz A(Tz) . C(Tz/), E(Ti//)
T UPLQu i PLQY TP Qi i\ YD 22 B(1y) - D1y ) F (i)
1 S1 .82
= o) P(s1,52)01(51)02(s2) 27" 25> dsidsz @.1)
. JLs
where
A1) = (aj, aj, Aj) i, [Tj(agi, iy Aji)lng1,p, s B(Ti) = [75(bjis Bjss Bji))h,0. (2,2)

C(tir) = (¢jsvj) 1m0 [T (Chirs Vi ny+1,P, 5 D(Tir) = (dj, 05) 1m0 5 [T (djir s 0jir )]y +1,P,, (2,3)
E(1in) = (€5, Ej)1my, [Tj(€jirs Bjin )ng 41,2005 F(Tir) = (5, Fj)1,ma [T (Fiirs Fjir )lmat 1,9, (24)

In the sequel we will use this notation. The defined integral of the above function, the conditions concerning the
parameters the existence and convergence conditions, see K.Sharma [16]. Throughout the present document, we assume
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that the existence and convergence conditions of the Aleph-function of two variables.

3. GENERALIZED FRACTIONAL KINETIC EQUATION

Lemma 3.1 The Laplace transform of the Aleph-function of two variables as follows

L{ t>\ 1 NO niMmy, Nyt m27n2

v —A
P; Qi1 PlLQL T P Q" i (2175 zat )} U "X

(1-X;v,v), A(1;) : C(130);

21 22 7
B(Tz) . ( ’L/)7F(7—'L/’

NO ,n+1l:mi,n1:meo,ng
Pit1,Qi,mim3 P Q7] Py Qi mi i

T

(3.1)

E(Ti//)
)

uv’ v

Where u, 21,22, \,v € C,Re(u) >0 7, >0 i€[l,r], 7/ >0,7€[l,r'],r,” >0,7€[1,r"]

Proof. For convenience , we denote the left side of (3.1) by L.

1 o0
b= ey | eontoupt [ e oy s (s0)fa(s)dsidsade
0 Ly JL>

(2rw

Changing the order of integration, which is permissible under the stated conditions and applied the formula of Laplace
Transform , we have :

o / / 23t 252 d(s1, 52)01(51)02(s2) u —v(s1+s2) (A + v(s1 + s2))dsidss
7Tw L1 /Lo

After simple adjustement we finally arrived at (3.1).

Lemma 3.2 From the Lemma 3.1 it is clear that :

L_l { Z'_)\ NO :CS’Z;ZL; 2275’27' Py, Q7 i (lev7 ZQxU) b= t)\_l X (3.2)
RO:7imny Mg,y A1 22 A(r) : Oy ); E(Tin)
P’L7Q7.+1 T Ty P 7Q’7T el Pz”7 z” T’L” t'U t'U (A; 'U, 'U), B(TZ) : D(Tz/); F(T’L//)

Where z,21, 22, A, v € C Re(z) > 0,v >0 7; > 0,i€[L, 7], 7] > 0,¢'€[1,7'] , ;" > 0,0 €[1,77]

Theorem33 If v > 0 , ¢ > 0, d > 0 , p > ORe(s)>|d"”™ ¢ # d and 7, >0
i€[l,r], 7/ > 0,i'€[1,r"] , ;7 > 0,i”€[1,77] , then the generalized fractional kinetic equation

N(t) - Not,LL 1 NO :ng’lT:L,ll,_ 2%5/27_ ot P ” Qi”,Ti”IT'” ((dt)wzl, (dt)UZQ) = —CUODt_UN(t) (33)

there holds the formula :

ISSN: 2231-5373 http://www.ijmttjournal.org Page 40



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 32 Number 1- April 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                             http://www.ijmttjournal.org                              Page 40



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 32 Number 1- April 2016

N( N()tu 12 /t kUN%Tigﬁ‘Qfﬁf;:%;Tbi/,Ti/:T’;PJ’,QL‘”,TJ’:T”(
1-p;v,v), A(m) : C1); E(Tirr)
dt)’zy, (dt)" (- v, v), Al LN 3.4
(dt)"21, (dt)"2 (1-kv — psv,v), B(1;) : D(13); F(130) 34
Proof. Applied Laplace transform of both the sides of Eq. (3.3) and using Lemme 3,1, we get :
N(z) / / 231252 (51, $2)01(51)02(s2) g Hmvlsits2) qulsitsz)
271'(&) L, JLs
T(p+ v(sy + s2)) dsidse = —c*a ™" N (x) (3.5)

Solving for N/ (x), its gives :

N(z) (2 / / 251252 B (s1, 82)01 (51)02(52) & H 7V T (1 + v(s1 + 59))
7T(U L1 JLo
dv152)dg dsy X (14 cFar)~1 (3.6)

Now taking inverse Laplace transform both sides of Eq. (3.6) and using Lemme 3,2 , we get the desired result (3.4).

4. PARTICULAR CASES

Ifwepur; = 1,7/ = 1,77 =1(i €[1,r] , i’ €[1,7'],5" €[1,77”]), then arrive at the following result in the

term of I-function of two variables defined by C.K. Sharma and P.L. Mishra [15].
Corollary 4,1 If v>0,c>0,d>0, > O,Re(s) >| d|v/ Yc#d , then the generalized fractional kinetic equation

N() = Not LIS e, ((d) 2, (d0)22) = —<" D N(Y)

Di Qi TP} Q5,707

has the solution of the form :

N( Notu 12 Ct kv IO n+l:mq,n1: mg,nz (

pi+1,qi+1,m:p,q, 7" :p;” ,qi7 7

(1-p;v,v), A(1) : C(1); E(1

v v )
(dt)"21, (dt)" 2 (Lku—u;v,v),B(l)iD(U%F(l))

(4.2)

Ifyouput,7; = 1,7, = 1,77 = 1(i €[1,r] , i’ €[1,7'],7" €[1,7"] andsetr = 7' =717 =1,
then we arrive at the following result in the term of H-function of two variables : see Gupta and al [4].

Corollary 4,2 Ifv>0,c>0,d>0, > O,Re(s) >| d|v/ Yc#d , then the generalized fractional kinetic equation
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N(t) = Noth = HOTmin o ()2, (dt)20) =~ oDy *N () «3)

p,q:p’,q":p”,q”

has the solution of the form :

k 0, 1:m/,n':m”,n’
N(t) = Not'~ 1§ Fet)kv J m”(

p+1,q+1:p',q":p" ,q

v v (1_IJ’;U’U) (CLJ,OC Oé ) 727;( ]77]) ,PN(C .7 Y j) 1,p2
) 2200 1w — 0,0, (B3 B B (3 )1 (@ g | 42

If youputn =p; =¢q; =0,1 6[1, T] , we obtain the product of two Aleph-functions of one variable. For more
details concerning the Aleph-function of one variable , see N. Sudland et al [8] , R.K. Saxena et al [12, 13], B.K.

Dutta et al [21].
Corollary 4,3 If v>0,c>0,d>0, > O,Re(s) >| d|v/ Yc#d , then the generalized fractional kinetic equation
N(t) = Not' = R, (d) ) W e ((d8)22) = "Dy PN (1) (4.5)

has the solution of the form :

1 1p1aq T whipi”,qi” T

(1-p; v,0) : Cl730); B(7n) )
(1-p — kv;v,v) : D(13); F(T300)

N(t) :Not,u—li(_l)k(c kv NOlm n’ m n”’ (

Al (dt)U,ZQ(dt)U (4.6)

5. Conclusion

Aleph-function of two variables is general in nature and includes a number of known and new results as particular
cases. This extended fractional kinetic equation can be used to compute the particle reaction rate and may be utilized in
other branch of mathematics. Results obtained in this paper provide an extension of [3, 10,11].
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