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Abstract. In this paper, the authors established the
Stability for n- type of Cubic functional equation of
the form

3f nx+n2y+n32 + f nx—n2y+n3z + f nx+n2y—n32

+f fnx+n2y+n3z =74n3f(x)74n6f(y)74n9f(z)

+4[f nx+n2y +f n2y+n3z +f n32+nxJ

in Non-Archimedean Normed spaces,using direct
and fixed point methods ,where N is a positive
integer with n>0.
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I. INTRODUCTION AND PRELIMINARIES
A classical question in the theory of functional
equation is the following: when is it true that a
function which approximately satisfies a functional
equation & must be close to an exact solution of &
o

If the problem accepts a solution, we say
that the question & is stable. The first stability
problem concerning group homomorphisms was
raised by Ulam [30],[31] in 1940. We are a group

G and metric group G with metric d(.,.). Given
£>0, does there exist a &>0 such that
f:G>G satisfies d f(xy) f(x)f(y) <&,
for all x,yeG, then a homomorphism

h:G —>Gl;exists with d f(x),h(x) <& for all

xeG?

In the next year D. H. Hyers [13], gave a
positive answer, to the above question for additive
groups under the assumption that the groups are
Banach spaces.

In 1978, Th. M. Rassias [25] proved a
generalization of Hyer’s theorem for additive
mappings in the following way.

Theorem 1.1. Let f be a approximately additive

mapping from a normed vector space E into a

Banach space E ,ie., T satisfies the inequality

[toen-tea-tml=e x| [yl

1)

for all X,y E, where & and I are constants

with £ >0 and 0<r <1. Then there exists a
unique additive mapping T : E — F such that for
all reE

[feo-Teal 2
I 22

2
forall xeE- O .

The result of Th. Rassias[25] has
influenced the development of what is now called
the  Hyers-Ulam-Rassias[13],[30],[25] stability
theory for functional equations. In 1994, a
generalization of Rassias,s theorem was obtained
by Gavruta [11] by replacing the bound

& ||x||p +||y||p by a general control function

#(xy) .

Several stability results have been recently
obtained for various equations, also for mappings
with more general domains and ranges (see [1]-[6],
[19]-[21]).

In 1987, Hensel [10] has introduced a
normed space which does not have the
Archimedean property. It turned out that non-
Archimedean spaces have many nice applications
(see[10], [18], [22]-[28)).

By a non-Archimedean field we mean a
field Kk equipped with a function (valuation)
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valuation ||||K —[0,) such that |r|=0 if

and only if r:0,|rs|=|r||s|and
|r+s|smax |r||s| for all r,seK.Clearly
[=]-1=1and |n[<1 for neN.

Then X, |||| is called a non-Archimedean space.

Definition 1.2. Let X be a vector space over a
scalar field k with non-Archimedean valuation

|| A function |||| X —[0,%0) is said to be a

non-Archimedean norm if satisfies the following
conditions

()| x| = 0 ifand only if x=0.
@|[rx||=|rl]x] (rek,xex).

(iii) The strong triangle inequality (ultrametric);
namely

[y <max [[.[ly] :xyex)
Then x|||| is called a non-Archimedean space.
Due to the fact that,

||xn—xm||Smax ij+1—x-H;xsjsn—1 ;(n>m)

J

Definition 1.3. A sequence X, is Cauchy if and

only if Xn41:%n  converges to zero in a non-

Archimedean normed space. By a complete non-
Archimedean space we mean one in which every
Cauchy sequence is convergent.

Example 1.4. Fix a prime number pP. For any

non-zero rational number X, there exists a unique
a
integer Ny € Z such that x:E pnx, where a

and b are integers not divisible by p. Then
|x|p = p_nx defines a non-Archimedean norm

on Q. The completion of Q with respect to the
metric  d(x,y) :|x—y|p is denoted by Qp
which is called the P -adic number field. Infact,
Qp is the set of all formal series X = Z a, pk
k=n,
where ‘ak ‘ < p—1 are integers. The addition and

multiplication between any two element of Qp are

defined naturally. The norm
® k -ny . .
> a.p =p is a non-Archimedean
k=ny P

norm on Qp and it makes Qp a locally compact

field.
Definition 1.5. Let X be a set. A function
d: X x X —[0,0) is called a generalized metric
on X if d satisfies the following conditions:
(@ d(x,y)=0 if and only if x=y for all
X,ye X.
(b) d(x,y)=d(y,x) forall x,ye X.
() d(x,z)=d(x,y)+d(y,2) for all
X,Y,2e X.

Theorem 1.6 (Banach’s contraction principal) Let
(X,d) be a complete metric space and consider a
mapping T :Xx—x which is strictly contractive
mapping that is
(Al) d(Tx,Ty) <Ld(x,y) for some (Lipscihitz
constant) L <1, then
0] The mapping T has one and only
fixed point x* =T (x*);
(i) The fixed point for each given
element x* is globally contractive
that is

lim TMx=x* for any starting point
(Ay) Jim y starting point x € X

(iii) One has the following estimation
inequalities.

(Ag)d TMxx* < ﬁol(T”x,T”+1

(A)d xx* < ﬁ
Theorem 1.7 [27] (the alternative fixed point)
Suppose that for a complete generalized metric
space (X,d) and a strictly contractive mapping

T:X —Y with Lipschitz constant L then for
each element x e X , either

d(x,x*) Vxe X.

@A T" ) =0 vnz0

there exists a natural number nn such that
(By) th i I ber ng such th
A" T <0 vnzng;
(ii) the sequence (Tnx) is convergent to a fixed
point y* of T ;
(iii) y* is the unique fixed point of T in the set

y= yeXT T xy <o ;

(V) d(y*y) < L d(yTy) VyeY .

In this paper, we prove the generalized Hyers-Ulam
stability of the following functional equation
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3f nx+n2y+n3z +f nx—n2y+n32 +f nx+n2y—n3z

+f —nx+n2y+n32

3 3

=4{f nx+n2y +f n2y+n z +f n"z+nx }—Angf(x)

—an%% (y)-an’t (2)

(4)
in Non-Archimedean normed spaces.
2. STABILITY OF FUNCTIONAL EQUATION
(4):AFIXED POINT METHOD
In this section using the fixed point
alternative approach, we prove the generalized
Hyers-Ulam stability of functional equation (4) in
Non-Archimedean spaces.

Theorem 2.1 Let Q: X* —[0, ) be a function

such that there exists an L <1 with

lim L nkx,nky,nkz

k—o0 |n|3k

()
forall x,y,ze X . Let f:X —Y be a mapping
satisfying

H3f nx+n2y+n3z + f nx—n2y+n32 +f nx+n2y—n3z
+f —nx+n2y+n32

—4[f nx+n2y + f n2y+n32 + f n3z+nx ]+4n3f(x)

+an8 5 (y) +ans (z)H <X, 2)
(6)

for all x,y,ze X . Then there is a unique Cubic
mapping C: X —Y such that

|t x -c x"s%g(x) @)

forall xe X .
Proof: Putting x,y,z by 0,0,x in (6), we
have

H4f n3x —4n9f(x)H§Q(0,0, X)

(8a)
forall X e X .Dividing by 4n®in (8a),we get

f n3x

n9

- f(x) S%(0,0,x)
4n

(8b)
for all Xe X .From (8b) and rearranging ,we
arrive

3

f n“x Q
g f)<— 0,0
n 4l
(8c)
for all X e X . Consider the set,
S=9g:X->Y
9)

and the generalized metric d in S defined by

d(f,g)=inf xeR":|g()~h(x)| = #(0,0,x)
, VxeX
(10)

where inf ¢ = +oo. It is easy to show that (s,d) is

complete (see[18] lemma 2.1.) Now, we consider a
linear mapping J : S — S such that,

Jh(x):igh n3x
4n
(11)
for all xeX. Let g,heS be such that

d(g,h) =¢ then

900 -h(x)]| < & 20,0, %)

(12)
forall xe X and so

1 1
199 () - I | = Hng g(n®x) - 9 Ih(n3x)

1
S——
4|

e4|n|9 LQ 0,0,x .

for all xe X. Thus d(g,h)=¢ implies that
d(Jg, Jh) < Le . This means that
d(Jg, Jh) < Ld(g,h)
(13)
forall g,heS. Itis follows from (8) that
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d(f,Jf)< < 400

1
9
4Jn
(14)
By a theorem (1.7), there exists a mapping
C: X =Y satisfying the following:
(1) C isthe fixed point of J, that is

C n3x :nQC(x)

(15)
for all xe X. The mapping C is unique fixed
point of J in the set

¢p= heS:d(g,h) <mw
(16)
This implies that C is a unique mapping satisfying
(15) such that there exist x e (0,0) satisfying

| f () -C(x)] < ux0,0%)
(17)
forall xe X.
) d@"f,C) >0 as n—>o this implies
the inequality

f nkx

oK
4fn

lim

N—oo - C(X)

(18)
forall xe X.

d f,J ] ]
3) d(f,C)sﬁ with f eg which

implies the inequality
1

d(f,C)<— g
4[n|

9k
—4fn[ L
(19)
This implies that the inequality (7) holds. By (5)
and (6), we obtain

k k 2 k 3
3f n -nx+n -n x+n nx
k 2 k 3 k k 2 k 3
+f n .nx—-n -nx+n -nx +f n .nx+n -n x-n -nx
¢ k 2
K 9 K o3 n -nx+n -ny
+f —n -nx+n -n x+n -nx —4
2 k 3
+f n -ny+n -nz

—4[f nk ~n3z+nk - X :|—4n3f(nk ~x)—4n6f(nk ~x)—4n9f(nk ~X)H

SQ(nk~x,nk~y,nk~z)

1 k 2 k 3 k k 2 k
W‘Q’f n-nx+nn -Xx+n -n X + n-n x-nn
k 2 k 3

+f n-nx+nn -x-n -n x
¢ k 2 k
K 2 K K n-n x+nn

+f —n-n X+nn -x+n -n x —4
2 k 3
+f nn -x+n

—4|:f n3~nkx+n~nkx :|+4n3f(nkx)+4n6f(nkx)+4n9f(nkx)

1 L3k ~|n|3k

< |3k

Q(x,y,2)
In

forall x,y,ze X and ke N. So

3C nx+n2y+n3z +C nx—n2y+n3z

3 3

+C nx+n2y—n z +C —nx+n2y+n z

—4[C nx+n2y +C n2y+n32 +C n32+nxJ
+ 4n30(x) + 4n6C(y) + 4n90(z)

for all x,y,ze X . Thus the mapping C: X —>Y
is Cubic.

Corollary 2.2. Let >0 and P be a real numbers
with P>1. Let f:X —Y be a mapping
satisfying,

f nx+n2y+n3z + f nx—n2y+n3z + f nx+n2y—n

+ f —nx+n2y+n3z

—4[f nx+n2y + f n2y+n3z + f n3z+nxJ

+4n3f(x) +4n6 f(y) +4n9 f(2)

p p p
<0 X" +ly[” +[2]

(21)
forall x,y,ze X . Then

f nkx

ct)= kli_r)noo 4|n|9k

(22)
exists for all xe X and C: X —Y is a unique
Cubic mapping such that
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p 3

alx| -n
||f(x)—C(x)||s”3”3p
ol - |

forall xe X.
Proof: The proof of the Theorem 2.1 by taking

oy ) <o x| +[y]° +]z)°

(24)
forall x,y,ze X.

Theorem 2.3. Let Q: X3 —[0,00) be a function
such that there exists an L <1 with

Q[x X XJ< L b %Y1
ke ke kT 3k v
nnoon 4|n|

(25)
for all x,y,ze X. Let f:X —Y be a mapping
satisfying

f nx+n2y+n3z + f nx—n2y+n32 +f nx+n2y—n32

+f —nx+n2y+n3z
—4{f nx+n2y + f n2y+n31 +f n3z+nx }+4n3f(x)

+4n6 f(y) +4n9 f (Z)H <Q(x,Y,2)

(26)
for all Xx,y,ze X . Then there is a unique Cubic
mapping C: X —Y such that

L
| f(x)-cx =< s 3k %0.0.%)
o/l ™
(27)
xe X.
Proof: Substituting x,y,z by 0,0,x in (26),
we get
H4f n3x —4n?f (x| < (0,0, %)
(273)

x € X .Dividing 4 in (27a),we arrive

f
Hf n3x —n9 El)() <0(0,0,x)

(27b)

x € X .Replacing  x by X in

3 (27b),and

rearranging we arrive

n
9 X
f x —nf|—=
(nsj

<Q£00Xj
— 4 ] 1 n3
(28c)

forall x € X . Defining d(f,g) asin the Theorem
2.1. Consider a linear mapping J:S —S such

that,
Ih(x) =nh [’;j
n
(29)
for all xeX. Let g,heS be such that

d(g,h) =¢, then

||g X —h X ”SGQ 0,0,x

(30)
forall xe X and so

_ _n% | X |-ndn] X
||Jg x —Jh x || n g[nsj n h(ngj
_|n|3ke|%KQ 0,0,x

for all xe X. Thus d(g,h)=¢ implies that
d(Jg, Jh) < Le . This means that
d(Jg, Jh) < Ld(g,h)
(31)
forall g,heS. It follows from (28c) that

1
d(f,I) < —gp <+o
n

(32)
By Theorem 1.7, there exists a mapping
C: X =Y satisfying the following:

(1) C isthe fixed point of J, that is

X 1
C - :—QC(X)

n n
(33)

for all xe X. The mapping C is unique fixed

point of J in the set

¢p= heS:d(g,h) <mw
(34)
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This implies that C is a unique mapping satisfying
(33) such that there exist 2 € (0,0) satisfying

| f () -C(x)] < ux0,0%

(35)
forall xe X.
@) da"f,C)>0 as n-—oo this
implies the inequality
. 9k X
lim n™" f| — |=C(x
k—0 [nSkJ ()
(36)
forall xe X.

d f,Jf _
3) d(f,c:)sﬁ with feg

which implies the inequality

d(f,C)< g
4ln|

3k
—a4ln L
@37)
This implies that the inequality (27) holds. By ( 28
) and ( 30 ), we obtain

X 2 X 3 X X 2 X 3 X
BfIm et et [ e e
n n n n n n

9k
n X 2 X 3 X
+f(n~k+n el 'kj
n n n

forall x,y,ze X and ke N. So

3C nx+n2y+n3z +C nx—n2y+n3z

3

+C nx+n2y—n z +C —nx+n2y+n32

—4[C nx+n2y +C n2y+n32 +C n32+nxJ 0

+ 4nSC(x) + 4n60(y) + 4n9C(z)

for all x,y,ze X . Thus the mapping C: X —Y
is Cubic.

Corollary 2.4. Let >0 and P be a real numbers
with P>1. Let f:X —Y be a mapping

satisfying,

[ote ey af <o [x1” +y 1P+

(38)
forall x,y,ze X . Then

: 9k X
LA EY
39)

exists for all Xe X and C: X —Y is a unique
Cubic mapping such that

9p P9
||f(x)—C(x)||<|n| ofx["n
- 3 9p

4| [of "

(40)
forall xe X.
Proof: The proof of the Theorem 2.3 by taking

oy ) <0 x| +[y]° +]z|°

(41)
forall x,y,ze X.

3. STABILITY OF FUNCTIONAL EQUATION
(4):A DIRECT METHOD
In this section, we prove the generalized
HYERS-ULAM stability of the n-type cubic
functional equation.Through this section assume
that G is an Cubic semi group and X is a
complete Non-Archimedean spaces.

Theorem 3.1 Let y: G3 — [0, +o0) be a function
such that

W nkx,nky

c o

lim
k—o0 |n|
(42)
forall x,y e G. Let for each x € G the limit
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v nKx,0,0

= lim ma 0<n<k
S T

(43)
exists. Suppose that f:G— X be a mapping
satisfying the inequality

3f nx+n2y+n3z +f nx—n2y+n32 +f nx+n2y—n3z

+ f —nx+n2y+n3z

—4[f nx+n2y +f n2y+n31 +f n32+nx}24n3f(x)

+an®f (y) +4n%t (z)H <p(xY,2)

(44)
forall x,y,z e G. Then the limit

=0

Te)= k“—r>noo n3k
(45)

exists for all xeG and T:G— X is a cubic

mapping satisfying

| fx)- T(x)||< W)V xeG
(46)
moreover, if
lim lim max y/(nkx,o,O)' j<n<k+j;r=0
ook | I=hstrdr=

(47)
Then T is a unique mapping satisfying (46).
Proof: Putting x,y,z by X,0,0 in(44), that

H4n3f (xX)-4f nx H <(0,0,%)

(473)
X € G .Dividing 4n®in (47a),we get

Hf(x)—f

Ve
<—(x,0,0
n® 4an® ( )
(47b)
X € G .From (47b),remodifying we arrive

nx
-5 oo

4l
(48)
Replacing X by n“x in (48), we get

k
f n-n"x
T g (n*%,0,0)
n 4l
‘ K £ Kty
f(n*) vk
- < (n"x,0,0)
I N

(49)
xeG.It is follows from (42) and (49) ,that the

f(n"x) .
sequence | — — is a Cauchy sequence.
k=1

| . f(n*x)
Since X is complete. So 3K
n

convergent. Set

T(x) = lim ()
" k> n3R

using induction ,we see that

k
1 nx0,0
< 3max w( ); 0<n<k;=0

3k
[ I

(50)
Indeed, (50) holds for k =1 by (48). Let, (50)
holds for K , so by (49), we obtain,

k+1

f(n ”f(n X) f(n X)
W o) = 7] e a0
n
B TGN SSRGS B RACK 9t
1 LT ||
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k |
< ! 3 max y/(ngkx) ,max l//(néélo'o);ogk <
El i |
|
< . 3 Max w(n Xg’lo’o);ogl <n+1:so for
4| |

all ke N and all xeG, (50) holds. By taking k
to approach infinity in (51) on obtains (43).1f S is
another mapping satisfies (46), then for xe G, we
get

T nlx S nlx

[Teo-s0ol= fim | g5
n n

I | |

T nx f nx Snx

B Y [ R R

< lim max 3 3
|
. . w(n'x,0,0) . .
< lim lim max{ ———o—-; j<I<k+jr=0
i ==

.. Therefore T =S.

Corollary 3.2. Let ¢:[0,0) ->[0,0) be a

function satisfying

Enlt <& | A,
(52)

for all t>0. Let §>0 and

mapping satisfying the inequality

[ore ey o <6 & x| +£ y] +£ 2]

(53)

for all x,y,z e G. Then there exists a unique cubic

mapping T : G — X such that

£ <[’

f:G—>X is

[ f00-Teols gz x| 5 xeG.
[4ln
(54)
Proof: Defining v G3 — [0, ) by

wixy,2)=6 £ x| £ ly] +¢ 2]

.Since |§||2,| <1.We have
n

k
1 nkx,nky,nkz §|n|
k”—r>noo 3k Sk"—r>noo Il

i i

w(xy,z)=0

(55)

for all xvy,zeZ. Also for all xeG.

W nkx,0,0

3K : 0<k<n

i

=p(x,0,0)=5¢ ||x||

exists for all X € G . On the other hand

W nkx,0,0

1 . . ]
——— lim lim max — a3
i

|4||n|3 J>ok—>0 j<l<k+jr=0

(54)
x € G .Applying Theorem 3.1,that

| f00-TO0|=—55 & x| +0+0 &

2l

Jroa-tonf =)
|
(55)
Theorem 3.3 Let i :G® —[0,) be a function

such that
. 3k X y z
kll—r)noo|n| V/[k,k,kao
(56)
forall X,y €G. Letforeach X € G the limit
. 3k+l X )
V/(X)=kll_r>noomax{|n| y/(nkﬂ,o,oj,OSk <n}

(57)

exists. Suppose that f:G — X be a mapping
satisfying the inequality

(58)

forall x,y,z e G. Then the limit

. 3k X
T(x)= lim n°" f| ——
(x) k—o [nkj

(59)
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4 [n

exists for all xeG and T:G— X is a cubic
mapping satisfying
||f(x)—T(x)||s| ”1|3 5 x| : xeo

(60)
forall X e G. Moreover, if

dim  lim max |n|3IJrl LOO' j<l<n+j;=
j0k—0 4 n|+1" o I=iEnl =

(61)
Then T is a unique mapping satisfying (60).
Proof: Replacing x,y,z by x0,0 ,we get

H4f nx —4n3f(x)H£ w(x,0,0)

(61a)

for all x e G .Dividing by 4 in and setting x by X
n

X
<712 00
4\ n

XJ in (62), we
nk ,

in (61a),we obtain
X
f x - n3f (j
n

for all xeG. Replacing X by [

(62)

get
3k
ngkf(xj n3k+1f( X j |
nk nk+1

"y [ x
< |4| nk-l-l !
(63)

for all xeG.lIt is follows from (56) and (63) that

Q0
3k X .
the sequence <n” f "3 is a Cauchy
n k=1

sequence.  Since X is complete. So

Q0
3k X :
n~ f "3 is convergent.It follows from
n k=1

(63) that,
x

()
n n r= p 3r ( j
nl’

- 3r+1f X 3rf X
< maxs ([n -n —
nr+1 nf
1 3r+l X
gmmax |n| W k+1’0’0 ip<r<n
n

for all xeG ,for all non-negative integer N, P
with N> p>0. Letting p=0 and passing the

3 r+1

5

o

;psr<n}

limit in the last inequality, we obtain (60).1f S is

another mapping satisfies (60), then for X e G, we
get

700509 = i

< lim n3kT(XkJJ_rn3kT£T(j—n3kS(xkj
—0 n n n
3k X X
N T |- f|
{ (nkj (nkﬂu
< lim max
N—0

1 3k [ X . .
<— lim lim max{n~ T’O’O ; J<k<n+jp=0
|4| j—ok—00 n

. Therefore T =S.
Corollary 3.4. Let £ :[0,%) —[0,) be a function

satisfying

sl < T A, £l <o
(65)
for all t>0. Let 6>0 and f:G—>X s

mapping satisfying the inequality
[ofc ey <o & ] 2 Iy] +£ |12

(66)
for all x,y,zeG. Then there exists a cubic
mapping T : G — X such that

||f(x)—T(x)||s 35§ ||x|| VX eG.
4fIn
(67
Proof: Defining w:G®* —>[0,0) by

vy =5 ¢ x| <<yl +< [z]

.Since 5[ X ||x||3] <1, we have
n

tim &[]

lim |n|3k o X <
kool T YLK KK ) T ke

(68)
forall X,y,Z<G. Also forall X e G ,then
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p(xy,2) =0
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. 1 3k [ X .
y/(x):kll_n;w|4”n|3max n yx[HE,O,Oj, 0<k<n

=p(x,0,0) = |x|
for all X € G. On the other hand
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