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l. INTRODUCTION

The concept of graph labeling was introduced by Rosa
in 1967 [6]. A graph labeling is an assignment of
integers to the vertices or edges or both subject to
certain condition(s). If the domain of the mapping is the
set of vertices (or edges), then the labeling is called a
vertex labeling (or an edge labeling). In the intervening
years various labeling of graphs have been investigated
in over 2000 papers [4]. The concept of cordial labeling
was introduced by I. Cahit[2]. The concept of duplicate
graph was introduced by E. Sampathkumar and he
proved many results on it [7]. The concept of signed
product cordial labeling was introduced by J.
BaskarBabujee and he proved that many graphs admit
signed product cordial labeling. K. Thirusangu, P.P.
Ulaganathan and B. Selvam, have proved that the
duplicate graph of a path graph B, is Cordial [8].K.
Thirusangu, P.P. Ulaganathan and P. Vijayakumar have
proved that the duplicate graph of Ladder graph
L,,m=>=2, is cordial , total cordial and prime
cordial[9].

1. PRELIMINARIES

In this section, we give the basic notions relevant to this
paper.

Definition 2.1: A graph labeling is an assignment of
integers to the vertices or edges or both subject to
certain condition(s). If the domain of the mapping is the
set of vertices (or edges), then the labeling is called a
vertex labeling (or an edge labeling).

Definition2.3: Let G(V,E) be a simple graph. A
duplicate graph of G is DG = (Vy, E;) where the
vertex set V, =V UulV'andVnV' = @andf : V - V'is
bijective(for v € V, we write f(v) = v’ ) and the edge
set E; of DG is defined as : The edge uv is in E if and
only if both uv' and u'v are edges in E;.

Definition2.4:A vertex labeling of graph G f:V(G) »
{—1, 1} with induced edge labeling f*: E(G) — {—1, 1}
defined by f*(uv) = f(w)f(v) is called a signed
product cordial labeling if |vf(—1) — vf(1)| <1 and
les(—=1) —e;(1)| < 1, where vp(—1) is the number of
vertices labeled with -1, v(1) is the number of vertices
labeled with 1, ef(—1) is the number of edges labeled
with —1 and e;(1)is the number of edges labeled with 1.
[1].

Definition 2.5: The ladder graph L,, is a planar
undirected graph with 2m vertices and 3m — 2 edges. It
is obtained as the cartesian product of two path graphs,
one of which has only one edge: L,,; = P, X P;, where
m is the number of rungs in the ladder.

Definition 2.6: The triangular ladder graph TL,,is
obtained from the ladder graph by joining
viand viy3,1 <i<m+ 2.

Definition 2.7: The Star graph S, is a complete

bipartite graph Ky m, where m represents the number of
vertices and Sy, has (m — 1) edges.

Definition 2.8: Double star DS, , is a tree Kj
obtained from the star K, ,, by adding a new pendent
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edge of the existing m pendant vertices. It has 2m + 1
vertices and 2m edges.[11].

Definition 2.9: BistarB,, ,, is a graph obtained from K,
by joining m pendant edges to each end of K,. The edge
K, is called the central edge of B, ,, and the vertices of
K, are called the central vertices of By, ,,,. [5].
Definition2.10: The extended duplicate graph of bistar
denoted by EDG (B, ), is obtained from the duplicate
graph of bistar by joining v, and v;.

Definition2.11: The extended duplicate graph of double
star denoted by EDG(DS,,,,), is obtained from the
duplicate graph of double star by joining v, and v;.

1. MAIN RESULTS

Algorithm 3.1: Construction of duplicate graph of
triangular ladder DG(TL,,).
V « {v,v3,V3, . Vo, U1, V5, oo UV}
E « {e, e, €3, ...,84m_3,€1,€3,€%, e €hm_3}
for1<k<m-1
Vok-1Van < €ak-3) Vak-1Vak+1 < €ak—2
Vok-1Vak+2 < Cak—1) V2kVak+2 < Caks
Vok-1Vak < €ak—3 Vak—1V2k+1 < Cak—2
Vok-1V2k+2 < €ak—1) VakVak+2 < Cak-
fork=m

! ! !
Vak-1V2k < €ak-31 Vop—1V2k < €4p—3-
Illustration

Triangular ladder (T'L3)
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Fig. 1Example of Triangular ladder (TL3) and its
duplicate graph EDG(TL3)

1lv,e
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Remark: The Duplicate graph of Triangular ladder
DG(TL,,) has 2m vertices and 8m — 6 edges.

Algorithm3.2: Assignment of labels to vertices
V « {v,V3,V3, . Vo, U1, V5, oo Vg }
E < {e, 65,63 ...,€4m_3,€1,€5,€5, .. €4m_3}
forl1<k<m

Vop-1 < 1, v <« =1,
for1<k<m-1

Va1 < —1, g < 1
fork=m

Va-1 < 1, vz & =1
Theorem 3.1: The duplicate graph of triangular
ladderDG(TL,,), m = 2, admits signed product cordial
labeling.

Proof:LetV = {vy, vy, ... Vo, V1, V5, . Vi) and
E ={ej, €5 ..,€4m—3,€1,€3, - €4m_3} bE the set of
vertices and edges of the duplicate graph of triangular
ladder.

Using the algorithm 3.2 , each of the 2m vertices
receive label 1 and — 1. Using the induced function f*
defined by

frw) =fwf)

The 4m - 3 edges namely e;, es3.es,es,69, ...
€4m—9:€am—-7:Cam—6:Cam—4:€1 e3,€s,67, oo
€im—7+€am—s Teceive label 1 and the 4m — 3 edges
namely e, €4,66,€g:.) €4m—5+€4m—-5,€am—3:€3: €4,€6,€8,
vy Cam—6Cam—a:€am—z TeCeive label — 1 respectively.
Thus the number of edges labeled with 1 and — 1 differ
at most by one. Hence the duplicate graph of triangular
ladder DG(TL,,), m = 2, admits signed product cordial
labeling.

Fig 2. Example of signed product cordial labeling in
DG(TL3)
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Algorithm 3.3: (Construction of extended duplicate
graph of BistarDG(B ) )-

V e« {v1, 05,03, . Vami2, V1, V2, - Vamaa}
E < {61'62163' ""eZm+2!e{'eé!eé' eém+1}
fix v1v] < exmyz
for2<k<m+?2

Vi V) < €1, V1Vk < €q
form+2<k<2m+1

! ! !
Vm+2Vi+1 < €k Vm+2Vi+1 < €k

Illustration:
Bistar (B53)
Vo e L
173 @ Lo oy .y
1'46""" g

Extended duplicate graph of Bistar EDG(B; )
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v, €]
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4 €4 4
' e
- \ '
Vs aa——— __— %y
T~ -~ g
Ve ®€g S G5V
vy el ) e ~ez_ Tegev
.
Vg ® Vg
Fig.3 Example of bistar (B;3) and EDG(B;3)
Remark: TheExtended duplicate graph  of

BistarEDG (B, ) has 4m + 4 vertices and 4m+3 edges.

Algorithm 3.4: Assignment of labels to vertices
V — {v1,05,V3, . Vaims2) V1, V3, o Vi)
E « {ej,ep,€3, -, €m42,€1,€3,€3, - €1}
fori1<k<m+1

Va-1 < 1, Vg < =15

Va1 < —1, vy < 1

Theorem 3.2: The extended duplicate graph of the
bistarEDG(Bm,m), m = 2, admits signed product cordial
labeling.

Proof:

Let V ={vy,Vy, . Vompgo, V1, V3, oo Vhmeat and
E ={ej, €3 ..,€mi2,€1,€3, - €3m+1} be the set of
vertices and edges of the EDG (B, )
Case (i): When mis odd

Using the algorithm 3.4 each of the 2m + 2
vertices receive label 1 and — 1. Using the induced
function defined in theorem3.1, the 2m + 2 edges
namely ey, es.es, ..., €3m-1:€2m+1:€1s €5.€7, ...
€3m-1-€2m+1 Teceive label 1 and the 2m + 1 edges
namely e, €4, €g, ...y €am_2, Com+€am+2:€2, €4y €és -+
€3m—2, €2 receive label -1 . Thus the number of edges
labeled with 1 and — 1 differ at most by one.
Case (ii): When m is even
Using the algorithm 3.4 each of the 2m + 2 vertices
receive label 1 and —1.Using the induced function
defined in theorem3.1, the 2m + 2 edges namelye,,

!
€3,€5, ceey em+1,em+2,em+4,em+6, ceey evae{v eZ;ﬂeS’ AR
€rm+1:€m+2:Cmta:Cm+6s -+ €3m reCeive label 1 and the

2m + 1 edges namely e,, €4.€6, --- » €m'Cm+3:€mass -+
€2m_1,€2m+1,€2m+2,€é, eﬁ,}leéo (] e,’n,e,’n+3,e,’n+5, (]
€3m-1.€2m+1 Feceive label —1.Thus the number of edges

labeled with 1 and — 1 differ at most by one.

Hence the extended duplicate graph of the
bistarEDG (By,m ), m = 2, admits signed product cordial
labeling.

Ilustration:

Signed product cordial labeling in Extended
duplicate graph of Bistar EDG (333)

Fig 4 Example of signed product cordial labeling in
EDG(Bs3)

Algorithm 3.5: (Construction of extended duplicate
graph of double star (DS,,.) )
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1o ! m m
V e {0y, 02,03, ... Va1, V1, V) Vomaa} for —+1<k<—
E « {e,e; €3 ...,00m11,€1,€5,€5, o €om} 4 2

; Vg3 &< —1, Vgpp & =1, Vgp_q < 1, Vg &
fix viv] < eamea 4k -3 4k—2 4k—1 4k

fori<k<m L , , , /
«— «— «— — «—
V1Vky1 < €k, ViVkyq < € 1 Va3 < 1o Wiz < 1 Vi L vae
for2<k<m+1 '() B (mod 4)
/ ' / Case(ii):whenm = 1(mod 4
VkUk+a < €431 V1Vk4a < Epy3. m—1
for1<k<
. «— «— «— — «—
Ilustration: Vak-3 < L Vs <1, Vaeor = =1, Ve
U3 < —1 Ugp < =1, Uggeq < 1, vy <
1:
fork m+1
ork =
2

Vg3 < 1, Vgep < 1, g1 < —1;
V-3 « —1, Vg « =1, Ugpeq < 1t
Case(iii):whenm = 2(mod 4)

V1 fix vmpr < =1, vpyq < 1
Vo m+2
for1<k<
V3 Vs—z < 1, Vagp < 1; Vg & =1, vppep <
—-1:
Uy m-—2
for1<k<
Vg Vg1 © —1, Vg & —1; Vgpemq < 1,04, < 1:
m+ 2 m-—2
Vg for <k< —
Ve « 1, Usgpqr < 1, Usggao « =1, Vppyz <
V7 _1’
Vg © =1, Va1 © =1, Vagar < 1, Vageys <
Vg 1:
m
Vg fork=—

2
Vag < 1, Vggery < 1, vgg « =1, Ugeyq < — 1

EDG (DS‘M) Case(iv):whenm = 3(mod 4)
Fig5 Example of double star (DS, ,) and EDG(DS, 4) -
for1<k<
Algorithm 3.6: (Assignment of labels to vertices) Ve 1, Vapoy & 1, Vspy © —1, Vg
V « {v,05,V3, - Vaims1, V1, V3, o Vaman} —1:
Casetpmnonm otmaa sy ™
fixvm+1(_1!U1’n+1(__1 m-—1
forlSks% fork =—

Vg1 < 1 Vagaz < 1, Vg < =15

Vg-3 < LUsp—2 & LVspq & =1, Vg < =15 . , . .
Vgre1 < — 1, Uy & =1, Uggeyz < 1.

Vgpoz © —1, Vggmp « =1, Vggeoq < 1, vgy <
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Theorem 3.3:The extended duplicate graph of double
star EDG(DSpm), m =2, admits signed product
cordial labeling.

Proof:

Let V ={vy,V;, . Voms1, V1, Vg, oo Vimeet  and
E ={ej, €3 ..., €ms1,€1,€5, ... €3} be the set of
vertices and the set of edges of EDG (DS, ).

Case(i):when m = 0(mod 4)

Using the algorithm 3.6, each of the 2m + 1 vertices
receive label -1 and 1. Using the induced function f~ as
in theorem 3.1, the 2m edges namely e,, es,eq.€7, ...,
€m-66m-5:€m-2,6m-1,bm+1:6m+3> --- 6’2m_3162m_1,6’£,
€3,€6:€7, - €m_6:Cm-5€m-2€m-1.6m+1,.€m+3> -+
€3m-3.€2m—1 Feceive label 1 and the 2m + 1 edges
namely, e;,e4.€s, ..., €m—3,€m—1:€m:€m+2:€mtas ---»
€omi€am+1/€1r €4:€5, s €m_3.€m_1,€m.Emi2:Cmids ---»
e;m receive label —1 respectively. Thus the number of
edges labeled with —1 and 1 differ by one.

Case(ii): when m = 1(mod 4)

Using the algorithm 3.6, each of the 2m + 1 vertices
receive label —1 and 1. Using the induced function f* as
in theorem 3.1, the 2m edges namelye,, es.eq.€7,...,
vevs €2m_2,€2m:€7, €3,66,67, ...,
Crm—3:1€m—2:Cim+1:€m+3s> -+ €am—2, €3m Feceive label 1
and the 2m + 1 edges namely e, e,.es.eg.eq, ...,

€m-3:6m-2:6m+1.€m+3>

€m-1:m,€m+2:€m+4- cee €2m-3€2m—1:€2m+1,€1»
e"he!ﬁ)!eé’eév T erln—lle;n’erln+2!erln+4’ T eém_3,eém_1
receive label —1.Thus the number of edges labeled with

-1 and 1 differ by one.
Case(iii): when m = 2(mod 4)

Using the algorithm 3.6, each of the 2m + 1 vertices
receive label —1 and 1. Using the induced function
f*defined as in theorem 3.1, the 2m edges namelye,,
€3,€6,87, ..., ey €2m)€3,
€3,€61€75 + s Crn_2,€m—3,Cm:Comt2,Crmias ---» Com TECEIVE
label 1 and the 2m + 1 edges namely e,, e,,ex,eg,éo, ...,
) 32m_1,62m+1,e{, e:}’eé!eé’eé’
vevs o2\ 1,€m41,€ome3s ---es Cam—q TECEIVE label —1.
Thus the number of edges labeled with —1 and 1 differ
by one.

€m-4m-3:m,€m+2:€m+4-

€m-2:6m-1bm+1,€m+3> -

Case(iv):whenm = 3(mod 4)

Using the algorithm 3.6, each of the 2m + 1 vertices
receive label -1 and 1. Using the induced function f~ as
in theorem 3.1, the 2m edges namely, e,, e5,6¢.67, ...,

! ! ! !
€m-16m €m+2:ém+4> ---» €2m-3,€2m-1,€2, €3,€4,€7, ...,

Crn—11€m1Cm+2:Cmtas - Cam-3.€3m—1 Feceive label 1
and the 2m + 1 edges namely ey,
o> €2m-2/€2m,€2m+1,€1) €4,€5,
vy € 3C_2,Crmi11€m43s -+ Cam—2.C2m TECEIVE label
— 1. Thus the number of edges labeled with -1 and 1
differ by one.

€4,€5, ...,
em-3:6m-2:6m+1:€m+3> -

Hence, the extended duplicate graph of double star
EDG(DSpmm), m =2, admits signed product cordial
labeling.

Ilustration:

Signed product Cordial labeling in EDG(:DSH)

Fig 6 Example of signed product cordial labeling in
EDG(DS,4)
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V. Conclusion:

We proved that the duplicate graph of triangular
ladder, the extended duplicate graph of bistar and
the extended duplicate gtraph of the double star
admit signed product cordial labeling.
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