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ABSTRACT
The aim of the present document is to establish some finite integrals and Fourier serie expansion for the products of class of polynomials, Aleph-
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1. Introduction and preliminaries.

The Aleph- function , introduced by Siidland [10] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :
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For convergence conditions and other details of Aleph-function , see Siidland et al [10].
Serie representation of Aleph-function is given by Chaurasia et al [1].
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With 5 = 116, = —p = P < Qi |2] < Land Qp g, ...(8) is given in (1.2) (1.4)

The Aleph-function of several variables generalize the multivariable h-function defined by H.M. Srivastava and R.
Panda [9], itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral
occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and will be
defined and represented as follows.
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Z1
0,n:my,nq, My, Ny
We have : N(21,-++ ,2,.) =R o
( 1s ’ T) PisqisTi Rip,(1),0,1) T, (1) s R 550, () 58, () 3T () s R
ZT
e () (a ol ]
(a5 0Dl ] ol (, % n+1,p;]
........................... [ b]27 T My m—f—l,qi] :

My M (ORI E)) r r r r
[(Cj )77j )Lnl]a [Tz(l)(032(1)7731(1))n1+1 p(l)] )3 [(Cg ))’%( )>17nr]7[ Ti(r >(C§Z<)r>,’73(z()r> ot 1 p r)]

1 1 1 1 r r T
(5), 85 1 b (0 5300 ) 1, qu 5 @), ) i (@800

1 4 .
:W/ / Y(s1,- 5 Sr) HGk(sk)zk’“dsl---dsr (1.5)
L Ly k=1
with w = v/ —1

[, T - c +Z}; 1aﬁk>sk>
w(sla"'wsr): R

- (1.6)
Zi:l[nnﬁ;“ﬂ [(aji = Yk 10‘32 Sk) L P =bj + 37, B (k)Sk)]

[T 0 = 637 si) T4, T = Y + 9 se)

R(k) k k k
Stz [raoo T, T — d< o 0000 s TI 1 Tk =4 5]

and O (sg) = (1.7)

where j =1 torandk = 1tor

Suppose , as usual , that the parameters

CLJ,j:L 7p7b]7.]:17 » 45

k) . k .

C§- )7.7 :17 7nk;c§'i()k)7] an—i-l, y Di(x) 5
k) . k .

d_g )7.7 :17 7mk7d§1()k)7j :mk+15 y 4i(k) s

with k=1--- ,ri=1,---,R,i® =1,... R®

are complex numbers , and the 0/8, ﬁ/S, ’)//S and 0’s are assumed to be positive real numbers for standardization
purpose such that

Mgk pi(’“) mi
k k k k k k
U9 =3 0 3 3 3 ot - 305

j=n+1 Jj=1 Jj=ng+1 j=1 j=1

q,(k)
k
—T(k) Z ;1()k) X (1.8)
j=mr+1

The reals numbers 7; are positives fori = 1to R, T; (k) are positives for i(k) =1to R(k)
The contour Ly, is in the Sp-p lane and mn from 0 — 100 to 0 + 100 where ¢ is a real number with loop , if

necessary ,ensure that the poles of F(d (5( )Sk) with 7 =1 to my are separated from those of
r'l—a; + Za§ )sk) with 7 =1 to n and I'(1 — (k) + 7y ( s 1) with 5 =1 to ny to the left of the

=1
contour L . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
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extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < iAgk)w , Where

n Di qi ng Py
k k k k k k
A S e 30 ol n 3OS < re 3 A
j=1 j=n+1 j=1 j=1 Jj=np+1
mp q;(k)
+Z5§-k)—7}-<m Z 5(()k)>0 wih k=1---,ri=1,---,R i{® =1... R® (1.9)

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.
We may establish the the asymptotic expansion in the following convenient form :

N(z1,-- 5 2r) = 0( [z ...

o), max( |z1].. . |zr] ) = 0

N(z1,-+,2r) = 0( ]21|Bl . \zT|’6T) ;min( |z .. |z ) = 00

where, with k = 1, -+ 7 : ay, = min[Re(d\"” /6%))],j = 1,-- ,my and
Br = mam[Re((C§k) 1)/~ (k))] =1,--,ng

We will use these following notations in this paper

U=pi,q 7R ; V=myng; - ;m.,n, (1.10)
W= pi, @0, Ty BRY o piy, oy Ty s BT (1.11)
A={(agal),- af )b Anilags ) - o)y} (1.12)
B ={ri(bii B3, B3 1.0, ) (113)

1 1 1 1 s T
C= {( ( ), ’y‘]( ))1-,”1}7Ti(l)(cg‘i()l);ryj('i()l))nlJrl,Pi(l)}, s ,{( ( 7’7]( ))IJLT}’Ti(” (Cg'i()’!‘>;7§i2T>)7LT+17pi(v~)} (1.14)

(1), (1) (1) . (1)
D = A0 oo (s 538 Do cvaco}, o {500 Y b i (@500 Ym0} (115)

The multivariable Aleph-function write :
Z1
0y . JA:C
n:
N(Zly"' ,Zr) :NU:W S IR (1.16)

Zoy

The generalized polynomials of multivariables defined by Srivastava [7], is given in the following manner :

G Bary Z Z N (NDan, x, (=N, k.,
Ny, ,Ny Y1, 7yu — Kl' Ku'
K,=0 K, =0
K K,
A[N1, K-+ s Ny, Koy -y, (1.17)
Where M, , - - - , My, are arbitrary positive integers and the coefficients A[N7, K15 -+ ; Ny, K] are arbitrary

constants, real or complex.
Srivastava and Garg [8] introduced and defined a general class of multivariable polynomials as follows
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1L+ FyLy<E ZLl ZL”
SE [Zla ,ZU]— Z ( E)F1L1+"'+F7,L7,B(Ea L17 7L )LlLU' (1.18)
L1, ,Ly,=0
2. Formulas
We have the following integrals, see([3],p.16(15),[2],p.480(3.891))
'et+1
a)/O (cosy)t(coszy)dy = 2t+ITP El—:— t)iT‘T) where Re(t) > —1 (2.1)
T VAL (3 + W1+ §)
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)/0 ( )y( y) Y F(h—i— %)P(%) where 6( ) (2.3
c)/ et DY gin(2n + 1)ydy= %&m,n where 0, = 1ifm = n,0 else (2.3)
0
3.Main integrals
In the document , we note :
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Ont1:V ( NG,g Zz 1 Zz 1Kk7h17 7h)7A C
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(4 = by — Y0, Lili = Y, Kiki)/2iha/2,- - b, /2), B
2=l 5
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a)Re(a) > 0,h; >0i:1 -,r;h >0
(1)
b;
b) Re[t + h min —+ h min —-] > —1
1<j<M B; 1<]<m 5(1)
c)|argz|< 7TQ WhereQ ZBJ+ZQJ—CZ Z 6]1‘*’ Z aﬂ
j=M+1 J=N—+1
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1
d)|argzi| < §A§k)7T, where Agk) is given in (1.9)

Integral 2
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/ sin(2h + Dy (siny)! R(z(sinB)?F) SEr " 21 (sinf) 21, - - |, (sin)
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Provided
a)Re(a) > 0,h; >02—1 ,7;h>0
d(-l)
7 i J_ —
b) Re[t + 2k gju<nM —1—22}1 | Join 5@]> 1

c)|a7“gz|< 7TQ Where {2 = Zﬁj-l-ZOzj—cz Z ﬁﬂ-l- Z aﬂ

j=M+1 j=N+1
d)|argz| < §AE )7r, where Ag )is given in (1.9)

Proof of (3.1)

To establish the finite integral (3.1), express the generalized classes of polynomials S]A\,Jll”,:‘, N, * and S

QZU]

Ky L1 L,

Yy uxl

(3.2)

Flv ">FU

occuring on the L.H.S in the series form given by (1.17)and (1.18) respectively , the Aleph-function in serie form given
by (1.3) and the multivariable Aleph-function involving there in terms of Mellin-Barnes contour integral by (1.5). We
interchange the order of summation and integration (which is permissible under the conditions stated). Now evaluating
the f-integral by using the formula (2.1), after simplifications and on reinterpreting the Mellin-Barnes contour integral,

we get the desired result.

The proof of the integral (3.2) can be developed by proceeding on similar method with the help of (2.2).

4. Fourier series

First Fourier serie 1

Sgl"” Folz (cosh) - - ,xv(cose)l”]sw“ ] 2m“’[?Jl(Cme) -+, yu(cos0) "] (cost)

1,

R(z1(cos®), .-, z.(cosh)")
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M o [Nl/Ml] [Nu/Mu]F1L1+FvLU<E g M,N
_ Z - ab(_) QPi?Qini,T’(nGag) z"G.9 PR PO ST O
- § : § : B | 2t_1+han 1 v N Yu
— — — ~ _ Gg X
G=1g=0 K;=0 K, =0 Ly, ,L,=0
2_h121

No,n-q-l;v . (—t ‘hnG,g — 23:1 Lzlz — Z?:l Klk“ }Ll, te ,hr), A:C N

((-t £u = hne,g — 2321 Lil; — Z?:l Kiki)/2;h1/2,- - he/2),B : D

Z_hTZT
Mo SN N R R SE (oghQ)l Y (6,g)  manearltaltaleals
Gz_:lgz_:o 1 K1=0 Ktzzo L Z; o 21+t B g! (i, Kiki+>27_; Lili+hng,g)
2—Mm 21
(-t -hnag — iy Lili = g Kikisha, -+ hy), A2 C
ROnF LV cosnb
Uia:W v u : (41)
et g g = i Lili = Yy ki) /2P 2.+ hy/2), B D
27z,

which holds true under the same conditions from (3.1)

Second Fourier serie
(sinf)! R(z(sind)?*) S5 [z (sinf)?, - -+ |z, (sind)?]
SN [y (sind) 2Ry (sind) 2R R(z (sin) ™ -z (sinf)?r)

oo [Ni/Mi]  [Nu/Mu] FiLi4-F,L,<E (—)sQ¥»N

S P-Q-c-r(nG,g) K K
:ZZ Z Z Z Z ab Bc;g' 2GR

G=1 g—O n=—oo0 K;=0 K,=0 Lla"'>Lv:0

7]

(-t/2-kna,g — >y Kiki — > ;1 Lilishy, -+, hy),

Ly pLe 2 g0m+2V C
v Zﬁ Uao:W L
(h‘(t‘l)/Q‘k”lG,g - Z:;l Kik; — Z::J=1 Lili;hay -+ hy),

Zy-

((1—t)/2 -kngyg — Z;):l LzlZ — Z;-le sziz, hl, s ,hr), A . C
e(2n+1)z’6 (4‘2)

(_(t+1)/2 'knG,g - Zle L'le - Z?:l szla h17 T 7h'l")7 B:D

Proof of (4.1)
To establish (4.1), let

F(0) =cos(ud)(cosh)' Sk T [x1(cosh), - |z (cosh)"]
1 =
S?\:,Iit J’gf“’[yl (cos®)*1, - yu(cosh)* R (21 (cosh) - - - | z.(cosh) )= 5140 + Z Ay cos(nb) (4.3)

n=1
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The equation (4.3) is valid since f(@) is continuous and of bounded variation in the open interval (0, 7T), multiplying
both the sides of (4.3) by COS(TL@) and integrate with respect to y from 0 to 77 and use the orthogonal property of
cosinus function and the integral (2.1), with substitution we get

M [Ny /M Nu/M,] FyLi+-F,L,<E
G=1g=0 K,=0 [ 2t— 1+hnc,gBGg! Ly Ly
1= 1, ,Ly=
7727(t*1+’”76'v9)y{{1 e yff“
27h121
0,n+1:V (-t -hng = D2y Lili — 2121 Kiki;hy, - hy),A:C
NUlm:W: ‘ 4.4)

f; ((_t iu—h’f]g’g _Zv— Z szz)/27 h1/27 7hr/2)7B: D
27" 2,

Putting the value of A,, in (4.3), we get the formula (4.1). To establish (4.2), let

F(0) = (sind)! R(z(sinB)?*)SE ¥ [z (sin@)®, - -+ |z, (sind)!]
SN Iy (sinf)?F ey (sing)?F] R(z (sind) - zg(sinf)?)
=) Bpelm W 0 <y < o0 (4.5)

The equation (4.5) is valid since f(@) is continuous and of bounded variation in the open interval (0, 7T), multiplying
both the sides of (4.5) by Sin((Zh + 1)9) and integrate with respect to y from 0 to 77 and use the integral (2.3), with
substitution,we get

0o [N1/Mi]  [Ny/My] FiLi4FyL,<E

e 3 T T S D S

G=1g=0 n=—00 K= Ku—=0 Ly, Ly=0
L (t)2kna, — Sy Kok — S0y Lilis by, -+, hy),
2 042V
e N L
Z (h_(t_l)/2_knG,g - Z?:l K’Lk’l - Z?:l Lllla h17 e )h’l“)7
((1_t)/2 _knG;g_Zz 1 Zz 1Kk1ah1a" 7hr)aA:O

6(2n—|—1)i9 (4.6)

(_(t+1)/2 _knG,g - Zz 1 L l ZZ 1 K; ku h17 ahT')a B:D

5. Multivariable I-function

In these section, we get two formulas concerning Fourier series and multivariable I-function defined by Sharma et al [4]
Let 7; = T;(1) = " = Ty(r) = 1

First Fourier serie

ST [y (cosO) -y (cosh) ]Sm“ “’[yl(cose)klv'“ Y (cosB)* ] (cos)"N(z(cosh)")
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I(z1(cosO)™ - | z.(cos6)")

M oo [Ni/Mi]  [Nu/My|F1Lyi+-FyL,<E (_)gQM,N (Neg) 276w

Pi’Qi;Ci’r Ly Lv K K'u.
- Z Z Z ab Bag! ot—1+hnc.y 1 Ty Y1 Yy
G=1g=0 K,=0 Ku=0 Ly, ,Ly=0 :
—F
2 LlZl

. -t -h — 3 Lili =S Kikivh, - hy), A C
0,n41:V . (-t -hng,g =i D iz 1 ) N

Uy W .
N (('t Tu— hnG,g - Zf:l Lili — Z?Zl Kiki)/z; h1/2, T 7h7‘/2)7 B": D
27z,
M oo oo [Ni/Mi]  [Nu/Md] F1L1+---FvLU<E(_)gabQ£{:gi7Ci,r(nG7g) G g ey Ly L
szﬂ ; TLZ_:l &, o =, L Z; L 21+tBGg! 2( vy Kiki+>7 1 Lili+hng,g)
2_h121

. - (-t -y = iy Lili = 32y Kikizha, -+ hy), A O
JontLV _ cost (5.1)

o Ay = U L= I k) 2 2, B /2). B D
27"z,

which holds true under the same conditions from (3.1)

Second Fourier serie

(siny)" N(z(sind)>F) Sl (sinf)™ -y (sinf)>"]
s§3t ]’\?f“’[yl(sz'nﬁ)%l, oo yu(sin) 2] Iz (sind)?M - - z(sind)?h)

oo [N1/Mi] [Nu/My| FiLi+--F,L,<E (_)gQM7N (nGg)

M oo
DIV DD N > ab PBQGg, oy

G=19g=0 n=—oc0 K;=0 K,=0 Ly, ,L,=0

2 dna ., — Sy Kiki — S0y Liliiha e hy),

(h-(t-1)/2-kna,g — iy Kiki — 32—y Lili; b, -+ by,

Zy

((1_t)/2 ‘knG,g - Zg:l Llll - E?:l Klk%? hla te 7h‘?“)7 A C )
] 6(2n+1)19

- (5.2)
((t4+1)/2 Ky — Sy Lils — Y1y Kikisha, o 1), B2 D'
which holds true under the same conditions from (3.2)
6. Multivariable H-function
frn=run=--=7mn=1ad r= P R — X Cp , then the multivariable Aleph-function

degenere to the multivariable H-function defined by Srivastava et al [9]. And we have the following results.
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First Fourier serie

S [m1(cosO) -y (cosh) ]SRN Iy (cosf)Er -y (cost) ] (cosd) R(z(cos)")

’

H(z1(cos®)™ -, z.(cosh)" )

M o0 [Nl/Ml} [Nu/Mu]F1L1+FULv<E M,N
_Z Z Z Z ab( ) QPZ,Qz,n,r(nG’g) 2% e i SR &
== B | Qt_1+h7]G,g 1 y] yu
— = —~ ~ _ GY:
G=1g=0 K,;=0 K,=0 Ly, ,L,=0
2_h121

(—t ‘h77G,g — Z;):l Lzll — z;;l sz“ hl, s ,hr), A// . C”

HO,I‘!-FIZV +
p+1,g+2:W : . . § }
}; ((—t +u — hng,g — Zi:l Lzlz — Zi:l sz‘z)/Q, h1/2, s ,hr/Z), B":D
27"z,
U NN IR Skt B SB()0abQ (MGg) maneatt el
Gz;zo Z1 K Z L z; 0 21+ B! 2(20iny Kikit2iioy Lilithna,g)
=1g= n= =0 : 1y sy =
2_h1Z1
onily (-t -hmg,g — 325y Lili = X210y Kikishay oo he), A" C7
RENE
p+l,g+2:W : . S ) § cost (6.1)
; (-t fu = hng,g = 3050 Lili — 325y Kiki)/2:ha/2, -+ he[2),B" : D
272,

which holds true under the same conditions from (3.1)

Second Fourier serie

(siny)t R(2(sind) ) Spt T [z (sinf) 2, - -, 2, (sind) 7]

My, :muy[

Nla"' aNu

y1(sind)? .oy, (sin@)* ] H(z1(sin®)?M, - -+ | z4(sinf)?h)

oo [N1/Mi] [Nu/My] FiLi+---FyL,<E (_)gQJ\LN

SV Dl » MR SR

|
G=1g=0 n=—o0 K;=0 K,= Ly, ,L,=0 Bag:
L2 kngy — Sy Kiki — 30 Lilisha, -+ hy),
Iy 2 ont+2:V .
Ty Z\/—pr2q+2w o
o |(-(61)/2Kneg = 30y Kiki = 325y Lilizha, - hy),
((1—t)/2 —k’l?G7g _ZZ 1 Z szlahla ,hr),A// : C”

o(2n+1)i6 6.2)

((t41)/2 gy — Sy Lili = Sy Kikitha, - ), B D
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which holds true under the same conditions from (3.2)

7. Aleph-function of two variables

In these section, we get the two formulas of Fourier series concerning the Aleph-function of two variables defined by K.
Sharma [6].

First Fourier serie
Sgl’"' Folzy (cosh), -+ xy(cosh)] ?\J,tll’7$“ [y1(cos®)™, - yu(cosh)r ] (cosh)R(z(cosh)")

(21 (cos0)", zo(cosh)"?)

M oo [Ni/Mi] [Ny /My F1L1+--F, L, <E _YgOM,N
= Z Z Z ab( ) Qpiniyci,r(nG’g) e e 22 NUPS VI A S R %
= E E BGq! 2t—1+h77c,g 1 v Y1 Yu
G=1 g=0 K1:0 Ku:(] Ll,-“ ,LUZO -

2 My v u
' (‘t ‘h77G,g - Zi:l Lil; — Zi:l Kik;; ha, h2)a As 1 Oy
RONFLV . 4

_;;222 ((—t :l:u — hnG,g — Z::l Llll — Z:le Klkl)/2, h1/2, h2/2), BQ . DQ

2
M, g N N R RSB yaab Y (1) oottt
(;21; nZl K1=0 KZO L ZL 0 21+ Bag! 2z Kikitainy Libithn.s)
=1 49— - 1= u= 1, o=
2_hl 21 v u . .
N (-t -hna,g — > i Lili = Y. Kikis hi, ha), A : Cs
Ny W ‘ . - cosb (7.1)
g—hay, (6 F0—NnGg =30y Lili = 305y Kiki)/2h1/2, ha/2), By - Do
which holds true under the same conditions from (3.1)
Second Fourier serie
(siny)t R(2(sind) ) Spb T [z (sinf) 2, - -, 2, (sind) 7]
S Mty (6inf)2R1 oy (5in0) 2R ] R(21 (sinf)?M | 2o (sind)?h2
Nla aNu
M oo oo [Ni/Mi]  [Nu/My] FiLi+-F,L,<E \gOM,N
= Z Z Z Z . Z Z ab( ) QPi»QhCz‘,T(nG:g) .’L‘nG’gy{ﬁ B 'y,ﬁ{“

Bag!
G=1g=0 n=—co K;=0 K,=0 L1, ,Ly,=0 Gy

z1 | (-t/2-kna,g — > iy Kiki — > Lilis ha, ha),
2 )
L L, o,n+2:V . I
.’13'11'--.'171) m Uzo:W

2y |(h-(t-1)/2-kng,g — ooy Kiki — > i1 Lili; ha, ha),
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((1—13)/2 —kT]G,g — 2321 Lzlz — Z?:l szu hl, hg), A2 . 02
6(2n+1)i0 (7'2)

(—(t+1)/2 —knt?g — Zgzl Lzli - Z;-le Kzl{?z, hl, hg), BQ : D2

which holds true under the same conditions from (3.2)

8. I-function of two variables

In these section, we get two results of double series concerning the I-function of two variables defined by Sharma and
Mishra [5]. Let T = 7' = =1

First Fourier serie

Sgl’""F” [z1(cosf)', - -z, (cosh) ]519\37211 Em“’[yl(coee) o yu(c0s0)F] (cosh) R (z(cosh)™)

)

I(z1(cos0)" | z5(cosh)"?)

M oo [Ni/Mi) [Nu/My|F1Li+--Fy L, <E gOM,N
- Qi G, xG9
I . s
BGg! t—14hng,q w
G=1 g= 0 Kl 0 u—O 1
2~h1y
! (_t ‘h77G,g - Zz 1 Z’L 1 K kl’ hl? h2) AI Cé

U12 W .

2_h222 ((_t iu—hnG7g_Z7, 1 Zz 1](1{’1)/2 h1/2 h2/2) B2 D2
M oo oo [Ni/Mi]  [Nu/M,] F1L1+---FULU<E( )g bQMg (77Gg) WmnG‘ggjfl.. eRuylt Lo

P;,Qq,cq,m ’ )

Z Z Z Z 214+t B g! (i, Kiki+>27_; Lili+hng,g)
G=19=0 n=1 K;=0 Ku=0  Li,,Ly=0 :

Q_hlzl

. (-t -y = iy Lili = 305y Kikis b, ha), A < Cy

Uo: W ' C cos (8.1)
gty (62U hngy = S0y Ll = Sy Kik)/2 R /2.h2/2), By : Dy

which holds true under the same conditions from (3.1)

Second Fourier serie

(siny)t R(2(sinf)*)Spt T [z (sind) - -, 2, (sind) ]
Slg\zl,,-:,l\%u’[y (5in0)2%1 -y (sinf) 2] R(z1 (sinh)?" | 25(5inh)?"2)

oo [Ni/Mi) [Ny/My] FiLi+---F,L,<E ( )QMN

Mo ~(Na.g)
33 3 TS O )

G=1g=0 n=—oc0 K;=0 K,=0 Lqi,-,L,=0

ISSN: 2231-5373 http://www.ijmttjournal.org Page 52



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 33 Number 1- May 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 52



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 33 Number 1- May 2016

z1 | (t/2-kng,y — > i Kiki — Y iy Lili; ha, ha),

Ly

2 042V
xl qu;v N’n+'

N | o
29 |(h-(t-1)/2-kna.g — iy Kiki — >y Lilis ha, ha),

((1-4)/2 -kna,g — >y Lils = 35—y Kikg; ha, ha), Ay 2 Cf

2 1)i6
o e(2nt1)i 8.2)
v u

(-(641)/2 -kng,g — 32y Lili = >,y Kikis ha, he), By : Dy
which holds true under the same conditions from (3.2)
7. Conclusion ,
Due to the nature of the multivariable Aleph-function and the general classesof polynomials S]]\\?ll’.:’ }{,vft and
Sgl o F , we can get general product of Laguerre, Legendre, Jacobi and other polynomials, the special functions of

one and several variables
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