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ABSTRACT

The purpose of the present document is to derive a number of key formulas for fractional derivatives of multivariables Aleph-function and generalized
multivariable polynomials. Some of the applications of the key formulas provide potentially useful generalizations of know results in the theory of
fractional calculus.
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1. Introduction and preliminaries.

The object of this document is to study the fractional derivative formula from the multivariables aleph-function. These
function generalize the multivariable I-function recently study by C.K. Sharma and Ahmad [6] , itself is an a
generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral occuring in this paper
will be referred to as the multivariables Aleph-function throughout our present study and will be defined and
represented as follows.
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Suppose , as usual , that the parameters
aj?j = 17 7p7bj,] = 17 » 45
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d( )73_1 .7mk;d§‘i()k)7jzm/€+la"'7qi(k);

with k=1---,ri=1,---,R,i® =1,... R®

are complex numbers , and the O/S7 B /S7 ’)//S and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

Nk P,;(k) mg
LIS STLERS DRUES o RIS iSRS oS
Jj=n+l1 Jj=1 Jj=ni+1 Jj=1 Jj=1
a;(k)
k
—T;(k) Z J(,L()k) X (1.4)
Jj=mg+1

The reals numbers 7; are positives for ¢ = 1 to 2, 7;(x) are positives for i*) =10 R%)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where 0 is a real number with loop , if
necessary ensure that the poles of F(dg-m - 5J(-k)sk) with 7 =1 to my are separated from those of
1—%—1-201() ) with 7 =1 to n and I'(1 — (k)—i— () Sk) with j =1 to ny to the left of the

contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)7r , where

n Pi Pik)
AP 2% 0o 3 o _Tzz 5 )+Z D S A,
j=1 j=n+1 j=1 a1
mg q,(k)
+Z5J(,’f)_n<k> Z 5(()k)>0 with k=1- ’@':17...7R’Z'("~‘):1,...’R(k) (15)
] j=mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(z1, -, 20) =0(|z2|* .. |20 |Y) ,max(|z1]. .. |2r] ) = O
N(z1, -+, 2r)=0( |zl|61 . |z7~|ﬁ’“) ;min( |z|... |z ) = o0
thk =1 - 7 o — i (k) ysRIN) 5 =1 ...
where, withk =1,--- ,r:ay = mzn[Re(dj /63‘ ),i=1,---,myand
B = maz[Re((c" = 1)/, 5 =1, m

We will use these following notations in this paper

Vi=mqy,ny;- - 5me,ny (1.6)

W= i), G0, Tin; RY -+ Doy, @i, Ty ; R (1.7)
1 1

A={(aj;a, o)y mlagsall ol ) (18)
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1 T
B ={rilbii B3, B3 1.0} (19)
— {(C(l),’}/jl))l nl} T; (1)(011(1)a J1(1))n1+1,p (1)} ,{( 7’7] ))1 n, } 7—“)( ;Z()TN _71(7'>)n7‘+17p (v )} (1. 10)

(1. (1) o 1) | () r r r r
D = {758 nm oo (s i yma v}, oo (07308 )1, b 1o (@550 o, 1,0, } (L1D)

The multivariable Aleph-function write :

Z1
R(z1,- -, 20) =ROMY : e (1.12)
’ i Pis Qi Ti; W Co )
B:D

Zi-

Srivastava and Garg introduced and defined a general class of multivariable polynomials [9] as follows

h1R1+"'ths<L Rl ZRS
h 7...7]‘,,5 . tre
St 2= ) 2}; O (—L)n, Ry th.r. B(E; Ry, -+, Ry )ﬁ (1.13)
1,y dls=

The fractional derivative of a function f ( x ) of a complex order (4 is defined by Oldham et al[4], (1974, page 49 ) in
the followin manner :

D% f () :F(iu)/a (x—y) "' f(y) dy it Re(n) <0; ddn:n JDETTf(2) if 0 < Re(p) <m

where m is a positive integer.

For simplicity , the special ense of the fractional derivative operator aDﬁ when a = 0, will be written as Dﬁ
Also we have :

" T(A+1)

DH (2*) = ) = ATH o Re()\) > —1 1.14
and the binomial expansion

> " x
(z + p)* Z < 1 (1.15)

ForO < a < 1,8,n,x € R;m € N, the generalized modified fractional derivative operator due to Saigo is
defined in Samko, Kilbas and Marichev [5] as

—m(B—n)
: (z ~ / (@™ —t")TOF(B a1 =1 — a1 —t™/2™)) f(t)dt™ (1.16)

DB
Oajﬂnzf() dz mq

the multiplicity of ™ — ™ is above equation is removed by requiring [og(t™ — ™) as real for t™ — ™ > 0
and is assumed to be well defined in the unit disk.

wehave. Do 1" f(z) = D5 f(x) (117)
Where D}, is the familiar Riemann-Liouville fractional derivative operator.

For0 < a < 1,8,n,x € Rym € N, u > max(0, 5 — 1), the refined form due to Bhatt and Raina [1] is given
by.
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0,3}:,m{37 } - — — T
L(p =B (p+n—a)

2.Formulas
In these section, we give three formulas fractional derivatives of multivariable Aleph-function.
Formula 1
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Proof of (2.1)

1 '
Let M = :(27rw)7’ /Ll "'/LTQ/J(SM'“ ) Sr) kl;[l@k(Sk)

Where 111(81, SRR Sr), O (Sk;) are defined respectively by (1.2) and (1.3), thefore

(1.18)

2.1)

Dgll .. Dg:{M{le (3"71}1 4 Cl)Al . a:;nr (:L.:ir 4 Cr))w' . ,[zlxi’l (3311}1 + Cl)*ai A xfT(gsf% + Cr)fa,'n]&
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[zt (2 + §1)_" S (a:”’" + ()77 )% dsy - - dsy, }
Using the formulas (1.14) and (1.15), we obtain.

[ R R i ()M (A4 Y ofss + V)
Nl NG - G T(=M 4 300 oisi)

0191+ +ol'sn L0l 81+-+0olsy,
r C Ny, ,N.=0

D(=N\+ >0 0lsi+Ny) T(hy+ >0 ols; +vi Ny +1)
( )‘ +Z 10-Z ) (h1+z 10'182+’01N1 ,UJ1>

(h + Z =1 o, Sz + UTN + ) 93}1H+Z?:1 pisi+v1N1*M1 .. -{,L'11“+Z?:l piSiJrvTNriurdSl e dSn]
D(hy + Y0 0i8 + 0Ny — pir)

Finally, interpreting the result thus obtained with the Mellin-barnes contour integral, we arrive at the desired result.

Formula 2

DB o B [wgm—l)ml (27 4 Cl)Al . x;nr(urfl)(w;”rw + Cr))\r
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...... 2.2)
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Where B; = L : TZ. 1=1,---,n
71 ...C"r
1 T
Provided that

a)For0 < oy < 1,8, mi, 2 € Rymy € N,y > max(0, 6; —n;),
b) min(vla"' ;UT;pZi?"' Jp:wo-jz[v 70-::-) > 072: 17 y I
c)maz(larg(zy™™ /)|, - |arg(@ /)] <
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n (i) n (4)
d) Relpr — 1+Zp11<r§1g;n j{z)] >0, ,Re[u, — 1+le;1<njlg;n Z@)] >0
1= 1= J
Proof of (2.2)
Lee M = = ! / / Y(s1, 0 5 8r) HHk Sk)
(2mw)" J, L,
Where 1¥(S1," ", Sr), Ok (k) are defined respectively by (1.2) and (1.3)
Therefore

pevBim Dar75ranr[Mx§mul+Z?:1 ping)m (2™ 4 Cl)Al—(Z?:l ping)

0,x1,m1 0,2 ,m;

[ (mup+371 1 phni)m, ( Myvr 4 CT)AT—(Z?Zl pim)]dsl . -dsn}

Using the formulas (1.15) and (1.18), we obtain.
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(pr—1 »Np.—Br R;
e Y LT

Finally, interpreting the result thus obtained with the Mellin-barnes contour integral, we arrive at the desired result.

Formula 3
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..... B (2.3)
(1',u1“ + Br - UrNr - Zf:l kvlﬂRz : p;a e 7p?)7B : D
P myp;.
Where B; = | — :L’; i=1,--,n
1 1, CTT
Provided that
a)For0 < oy < 1,585, mi, 2 € Rym; € N, p; > max(0, 5; —n;),
b) min(vlv"' avr‘;piv"' api;a’iv"' 70-71;) > 0722 ]-7 ,
c)maz(larg(@{"™ /¢, -+ larg(@ " /G)]] <
d(i) n d(.i)
— J o« .. —_— Z ] J
d) Re[pn — 1+ Zpl 1<]<m1 5(1)] >0, Re[p, — 1+ 297« 13517“ (5(i)] >0
i= J

Proof of (2.3)

Let M =

Ly

Where ¢(81> SRR 37’), ek(sk

©,8r) Hﬁk(sk)
k=1

) are defined respectively by (1.2) and (1.3)

Use the formula (1.15), the left hand side of (2.3) is given by
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25104 sn AL e _\Ni+-+Np n .
[ e P N S S

ol s14- ol ano s1tetoy sn 0 Nyl erd\h L Q{VT(

r N, i=0
n hiRi+---hsRs<L le ng
) ‘ 1t ’
—Ar + § U:*SZWNT) E (_L)h1R1+"'+thsB(E’ Ry, -+, R )73'
; R % o Ry!'---R,!
17.--’ S:

povBum .Da,,,ﬂr,m{xgm—HZ?:l prsitdi_y kiRi)m1 (Hr*1+2? L Prsit Yoy kLR )mr}d81 - dsy]

0,x1,m1 0,25 ,my

Use the formula (1.18), we get

[ R Ve S i h1R1+isRs<L (=) Nito Ny
!

flgﬁ eden (Treiteio Ni,,Ny=0 Ry, Rs=0 Nyl NG - G

w{gl ...wSRS
(—M+;%Q&AH A+§:U&, ~Lmpitho, BB Ry, Re) oy
P(-M+ 30 0isi + N1)  T(=A+ 30, osi + Ny)
T(=A+ 300, o9s:) L=+ >0 01si)
Dy + > 1 pisi + 1Ny + >0 kiR;) 3 D(pr + 30 prsi +oiNe + 327 KjR;)

C(pr+ Y otsi+viNy — B+ >0 kiRy) -I‘(hr + > otsi N — B+ > KR,

Dy + D070 pisi+ o1 N1+ >0 KRy +m — 1) o
D+ > otsi+uNi+m—ar+ >, kiR;)

F(,ur + Z?:l pfﬂSi + v, N, + Zle k;Rz) ma(p1—14+3"  phsi+vi N1 —B1+35_ | kI R;) N
D(pr + >0 olsi +viNy — Br + 35, ki R:)

r(pr—1 r Ny r R
g LSt or Ne =Bt S B )ds - dsy,]

Finally, interpreting the result thus obtained with the Mellin-barnes contour integral, we arrive at the desired result.

3. Particular case :
A B’ B®) o (v)
Hj:1(aj)319/ . g<s) Hj:1(b/‘)R1d>; "'Hj:1 (ij )Rs¢>§s>

a)if B(L;Ry, -+, R,)=—5 DO 1)
HJ 1( )m w +otmg w( ) H ( )Rl(sl T szl (d; ))RS(SE‘S)
then the general class of multivariable polynomial Sfl’m Rs [€1,- -+, x| reduces to generalized Lauricella function
defined by Srivastava et al [8].
Zl S S . S
st | 0 R R0 0L 00000
Gl [(c): ¢/, ) ], [( )8 [(b)(s) 5]

Zy
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The formula (2.3) write

Dal 7ﬁl:771 . ‘Da'ry/jrvnr {xgul_l)ml (:13717111)1 + Cl)Al e x;n'r‘(,ufr_l) ({E;nrvr _|_ C’I")AT

07I1,m1 O7w’r‘7m7‘

/ /
s G e )

o,n:V
Disqi,Ti; W .
2@y (@ )R (g 4 ()
W1xk/1m1 . gl
priastses | T L) Ry Rl [(a) 0 0OL (W) 05 (00 0]
B [ T [(e): - (@) £ 8- 3 [(5)) : 5]

N, hiRi+--hsRs<L

0 N
_ A1 . C’?\Txgﬂl—ﬁl—l)ml . 'I,E,MT—BT_l)mT Z (_1/C1) 1 o (_1<T)

Ny! N,
N1, ,N-=0 Ry, ,Rs=0
. wfl e wﬁ%s m1 (v1 N7-+Zf:1 ki R;) mr(UTNT"'Zf:l k‘:«Rl)
(_L)h1R1+-~'+th.eB(La Ry, - 7RS) R R T c Ty
1 Rg!

! o
z1B1 |(14A — Ny oy, - ,00),-- ,(L+ N\ =Ny :al,--- o),

NO,I’I+3’I"ZV
pit3r,qi+3r,7; RW

Zan (1+/\1:0-£7"'70-?)7"'7(1+)‘T:0-;~7"'7O-77'1)7

(Ipr —m + Br —aNy = >0 kiR ph, oo 1), -

(l_lul —m+o _lel - Zf:l k’iRZ : p/17 7p?)7 ;

(1-pr = 1 + Br — 0N, — Zle k%Ri : /);w T ’p?)7 (I-p1 —v1Ny — Zf:l kll'Ri : plla T 7/)?)’ Ty

(Lt =My + 0 = 0o Np = Y20 KA R 2 oo, o) (opn + By — 01Ny = Y0 KA R ply-e o p),

(L-ptr — vp Ny — Ef:1 KiRi:pp,---,p0),A:C

...... (3.3)

(1',“7’ + By — vp Ny — Zle KiR; p;, T ,,O,Tf), B:D
’m1p§ mrpfn
.Tl ctt x’r‘ . . N
Where B; = = - i=1,---,nand B(E; Ry, -, Rs) is defined by (3.1)
1 1., gr r
which holds true under the same conditions as needed in (2.3)
Rl [ 7Rs M - .

b)Ifxg=---,x, =0, then S, [€1, -+, 24| degenere to Sy () defined by Srivastava [7] and we

have
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which holds true under the same conditions as needed in (2.3)
4. Multivariable I-function
If 75 = 7,0) = -+ = T;() = 1, the Aleph-function of several variables degenere to the I-function of several

variables. In these section, we give three formulas fractional derivatives of multivariable I-function defined by Sharma
and Ahmad [6].
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which holds true under the same conditions as needed in (2.3)
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which holds true under the same conditions as needed in (2.3)
Formula 3
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which holds true under the same conditions as needed in (2.3)
Remark: If anT; =7;0) =+ =Ty = 1d R = RM = ... R(") = 1the Aleph-function of several

variables degenere to the H-function of several variables defined by Srivastava et al [10] . For more details, see Chandel
et al [2] and [3].

5.Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions such as, multivariable I-function defined by
Sharma et al [6], multivariable H-function defined by Srivastava et al [10].
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