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NEW GENERALIZATION OF FRACTIONAL KINETIC EQUATION
USING MULTIVARIABLE ALEPH-FUNCTION
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Abstract : Recently A.Choudhary et al [5] use the multivariable H-function for solving generalized fractional kinetic equation.
Motivated by the recent work , we present a new generalization of fractional kinetic equation by using multivariable Aleph-function.
The new generalization can be used for the computation of the change of chemical composition in stars like the sun. The solution of
the generalized fractional kinetic equation involving multivariable Aleph-function is obtained with help of the Laplace transform
method. Further, the same generalized fractional kinetic equation is solved by using the Sumudu transform method. The solution of
the proposed problem is presented in a compact form in term of the multivariable Aleph-function. Some special cases, involving
the multivariable H-function, the H-function of two variables and the Aleph function of one variable are also considered.
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2010 Mathematics Subject Classification. 33C60, 82C31

1. INTRODUCTION

The fractional calculus has many important developments and concepts in mathematics initiates with fractional kinetic
models (kinetic equation). The great use of Mathematical Physics in imposing astrophysical problems have pulled
stargazers and physicists to pay more attention in available mathematical tools that can be used to solve several
problems of astrophysics. The importance of fractional kinetic equation has been increased by virtue of its occurrence in
certain problem related to kinetic motion of particles in science and engineering. The thermal and hydrostatics
equilibrium are pretended as spherically symmetric, non-magnetic, non-rotating, self gravitating model of a star like
sun. The properties of star arecharacterized by its mass, brightness effective surface temperature, radius, central density,
temperature etc. Turn over an arbitrary reaction characterized by N = N (t) which is dependent on time. It is possible to
compute rate of change dN/dt to a balance between the demolition rate d and the production rate p of N, that is

dN/dt = —d + p. In general, through interaction mechanism, demolition and production depend on the quantity N itself :
d=d (N)orp=p (N). This dependence is complicated for the demolition of production at time depends not only on
N( t), but also on the proceding history N (1), 1<t, of the variable N.

This may be formally represented by [6].

dN
dt
Where [V; denote the function defined by Ny (1) =N (t—t),t>0.

Haubold and Mathai [6] studied a special case of this equation , when instance of changes in quantity N ( t ) are
unvalued , is given by the equation :

= —d(Ny) + p(INy), (1.1)

dN;
dt

= —CiNZ'(t) (1.2)

with the initial condition that Nt (¢ = 0) = Ny is the number density of species i at time t = 0; constant ¢; > 0 ,
known as standard kinetic equation. The solution of the Eq. (2) is give :

N;(t) = Noexp(—c;t) (1.3)
Alternative form of Eq. (2) can be obtained on integration :

N(t) = No = coD; ' N(t) (1.4)
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where oD, 1 is the standard integral operator. Haubold and Mathai [6] have given the fractional generalization of the
standard kinetic Eq, (2) as

N(t) — No = coD; "N (t) (1.5)

Where oD, Y is the well known Riemann-Liouville fractional integral operator ( Oldhman and Spanier [10] ; Samko
et al [11] ; Miller and Ross [9], Srivastava and Saxena [14] ) defined by :

1 t
=g | 0w, Rew)>0 a9
0

The solution of the fractional Kinetic Eq. ( 6 ) is given by Haubold and Mathai [6] as:

N =Ny %(cwm 17

2. MATHEMATICAL PREREQUISITES

The multivariable aleph-function is defined in term of multiple Mellin-Barnes type integral :

Z1
o — 0,mimy,ny,e My, M
R(z1, 2 2r) Npquw‘ri;Ripi(l) ;1) Ty 1) s B 550, () 10, () 57, () s RO
Zi-
1 o\ i
(g, o)) (e @]
........................... [ j’L 571 ) 67@ )m—|—1,qz] .
1)y (1) n @ r r r r
[(Cj )77]' )1,711]7 [Ti(l) (CJZ(1)7’Y]l(1))n1+1 p(l)] )3 [(Cg >),’Y](- ))17717,],[ Ti(r) (ng()r),’yj(l()r) nr+1,p(r)]
1 1 1 1 r r r ’
(@), 55 1., [Ti“>(d§z<)1>’5g(z<)1>)m1+1 q<1>] 5 1@, 65 m, ) [T (dﬂmv5j(l<)r>)mr+1,q§r>}
'
cee L Sr) Hgbk(sk)z,i" dsy - --ds, (2.1
k=1

with w = v/—1

n T (k)
" T(1—a; + -
'QZ)(Sl, — Sr) _ B H] 1 ( aj Zk 1 a Sk) (22)

! k
Zi:l[nn?z““ agi = - 10‘3% Sk) ] LA =bj+>,8 ()Sk)]

[T (@™ — 6 ) T, T — e 4P sy)
and G (sk) = — =5 =1 2.3)

) k % p, k %
Zi(k)z [ Ti(k) Hg (n)mk+1 (1 - d§z<)k> + ‘551()@3 )Hj:(fz)k—kl F(C,§i2k> - 77(@2:@)316)]
where j =1 torandk = 1tor
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Suppose , as usual , that the parameters
aj,j=1,-,p;bj,j=1,--,¢;
(k)jfl '7nk;02§2k)7j:nk+17"'7pi(k);
dg-k),jzl,"' mk,d(()k>,j mg+ 1, , g ;
with k=1--- ,ri=1,---,R,i® =1... R®

are complex numbers , and the O/S, 15} /8, ’)//8 and ¢’ s are assumed to be positive real numbers for standardization
purpose such that

P;(k) mp
k
EAED TLERD ORUES o AR DR RS oS
j=n+1 j=ng+l j=1 j=1
q;(k)
—Tik) Z 53(5()1@)\ (2.4)
j=mr+1

The reals numbers 7; are positives for ¢ = 1 to IX, T;(x) are positives for i*) =110 R®

The contour Ly, is in the Si-p lane and run from ¢ — 700 to 0 + ¢0O where ¢ is a real number with loop , if
k k .
necessary ,ensure that the poles of F(d;- ) _ 5]( )Sk) with § =1 to my are separated from those of

1—aJ—I—Za w1th]—1tonandr(1 (k)—i—’y() k) with 7 =1 to ny to the left of the

contour L, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < §A§k)ﬂ', where

n Pi D;(k)
k k k k k
N P R WD LSy
Jj=1 j=n+1 Jj=1 Jj=nr+1
my qi(k)
+3 6 = Y 6% 50 wimk =1 =1 R, =1, RO
7=1 j=mgr+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

N(z1, -, 20) = 0( |21 ... |20 ) ,max( |21].. . |20 ) = O

N(z1, -+, 2:) =0(|2o)? ... 2| ) , min( |z .. |2] ) = o0

where, withk = 1,--- ,r:ay = min[Re(dg.k)/dgk))],j =1,---,myand
Br = maz[Re((¢}”) — 1)/ )5 =1+
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We will use these following notations in this paper

U=pi,q, ;R ; V=my,ng- - ;mp,ny, (2.6)
W= pi, @y Ty BRY o piy, oy Ty s BT 2.7
A={(az0f", - af b An(aal)s -0l )i} 28)
B ={7i(bsi: B3+ B Im1.a:} 29)

1 1 1 1
C = {59 ) b 7o (v oo b - 59 b i (€755 Dm0} (2210)

(1. 5(1 o (dD s . ). ¢(r) r) | o(r
D pry {(d] 759 )1,'m,1 }77—1( )(dji(l)aéji(l))wm -0—1,‘11-(1)}7 .. -’{(d§ )’6‘7 )Lmr}?T'(r) (d‘gi(?")’(s§igr))mT+1vqi(r)} (211)

The multivariable Aleph-function write :

A
(21, ,20) = ROV | (2.12)
B:D

Zy

A new integral transform introduced by Watugala [15] , so-called the Sumudu transform. For further details and
fundamental properties of the Sumudu transform , see [14 , 1, 2 ,4]. Let A be the class of exponentially bounded
function

f:R— R, thatis: | f(t)‘(]\le_t/nif,tgo ,else | f(1)] > Met/™ t >0

where M, 7 and T are positive real constants,

the Sumudu transform is defined by :
G(u) = S[f(t)] :/ flut)e tdt  ue(—m,72) (2.13)
0

The Sumudu transform has been shown to be the theoretical dual of the Laplace transform.

The Riemann-Liouville fractional integral order v is defined by [ 11 ,14],

o
oD; YN (z,t) = ﬁ/o (t —u)"" ' N(x,u) du, Re(v) >0 (2.14)

The Sumudu transform of Riemann-Liouville fractional integral order v is defined as [8]:

S{oD; " f(t)iu} =u"f(u) (2.15)

3. GENERALIZED FRACTIONAL KINETIC EQUATION

Lemma 3.1 The Laplace transform of the multivariable Aleph-function as follows
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Z1
’ (1_)\a/1157/*b)7AC
LIz th - 2 t") = w RG] 3.1)
B:D

where )‘7211"' 7ZT7UEC’R6(U) >07/'L>0 :UIO :pz+17QZaTzaR

Proof For convenience , we denote the left side of (3.1) by L.

1 OO )\—1/ /
- exp(—ut)t Y(s1, 8 i(8:)(zit")%dsy - - - ds,dt
g e [ [ vt s T e

Changing the order of integration, which permissible under the stated conditions and applied the formula of Laplace
transform , we have :

/ / P(s1, 8 Hqu 5;) u—H (st tsr) T+ p(sy+ -+ +5.))

27rw
d81

After simple adjustement we finally arrived at (3.1).

Lemme 3,2. From the Lemma3,1, it is clear that

RS

A:C
LY u Rzt zput) b= tk—lN%;:f{,V . (3.2)
()‘nua ,M),B : D

Zr
t

where A\, 21, , 2z, u € C,Re(u) > 0,0 >0,Up =piyq + 1,73 R

Theorem 3.3. If v >0,c>0,d>0, >0, Re(s) > | d|v/a , ¢ #d, then for the solution of the generalized
fractional kinetic equation

N(t) — Not" 'R(d"t"2g, -+ ,d"t"2) = —c"(D; U N(t) (3.3)
there holds the formula :

71 (dt)v

12 v RO LV (L-pv---v),A:C
v n H

: (1-kv—pv---v),B: D
z,.(dt)?
WhereU11 =p; +1,¢;, + 1,7, R

Proof. Taking Laplace transform on the both side of (3.3) and using Lemme 3,1 , we get

s) [[ils) T +o) si)
=1 =1
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K gTH—v Sy s d81 e dST = —c%uY N ( S ) (3.5)

Solving for N (s ),itgives

N(sﬁ7%%FLJ~[;MaV~Ja11@@»rw+v;;»

x g~h=vXizisi dsy---ds, x (14 c'u™v)! (3.6)

Now , taking inverse Laplace transform on both side of (3.6) and using Lemme 3.2, after little arrangement we finally

arrived at the desired result (3.4).

4. ALTERNATIVE METHOD FOR SOLVING GENERALIZED FRACTIONAL KINETIC EQUATION

In this section , we solve the generalized fractional kinetic Eq. (3.3) by an alternate method by using Sumudu transform.

Lemme4.1 The Sumudu transform of the multivariable N-function as follows

zlu“
. : (1')\7%7#);140
SR (20t it )} = ARGV (4.1
B:D

Zput

where A\, 21, , 2, u € C,Re(u) >0,u>0,Ug=p; +1,¢,7; R

Proof. In order to prove (4.1) we first express the multivariable N-function occuring on the left hand side of (4.1) in
terms of Mellin-Barnes contour integral and apply Sumudu transform integral ( say 1 ).

I= /000 (ut) LIz (ut)?, - - -,z (ut)*)e t dt =
1 ooe_tu Al 51,77, 8 ; (8:) (2 (tw))%dsy - - - ds
], [ [ oo TE et s

oo
Use the Gamma function / t*le~tdt = I'(x) , we arrive at
0

A—1

I: 7(;71-(‘))7‘/[/ -../L '(/}(817--- ,Sr)H¢Z<87,) ZZSIF(A_F/JLS]_ —|‘"'—|—,U,Sr)u“51+m+usrd81~~-ds,,,
! " i=1

After simple adjustement we finally arrived at (4.1).
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Lemme4.2 From the Lemma 4,1, it is clear that

z1tH
. A:C
S_l{uAN (zlu“, coe zput )} == t’\_lN%;‘le ) (4.2)
(/\7ua 7:“)7B : D
Z - tH

where X, 21, ,2p,u € C,Re(u) >0, >0,Up =pi,qi +1,7; R

Theorem2. If v >0,c>0,d>0, ;1 >0, Re(s) > | d’v/a , c #d, then for the solution of the generalized

fractional kinetic equation

N(t) — Not" 'R(d"t" 20, -+ ,d"t"2) = —"(D;"N(t) (4.3)

there holds the formula :

Zl(dt)v
oo . § . (1-pv---v),A:C
— v 5 1:
N(t) = Not" ™' Y (=1)"(et)* R : (4.9)
k=0 . 1-kv—pv---v),B: D
z, (dt)"
Where: U1y =p; +1,¢; +1,7; R

Proof. Appling the Sumudu transform on the both side of (4.3) and using Lemme 4.1 , we get

T

N No cee g (e (d¥ z:)5 v - ’y
V() =gy [, o, s [T @) T v s

=1

« uhtv > si—1 dsy---ds, = —c’u U N ( u ) (4.5)

Solving for N (u), it gives

T

N () =g oo [ v s T @zp) ot v3 s

1=1

% U'quU iy si—l dSl e dsr X (1 + cvuiv)il (4.6)

Now , taking inverse Sumudu transform both sides of the Eq. (4.6) and using Lemme 4.1 , we get after little
arrangement the desired result (4.4).
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5. Particular cases

Remarks : If 7; = T;(x) = 1, then the Aleph-function of several variables degenere in the I-function of several
variables defined by Sharma and Ahmad [12].

Corollary 5.1 1f v >0,c>0,d>0, 1 >0, Re(s)> | d|v/a , c #d, then for the solution of the generalized

fractional kinetic equation

N(t) — Not' H(td 21, ,t7d"2,) = oDy " N(t) (5.1)

there holds the formula

Zl(dt)v

” ) (1-pv---v),A:C
1 k 0,n+1:

N(t) = Not"™ Z O™ Iy iw : (52)
. 1-kv—pyv---v),B:D

z,(dt)
Where: U =p; +1,¢;, + ; R

fR=RY = S R =1 , the multivariable I-function degenere in the multivariable H-function and we have
, see Choudhary et al [5].

Corollary 5.2 If v >0,c>0,d>0, >0, Re(s)> | d|U/O‘ , c #d, then for the solution of the generalized

fractional kinetic equation

N(t) — Not' "H(t"d"z1,- -+ ,td"2,) = —" Dy VN (1) (5.3)

there holds the formula

Z1 (dt)U
1 k O,n+1lmi,n1; - ;Mp Ny
N (¢ ( = Not"™ Z ’ Hp+1,q+1 ;)1 ,;1, 5Py
7 (dt)
(1-pv--v), (aTJ’a;"j7"' ’OZ?(”;))LPT (a’jva‘y)lyp’;"' ;(ag‘r)vag‘r))l,p(’“)

(r) (r) ar) 64
(1-kv = p;v---0), (brj; Brjr =5 By Vg = (05 Bi)rgrs -+ 5 (057, 857 )1 g0

If r = 2, the multivariable H-function reduces into H-function of two variables ,for more details , see Srivastava et al
[13].

Corollary :531f v >0,¢c>0,d>0, >0, Re(s) > | d|U/a , c #d, then for the solution of the generalized

fractional kinetic equation
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N(t) — Not' =P H(d"t"21,d"t" 22) = —c"oD; " N(t) (5.5)
there holds the formula

71 (dt)v
79 (dt)v

(1,00, (a5 )
(1-kv — p; v, v), (by; @a ﬁ;'/)l,q

p+1,9+1:p1,q91;p2,92

N( Notu 1 Z Ct kv HO n+1:mq,n1;ma, ng(

(c 73;73) 215 (337" 3)1.p
(dvj,(sl) L (d// 6”) .as (5.6)

If r =1, the multivariable Aleph-function reduces in Aleph-function of one variable and consequently there holds the
following result.

Corollary 5.4 Ifv > 0,¢c > 0, . > 0, then the solution of the equation

i Aj (ajis Aji)Int1,pis
N(t)— N, t(u 1) Nm dUtY > ‘ ( aj, J)l ‘17[ Z(GJ“ Ji)in+1,psr — D7V N(t
()= No Poduest (' bjs Bj)1,m. [i(bjis Bji)lm+1,q.r DN ) (57
is given :
1 kv ,n+41 VU (1_M;U7U)7
N( = Not"™ Z Ct N;::LQ¢+LCUT dt"z (1_1(1) _N;Uav)a

s (g, Aj)ins [cilago, Aji)latipir (5.8)

) ( b,ng)l,ma[ ‘(bﬂ’Bﬂ)]m—H qi;T

For more details ,see ,Kumar et al [7]

6. Conclusion and remarks

Multivariable Aleph-function is general in nature and includes a number of known and new results as particular cases.
This extended fractional kinetic equation can be used to compute the particle reaction rate and may be utilized in other
branch of mathematics. Results obtained in this paper provide an extension of [3,6, 7,8 ].
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