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ABSTRACT

In this paper, we investigate the face edge product cordial labeling of the alternative triangular snakes,

Kin®Pp and (P,OK;)®P,,. Also non face edge product cordial labeling of the graph DS(P,) is presented.
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1. Introduction

Throughout this paper we consider only finite, planar, undirected and simple graphs. Let G be a graph
with p vertices and g edges. For all terminologies and notations related to graph theory, we follow Harary [2].
For standard terminology and notations related to graph labeling, we refer to Gallian [1]. The concept of edge
product cordial labeling of graphs is introduced by Vaidya et al. [5]. In [3], Lawrence et al. introduced the
concept of face edge product cordial labeling of graphs and face edge product cordial labeling triangular snake
is presented. Face edge product cordial labeling of some corona graphs are investigated by Muthaiyan et al. [4].
In [6], Vaidya et al. presented the product cordial labelings for alternate triangular snake graphs.

The brief summaries of definition which are necessary for the present investigation are provided below.
Definition : 1.1

The corona G;®G, of two graphs G1(ps, g1) and Ga(p,, 0,) is defined as the graph obtained by taking one
copy of G; and p; copies of G, and then joining the i vertex of G; to all the vertices in the i"" copy of G,.
Definition : 1.2

For a graph G = (V(G),E(G)), an edge labeling function f : E(G)—{0,1} induces a vertex labeling
function f :V(G)—{0,1} defined as f"(v)=TTf(e,) for {e; € E(G)/e; is incident to v}. Now denoting the number
of vertices of G having label i under f" as v¢(i) and the number of edges of G having label i under f as e(i). Then
f is called edge product cordial labeling of graph G if |v{(0) — v¢(1)| < 1 and |e¢(0) — e¢1)] < 1. A graph G is
called edge product cordial if it admits edge product cordial labeling.
Definition : 1.3

For a planar graph G, the edge labeling function is defined as g : E(G)—{0,1} and g(e) is called the label
of the edge e of G under g, induced vertex labeling function g* : V(G) — {0,1} is given as if ej,e,....,em are the

edges incident to vertex v, then g"(v) = g(e1)g(e»)...g(en) and induced face labeling function g~ : F(G) — {0,1}
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is given as if v, Vy, ..., vaand ey, e,, ..., en, are the vertices and edges of face fthen g~ (f) = g (v1)g (V2)...q (V)
g(e1)g(e2)...9(em). Let us denote vg(i) is the number of vertices of G having label i under g, eq(i) is the number
of edges of G having label i under g and fy(i) is the number of interior faces of G having label i under g~ fori=
1,2. g is called face edge product cordial labeling of graph G if |v4(0)—v,(1)|<1, |eg(0)—e4(1)| < 1 and |
f4(0) — fo(1)] < 1. A graph G is face edge product cordial if it admits face edge product cordial labeling.
Definition : 1.4

A triangular snake is obtained from a path v,vs...v, by joining v; and v;.; to a new vertex w; for 1 <i<n-
1.
Definition : 1.5

An Alternate Triangular snake A(T,,) is obtained from a path v,v,...v, by joining v; and v;., alternatively
to a new vertex w;. That is every alternate edge of a path is replaced by Ca.
Definition : 1.6

Let G = (V(G), E(G)) be a graph with vertex set V = S;uS,u...uS;UT where each S; is a set of vertices
having at least two vertices of the same degree and T = VAUS;. The degree splitting graph of G denoted by DS(G)

is obtained from G by adding vertices wi,W,,Ws, ..., w; and joining to each vertex of S; for 1 <i <t.

In this paper, we investigate the face edge product cordial labeling of the alternative triangular snakes,

Kin®Py and (P,®OK;)®P,,. Also non face edge product cordial labeling of the planar graph DS(P,) is presented.

2. Main Theorems
Theorem 2.1
The graph alternative triangular snake A(T,,) is face edge product cordial graph except n = 3(mod 4).
Proof.
Let G be a alternative triangular snake A(T,).
Let vy, Vy,...,V, and ey,€,,...,eq_1 be the vertices and edges of the path P,.
Case 1 :n=0 (mod 4) and the first triangle start from v, and the last triangle ends with v,

To construct alternative triangular snake A(T,) from path P, by joining v; and v;., alternatively with a

. n N .
new vertex u; by edges e}, ; =V, ,U; and e}, =u;v, fori=12,..., 7 and interior faces f; = Vi1 Uj vo; for i =

12,0
2

Then [V(G)| = 3n [E(G)|=2n-1and |F(G)|= %

2
Define edge labeling g : E(G) — {0,1} as follows

g(e) =1, forlsis%
g(e) =0, for n—;rzsign_1
g(e’y) = 1, for1<ic< %
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n+2 .
for —— <i
2

IN

g(e’) =0, n

In view of the above defined labeling pattern, we have
3n n
eq(1) = e4(0) + 1 =n, vg(0) = vy(1) = " and f4(0) = fy(1) = R
Therefore |eg(0) — e4(1)| < 1, [vg(0) — vg(1)| < 1 and | f4(0) — fy(1)[ < 1
Thus, the alternative triangular snake A(T,) is face edge product cordial graph, when n =0 (mod 4) and

the first triangle start from v, and the last triangle ends with v,

Case 2 : n=0 (mod 4) and the first triangle start from v, and the last triangle ends with v,,_;.
To construct alternative triangular snake A(T,) from path P, by joining v; and v;,; alternatively with

a new vertex u; by edges e, , =v,,u; and e, =u,v,,, fori=1.2,..., ? and interior faces f; = vy; Uj V4 for

i—12,.. 122
2
Then [V(G)| = 3n2_2 JE(G)|=2n—3and [F(G)|= "=2.

Define edge labeling g : E(G) — {0,1} as follows

g(e) =1, forlsis%

g(e) =0, for n—;rzsign_l
g(e’) =1, for1<i< nT—Z
g(e’) =0, for L <i<n-2

In view of the above defined labeling pattern, we have
3n n
gg(1) =eg(0) +1=n—-1,v40) =vy(1) +1= vE and fy(0) =fy(1) +1 = Yk

Therefore |eg(0) — eg(1)| < 1, [vg(0) — vg(1)| < L and | f4(0) — fy(1)| <1
Thus, the alternative triangular snake A(T,,) is face edge product cordial graph, when n = 0 (mod 4) and

the first triangle start from v, and the last triangle ends with v,,_;.
Case 3 : n=2 (mod 4) and the first triangle start from v, and the last triangle ends with v,,.

Let path P, having vertices vy, Vs,...,v, and edges €1,€e,,...,en_1.
To construct alternative triangular snake A(T,) from path P, by joining v; and vj.; alternatively with a

, n N .
new vertex u; by edges e}, , = v, ,u; and e}, =u,v, fori=12,..., 5 and interior faces f; = Vi1 Uj Vo for i =
n
1,2,..., —.
2
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Then [V(G)| = 37” [E(G)|=2n—1 and |F(G)| = %

Define edge labeling g : E(G) — {0,1} as follows

g(es) = 1, forléis%

g(e) =0, forn—;rzéiSnfl
g(e’) =1, forlsis%

g(e’) =0, for n_;rz <i<n

In view of the above defined labeling pattern, we have

ey(1) =e,(0) +1=n—1,vy(0) = vy(1) + 1 = 3":2 and £,(0) = f,(1) + 1= "2

Therefore |eg(0) — eg(1)| < 1, [vg(0) — vg(1)| < L and | f4(0) — fy(1)| <1

Thus, the alternative triangular snake A(T,) is face edge product cordial graph, when n = 2(mod 4) and
the first triangle start from v, and the last triangle ends with v,,.

Case 4 : n=2 (mod 4) and the first triangle start from v, and the last triangle ends with v,,_;.

To construct alternative triangular snake A(T,) from path P, by joining v; and v;,; alternatively with

. n-2 L
a new vertex u; by edges €5, ; =Vv,u; and e}, =u,v,;, fori=1,2,..., —— and interior faces f; = vy; U; V.1 for

i—12,... 0122
2

*o

Then [V(G)| = % [E(G)|=2n-3and |F(G)| = ”T‘Z
Define edge labeling g : E(G) — {0,1} as follows

g(ey) =1, forléié%
g(e;) =0, for n—;rzéisn—l
gle’) =1, for1<i< nT—Z
n .
g(e’;) =0, for53|sn—2

In view of the above defined labeling pattern, we have

3n-2 n-2

eg(1) =e4(0) + 1 =n—1, v4(0) = vy(1) = and fy(0) = f4(1) = 7

Therefore |eg(0) — eg(1)| < 1, [vg(0) — vg(1)| < L and | f4(0) — fy(1)| <1

Thus, the alternative triangular snake A(T,) is face edge product cordial graph, when n = 2(mod 4) and
the first triangle start from v, and the last triangle ends with v, ;.
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Case 5: n=1 (mod 4) and the first triangle start from v, and the last triangle ends with v,,_;.

To construct alternative triangular snake A(T,) from path P, by joining v; and v, alternatively with

. n-1 L
a new vertex u; by edges e, , =V, ,u, and e, =u,v,, fori=1.2,..., —— and interior faces f; = vy U; v for
. n-1
=1.2,.., —.
2

3n-1

Then [V/(G)| = [EG)|=2n—2and [F(G)| = ”T‘l

Define edge labeling g : E(G) — {0,1} as follows

g(e) =1, forlsisnT_l
g(ey) =0, fornTHSién—l
g(e’) =1, for1<i< nT—l
g(e’) =0, fOI’nTHSiSn—l

In view of the above defined labeling pattern, we have

ey(1) =e,(0) =n—1,vy(0) = vy(1) + 1 = 3”4” and £,(0) = f,(1) = ”T_l

Therefore |eg(0) — eq(1)| < 1, [v4(0) — vg(1)| < L and | f4(0) — fy(1)] <1

Thus, the alternative triangular snake A(T,) is face edge product cordial graph, when n =1 (mod 4) and
the first triangle start from v, and the last triangle ends with v, ;.

Case 6 : n=1 (mod 4) and the first triangle start from v, and the last triangle ends with v,,.

To construct alternative triangular snake A(T,) from path P, by joining v; and v;.; alternatively with

. n-1 L
a new vertex u; by edges €}, , =Vv,u; and €5, =u,v,,,, fori=1.2,..., 5 and interior faces f; = vy Uj Vi Tor

i=1,2,...

>

n-1
—

3n-1
2

Define edge labeling g : E(G) — {0,1} as follows

Then [V(G)| =

JE(G)|=2n—2and [F(G)| = ”T_l

g(e) =0, forl1<i< nT—l
g(e) =1, for nTHSiSn—l
g(e') =0, forl<i< _n2—1
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g(e’) =1, fornTHSign—l

In view of the above defined labeling pattern, we have

3n+1

ey(1) = 4(0) = N — 1, vg(0) = vg(1) + 1 = and f,(0) = f,(1) = ”T‘l

Therefore |eg(0) — e4(1)| < 1, [vg(0) — vg(1)| < 1 and | f4(0) — fy(1)[ < 1
Thus, the alternative triangular snake A(T,) is face edge product cordial graph, when n = 1(mod 4) and

the first triangle start from v, and the last triangle ends with v,

Case 7 : n= 3 (mod 4) and the first triangle start from v, and the last triangle ends with v,,_;.

In order to satisfy the edge condition for G, it is essential to assign label 0 and 1 to exactly n—1 edges.

Any pattern of edge labeling which satisfies the edge condition will induce vertex labels for number of

vertices in such a way that | v(0) — v4(1) | = 2.
Therefore the vertex condition for G is violated. Thus the graph G under this consideration is not a face
edge product cordial graph.

Hence, the alternative triangular snake A(T,) is not face edge product cordial graph, when n = 3(mod 4)

and the first triangle start from v; and the last triangle ends with v,,_;.

Case 8 : n=3(mod 4) and the first triangle start from v, and the last triangle ends with v,,_;.

In order to satisfy the edge condition for G, it is essential to assign label 0 and 1 to exactly n—1 edges.

Any pattern of edge labeling which satisfies the edge condition will induce vertex labels for number of

vertices in such a way that | vg(0) —v4(1) | = 2.

Therefore the vertex condition for G is violated. Thus the graph G under this consideration is not a face
edge product cordial graph.

Hence, the alternative triangular snake A(T,) is not face edge product cordial graph, when n =3 (mod 4)
and the first triangle start from v, and the last triangle ends with v,,_;.

Therefore, the alternative triangular snake A(T,) is face edge product cordial graph except n = 3(mod 4).

Example : 2.1
(i). The alternative triangular snake A(Tg) with first triangle start from first vertex and its face edge

product cordial labeling are shown in Figure 2.1(a).
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Figure 2.1(a)
(ii). The alternative triangular snake A(Ts) with first triangle start from second vertex and its face edge

product cordial labeling are shown in Figure 2.1(b).

[EEN

[EEN
(=)
o

Figure 2.1(b)

Theorem : 2.2

K1n®Py, is face edge product cordial graph except n is even and m > 2,
Proof.

Let ug, Uy, ..., up+g @nd ey, €, ...., e, be the vertices and edges of Ky .

Let G be the graph Ky ,®©P,.

The vertex set V(G) = {ui,vij:1 <i<n+l,1<j<m} edgeset E(G) = {eigpc 1 <i<nl<j<n+ll<k
<2m-1} and interior face set F(G) = { fi:1 <i < (n+1)(m-1)} of G, where €; = Ujun.; for 1 <i < n, e = ujvjcfor 1<
j<ntland 1<K<m, jmig = ViwVjeey for L<j<n+l and 1 <k <m-1, £ = U Vi Vigeyy Ui for 1< i< n+land 1<
k<m-1.

Then [V(G)| = (n+1)(m+1), |[E(G)| = 2(n+1)m-1 and |F(G)| = (n+1)(m-1).

Define edge labeling g : E(G) — {0,1} as follows
Case 1:nisodd

g(ey) =1, forlsisnTJrl
g(e;) =0, fornTJr?’ <i<n

ge =1, forl<j< nTJrl and1<k<2m-1

g(ej) =0, for nT+3 <j<ntlandl<k<2m-1
In view of the above defined labeling pattern we have

(n+1)(m+1) (n+1)(m-1)
— ~— 7

e9(1) = €g(0) +1=(n+1)m, vg(0) = vy(1) = >

and f,(0) = f(1) =

Then |vg(0) — vg(1)| < 1, |eg(0) — (1) < 1 and | fg(0) — fy(1)[ < 1.
Therefore, K, ,®Py, is face edge product cordial graph for n is odd.
Case 2 : niseven

Sub case 2.1 : nisevenand m = 2.
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g(e) =1, forlsis%
g(e) =0, for nTJr?’ <i<n
g(ej) = 1, forlSan—;landlﬁkSmel

g(ej) =0, fornT%sjsnﬂandlsksZm—l
g(e) =1, for j=n+landk=13.
g(ew) =0, for j=n+landk=2.

In view of the above defined labeling pattern we have

3N H4 o £00) = f(1) + 1 = ”—;2 .

gg(1) = eg(0)+1 = 2n+2, vy(0) = vy(1)+1 =

Then |vg(0) — vg(1)] < 1, [eg(0) — e4(1)| < 1 and | f4(0) — fy(1)| < 1.

Therefore, K, ,®Py, is face edge product cordial graph for n is even and m = 2.
Sub case 2.2 : nisevenand m> 2.

In order to satisfy the edge condition for G, it is essential to assign label 1 to atmost (n+1)m edges out of
2(n+1)m-1 edges. Assigning any pattern of edge labels which satisfying the edge condition will induce face
labels for (n+1)(m-1) number of faces in such a way that [fy(0)—fy(1)| = m-1, that is face condition for G is
violated. Thus the graph G under consideration is not a face edge product cordial graph when n is even and m >
2. Therefore, the graph K, ,®P,, is not a face edge product cordial graph for n is even and m > 2.

Hence, the graph K, ,®P,, is face edge product cordial graph except n is even and m > 2.

Example : 2.2
The graph K5 © Ps and its face edge product cordial labeling is given in figure 2.2.

Figure 2.2
Theorem : 2.3
(P,®K;)®P,, is face edge product cordial graph.
Proof.
Let uy, Uy, ...., up, and ey, €y, ...., €2q1 be the vertices and edges of the comb graph P,®Kj.

Let G be the graph (P,®K,)®©P,,.
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The vertex set V(G) = {u;,v;;:1<i<2n,1<j<m} edge set E(G) ={ej, ej: 1 <i<2n-1,1<j<2nand
1 <k <2m-1} and interior face set F(G) = {fi: 1 <i < 2n(m-1)}, where &; = Uilj;y for 1 <i < n-1, €p_1)+ = Uillnsi
for 1<i<nex=uvkforl<j<2nandl<k<m,ejmu = ViVjenfor 1 <j <2nand 1<k <m-1, fi = ujvig
Vigen Ui for 1<i<2nand 1<k <m-1.

Then [V(G)| = 2n(m+1), |E(G)| = 4nm-1 and |F(G)| = 2n(m-1).

Define edge labeling g : E(G) — {0,1} as follows

Case 1:nisodd

a(e) =1, forlsisnT_l

g(e) =0, for nT+1 <i<n-1

glen1+) =1, forl<i< nT+1

9(en1+i) =0, for nTJr?’ <i<n

g(e) = 1, for1<j< nT—l and 1 <k <2m-1
g(ew) =0, for nTJrl <j<nand1l<k<2m-1
g€+ = 1, forl<j< nT+1 and1<k<2m-1
9(&me+iw) = 0, for nTJr?’ <j<nand1l<k<2m-1

In view of the above defined labeling pattern we have
gg(1) = g4(0) + 1 =2nm, v¢(0) = vg(1) = n(m+1) and fy(0) = fy(1) = n(m-1).
Then |vg(0) — vg(1)] <1, |eg(0) — e4(1)| < 1 and | f4(0) — fy(1)| <1

Case 2 : niseven

g(e) = 1, forlsis%

g(e) =0, for n;rz <i<n-1

g(en1+) = 1, for1<i< %

g(en1+) =0, for 1 er 2 <i<n

g(ey) = 1, for1<j< % and 1 <k<2m-1
g(ey) =0, for n_42r2 <j<nand1l<k<2m-1
9(esiy) = 1, forl1<j< % and 1 <k<2m-1
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n+2

g(en+iy) =0, for <j<nand1<k<2m-1

In view of the above defined labeling pattern we have

gg(1) = e4(0) + 1 =2nm, v¢(0) = vg(1) = n(m+1) and fy(0) = fy(1) = n(m-1).
Then |vg(0) — vg(1)| < 1, |eg(0) — eg(1)| < 1 and | f4(0) — fy(1)| < 1
Therefore, the graph (P, ® K;) ® P,, is face edge product cordial graph.

Example : 2.3
The graph (P,OK,)®Ps and its face edge product cordial labeling is given in figure 2.3.

Figure 2.3

Theorem : 2.4
The graph DS(P,) is not face edge product cordial graph forn > 3.

Proof.

Let G be the graph DS(P,))

Let vq, Vo, ..., V, be the vertices of P,,.

Now in order to obtain DS(P,,) from P,,, add the vertices are w; and w, and add edges are viws, VW
and v;w, fori=2,3, ..., n-1.

Then [V(G)| = n+2, E(G) = 2n—1 and |F(G)| = n—1.

To define g : V(G) — {0, 1} as follows
Case1l:n=3

The graph DS(P3) = C,.

C, is not an edge product cordial graph.

Therefore, DS(P5) is not face edge product cordial graph.
Case2:n>4

In order to satisfy the edge condition for face edge product cordial graph it is essential to assign label 0 to

Vnz_ 1J edges out of 2n — 1 edges. The edges with label 0 will give rise all the n—2 faces with label 0.

Therefore, | £5(0) — fy(1)] > 2.
Hence, the graph DS(P,,) is not face edge product cordial graph for n > 3.
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