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1. Introduction

Let R be a commutative ring with 1 = 0 and M is a unitary R-module . A submodule N of M is called
essential (denoted by N<.M) , if for any nonzero submodule K of M , KnN #(0) , [2]. And a proper
submodule N of M is called small submodule (denoted by N«M), if N+K+M , for any proper submodule K of
M ,[2]. Recall that a submodule N of an R-module M is called e-small (denoted by N «, M), if whenever
N+K=M with K<.M , then K=M ,[5]. A submodule N is called closed submodule if for each nonzero
submodule N of M (denoted by N <.M ), if N has no proper essential extension submodule in M, that is if
N<.K<M, then N=K [2]. The concept of supplement submodule appeared in [4], where a submodule N of
an R-module M is called a supplement submodule in M if M=N+K for some submodule K of M and N is a
minimal submodule with this property M=N+K. Equivalently, N is a supplement submodule if M=N+K for
some K<M and NNK<N.

We introduce and study in section two the concept of e-supplement submodule ,where an essential
submodule N of R-module M is called an e-supplement submodule in M, if N+K=M and N is a minimal
essential in M with this property . In section 3 we introduce e-supplemented module , if every submodule of M
has an e-supplement submodule .

2. e-Supplemented Submodules.
In this section we present a new concept namely e-supplement submodule. We study this concept and give
some of its basic properties.

Definition 2.1:

Let U<SM . An essential submodule V of M is called e-supplement of U if U+V=M and V is a minimal
essential in M with this property.

The following is a characterization of e-supplement submodule.

Theorem 2.2 :

Let V<.M, Vise-supplement of U if and only if M=U+Vand U NV «_. V.
Proof: (=)
Let V <. M. If Vs e-supplement of U, so U+V=M . To prove U NV «.V.
Assume (UnV)+K=V , for some K <.V . Then M=U+(UnV)+K, hence M=U+K.But K <.V and V <.M, so
K <.M. On the other hand , K <V and V is a minimal essential in M with the property U+V=M. Thus K=V and
hence UNV K.V
(&) suppose M=U+V and U NV «_. V. To prove V is e-supplement of U . let K <.M and K <V such that
M=U+K , we must prove K=V. Since K <.Mand K<V ,thenK <. V.
But V=Mn V=(U+K) NnV=K+(UNV) by modular law . As (UnV) <.V and K<,V , imply that K=V and
hence V is e-supplement of U.

Remarks and Examples 2.3 : ~ ~
1-  Asupplement submodule need not be e-supplement, for example : < 3 > is a supplement of < 2> in the
Z-module Zg but < 3 > is not e-supplement , since <3>%.7Zs.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 123



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) — Volume 33 Number 2 - May 2016

2- e- supplement submodule need not be supplement, for example: < 2 ><. Z,, < 2 > is an e-supplement Z,,
but < 2 > is not supplement submodule of Z, .

3- Zpwisasupplement of N (for each N< Zp) . Also it is e-supplement

4- Z,isasupplement of any N<Z, . Also it is e-supplement

Proposition 2.4 :

Let A)N,K be submodules of an R-module M such that N is e-supplement of M and A is e-supplement of K in
M, then A is e-supplement of N in M.
Proof :
Since N is e-supplement of A , then N<.M and A+N=M , ANN<«, N and since A is e-supplement of K in M,
then A<, M, and A+K=M, A is minimal essential with the property A+K=M.
To prove A is e-supplement of N . Since A<M , A+N=M , so it is enough to show that A is minimal essential
in M with the property A+N=M . Let L</M and L<A such that L+N=M . To prove L=A . Since
A=MNA=(L+N)NA=L+(NNA) by modular law, then M=L+(NNA+K=(NNA)+(L+K). But (NNA)<N , then
NNAKM , also L<M , implies L+K<.M . Hence M=L+K. But A is e-supplement of K and L<. M, L<A, so
that L=A . Thus A is e-supplement of N m

Proposition 2.5:

Let A, N be submodules of an R-module M such that N<A . If N is e-supplement in M , then N is e-
supplement of A
Proof:

Since N is e-supplement in M , then N<.M and there exists K<M such that N+K=M , NNK<«,N...... (1) .
Now A=MNA=(K+N)NA=N+(KnA) by modular law . Since NNKNA< NNK<«N , so NNKNA<«, N . Also
N<, A. Thus N is e-supplement of KNA in A .

Proposition 2.6 :

Let M be an R-module , let A<N<M with N is an e-supplement in M, then A is an e-supplement in N
if and only if A is an supplement in M.
Proof : (=)
Since N is an e-supplement in M , then N<.M and there exists K<M such that N+K=M and N is minimal
essential with this property . To prove that A is an e-supplement in M . As A is an e-supplement in N,

50 A<N and there exists L<N such that A+L=N and A is minimal essential submodule of N with this property .
It follows that M=N+K=A+(L+K).

Since A<,N and N<.M , we get A<M . Let B<,M , B<A such that B+L=N, so B+L+K=M . But B<;M, then
B+L <.M . Also B+L<N and since N is minimal essential such that N+K=M , so that B+L=N , but B<A and A
is a minimal essential submodule such that A+L=N , so B=A and A is minimal essential with property
A+(L+K)=M ;i.e. Aisan e-supplement of L+K .

(&) It follows by Proposition 2.5 .

Proposition 2.7 :

Let M; , M, be R-module , M=M;®M, . If A is an e-supplement of K; in M, B is an e-supplement of
K, in M, . Then A@B is an e-supplement of K;®K; in M;®M,.
Proof :
A is an e-supplement of K; in My, then A<.M with A+K;=M; and ANK ;<A . B is an e-supplement of K, in
M, , then B<.M, with B+K,=M, and BNK,«B.
Now, M;@M,=(A+K;)®(B+K;)=(A+B)®( K1 +Ky).
Also (A+B)N( K;+K5) =(ANK)®(BNK,) < A®B [5, Proposition 2.5 (3)].
But A<.M; and B<M; , imply A@B<.M;®M, [2, Proposition 1.3] . Thus A@B is an e-supplement of
K1®K2 .

Proposition 2.8 :
Let M be an R-module , if A is an e-supplement of K<M , let N<A and N is closed in M , then % is an e-

. M
supplement in N
Proof :

ISSN: 2231-5373 http://www.ijmttjournal.org Page 124



http://www.ijmttjournal.org/

International Journal of Mathematics Trends and Technology (IJMTT) — Volume 33 Number 2 - May 2016

A is an e-supplement of K in M, so A<M and A+K=M , AnK <A . To prove that é is an e-supplement in

First since N<M and N<A< M, then% by [2, Proposition 1.4, P.18]. Now, A+K M implies ﬂ %
K+N _ M
hence +t— 5
We clalm that— nm <<e— Slnce n N - AMKAN) NJr(l‘:m()by modules law . Thus
%n % = N+(§nK) . Let= v <e ﬁ such that Ne(anky + N = ﬁ , then N+(AnK)+L-A and hence (AnK)+L-A But
% <e % , implies L<.A and since ANK<«A , then L=A ; that is % == It follows that = n ﬂ <<e is e-

supplement of %

Remark 2.9:

If A is an e-supplement of B and B is an e-supplement of C , then it is not necessarily that A is an e-
supplement of C . For example , let V =<2 > < Z,. V is an e-supplement of Z, and Z, is an e-supplement of <
0 > . But V is not e-supplement of < 0 > .

Recall that an R-module is called a multiplication module if for every submodule N of M , there exists an
ideal 1 of R such that IM=N. Equivalently, M is a multiplication module if for every submodule N of M ,
N=(N:rkM)M. [1]

To prove the next result , we prove first the following lemma :

Lemma 2.10 :
Let M be a finitely generated faithful multiplication R-module and let < J < R . If 1 K. J, then IM <M

Proof :

Let K< JIM. As K<M, K=LM for some L<R, since M is a multiplication R-module . Assume that IM+K=JM ,
so IM+LM=JM . But M is a finitely faithful multiplication R-module, so I+L=J . But we can show that L<.J as
follows , suppose T<J and TnL=(0). Then (TNnL)M=(0) and hence TMNLM=(0) . But K=LM<JM and
TM<JIM , so that TM=(0) and hence T=(0) which implies L<_.J. But 1«_,J , so L=J . Thus K=LM=JM and
IM<<JM.

Proposition 2.11:

Let M be a finitely generated faithful multiplication R-module and let N<M. Then N is an e-
supplement in M if and only if [N:M] is e-supplement in R.
Proof : (=)
If N is an e-supplement in M, so N<.M and there exists K<M such that N+K=M and NNK <N . Since N<.M
and M is finitely generated faithful multiplication R-module, then [N:M] <R , also N+K=M , implies [N:M] +
[K:M]=R. To prove[N:M] n [K:M] « . [N:M] . First [N:M] n [K:M]=[N n K:M]. Let | < [N:M]If
[NNK:M]+I=[N:M] , then[NNK:M]M+IM=[N:M]M , [NNK]+IM=N . But I<,[N:M], then IM<.N {by Lemma
2.10} and since NNK<«N , so IM=N=[N:M]M . As M is a finitely generated faithful multiplication, we get
I=[N:M].
Thus [NNK:M] «<[N:M] .
(&) If [N:M] is an e-supplement in R , then [N:M] <.R and there exists J<R such that [N:M]+J=R ,
[N:M]NJ<<[N:M] . Then N+IM=M. But [N:M] <.R implies N<.M[1,Th. 2.13]
NNIM=[N:MIMNIM=([N:M]nJ)M . Also [N:M]NJIK,[N:M] implies ([N:M]NIJ)M<K[N:M]JM (by Lemma
2.10) , so that (NNIM)<<,N
Thus N is an e-supplement in M.

3. e-Supplemented Modules:
In this section, we introduce a new class of module namely e-supplemented module , by using the concept
e-supplement submodule. This class of modules is a generalization of the class of supplemented modules.

Definition 3.1:
M is called e-supplement R-module if every submodule of M has an e-supplement submodule .
Example 3.2:
1- Consider Z, as Z-module ,
<0> has an e-supplement in Z, which is Z, , <2> has an e-supplement in Z, which is Z,,
Z, has an e-supplement <2> . Thus Z, is an e-supplemented module
2- Consider Zg as Z-module , since each sumodule of Zg has an e-supplement submodule which is Zg . Thus Zg
is an e-supplemented module.
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3- Consider the Z-module Z , <0> has an e-supplement Z . Let N< Z , then N=nZ for some nez, n>1 .
Suppose mZ is an e-supplement of nZ , then mZ+nzZ=Z . Thus g.c.d (m,n)=1, so nZ + m'Z=Z and mZ =
mZ=Z . If m=+1 , then g.c.d (n,m?)=1, so nZ + m?’Z=Z and m?°ZS$mZ , so every proper submodule of Z has
no e-supplement . Thus Z as Z-module is not e-supplemented Z-module .

Remark 3.3:

Let M be a semisimple R-module . Then M is e-supplement

Proof:
Since M is semisimple , then M is the only essential submodule of M and for each N<M , N+M=M and
NNM=N<«M ; that is M is an e-supplement submodule of each submodule N of M
Definition 3.4:
1- Let N be a submodule of a module M . N is called e-weakly supplement of A in M if N<;M, N+A=M and
NNAKM. M is called an e-weakly supplemented if every submodule of M has an e-weakly supplement.
2- M is called an e-amply supplement module if for any two submodule X and Y of M with M=X+Y, Y
contains an e-supplement of X in M .
Remark 3.5:
For an R- module M. It is clear that
1- Misan amply e-supplemented module implies M is e-supplemented .

Proposition 3.6:
For an R-module M such that Rad,M=(0) . The following statements are equivalent :

1- Misasemisimple module .

2- M is an e-supplement module .

3- Mis an e-weakly supplement module.

Proof :

(1) = (2) Since M is semisimple , then M the only essential in M and M+N=M , MNN=N for any N<M . But
we can show that N<«N as follows. Let N+U=N U<N. But N is semisimple , then the only essential in N is N
it is self , so U=N and hence N<N.

(2) = (3) Itisclear ..

(3) = (1) Let N<M , so there exists K<M , K is e-weakly supplement , then N+K=M and NNK<«.M . But
Rad.M=(0) , then NNK=(0) . Thus N<®K .

Proposition 3.7 :
Let M, MO be Rmodules and f:M — M be an R-epimophism . If M is an e-amply supplemented

module (e-supplemented or e-weakly supplemented) module then so is in M .
Proof :

If M is an e-amply supplemented module . Let X,Y <MT[] , such that M1 =X+Y. Then f
1(X)+ f1(Y)=M (sice fis onto) . But M is an e-amply supplemented module , then f*(Y) contains C of f*(X) in
M , if F1(X)+C=M and f}(X)NC«,C . Now it is clear that X+ f*(C)=M_l. We claim that Xn f*(C) «.f(C) ,
where f(C) <Y . Since f*(X) NC«.C , then f(F*(X)NC)<«<.f(C) . Hence XNF(C)«.f(C) . Let yeXNf(C) , then
y=Ff(C) , for some c€C , y=Ff(c)EX , then XNf(c)<f(F(X)NC)«f(C) , then XNf(c)<«,f(c) . Thus f(c) is an e-
supplement of X in M1 .

The proof in similarly for M is e-supplemented module and M is an e-weakly supplementes module.
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