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ABSTRACT
In this paper, we evaluate three finite double integrals involving varous products of biorthogonal polynomials, a general class of polynomial and
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special cases.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [6] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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with w = v/—1

For more details, see Ayant [1].

The reals numbers 7; are positives for? = 1,--- | IR, 7;(x) are positives for i) = 1,--- R®¥)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largzi| < EAEk)W, where

n D,(k)
k k k k k
AP = Slon 3l 3D e > o
Jj=1 Jj=n+1 Jj=1 Jj=nr+1
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :

N(z1, -, 20) =0(]21|" ... |20]*) ,max(|z1]... |2+ ) = O
N(zy, -+ 20) = 0( |21|? . 2| ) s min( |21 . |20] ) = 0

where, withk = 1,--- ,r:ay = min[Re(d;k)/(S](k))],j =1,---,mpand

Br = maz[Re((c]” = 1)/7")].j = 1.+ m
We will use these following notations in this paper
U=pi,q,7;R; V=myn - men, (1.3)
W= p;a0, qin, T RY o pi s @i, Ty s BT (1.4
A={(az;05", - af b Aniai ol 0l )
B = {ribsis B+ B3 v} (15)
C =159 1 b o (7 1 b - L5 b i (€5 1,0} (16)

(1. s(1) a 1) (€3] r), o(r r) . o(r
D — {(dJ ) 5_,‘ )1,771,1}7 TicC )(djz(l) ) 6ji(1))m1+1,qi(1)}7 SRR {(d§ )7 6§ ))Lmr}?Ti(T) (di'i()ﬂ’6§i()r))m7‘+1:qi(r)} (17)

The multivariable Aleph-function write :

A C
N(zp, e z) =ROMV] [ (1.8)
B:D

Zy

Chai and Carlitz [2] studied the following pair of biorthogonal polynomials.

N (0 + Dgn i (@+B+n+1) 1 -2k
Jr(z ’ﬁ)(x;k) Z () (Oé+1)kj ( 2 )J (1.9)

j=0

1~y Lyt Ly ! I+1
and Kflavﬁ) (fL‘, ]g) = E Z(_)j (ﬂ + TL) (LL’ 5 ) -T + ]Z ( ) %)n (1.10)
' I=

7=0 J

The generalized polynomials defined by Srivastava [8], is given in the following manner :

[N1/M;] [Ns/M;]
N AT
Ma 1 M Kl S Mbe
SNll, N, [yla"' 7ys = g g : KS'
K1=0 Ks=0
A[N1, K3+ 3 N, K Jyit -+ yks (1.11)

Where M7, - -+, My are arbitrary positive integers and the coefficients A[N1, K15+ ; Ny, K] are arbitrary
constants, real or complex.

We shall require the following integrals for the evaluation of our main integrals :

ISSN: 2231-5373 http://www.ijmttjournal.org Page 167



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 33 Number 3 - May 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 167



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 33 Number 3 - May 2016

1 "(=
‘/m*ﬁu—xw*ﬁﬁmu—amkmx—(“+1”"}:(7”m
0 n! 0 m!

clat Bant Dinl'()U(A + km)
(a+ 1)gmD (N + p+ km)

(1.12)

T m

/0 x>‘_1(1 B x)“_lela’ﬁ)(l — 22, k)dz= i Z (_)m<5 + n)z (_;’L)l (a +Ii+ 1)m

n! m
m=0 =0

F'A+m)I'(w+n—m)
FA+p+n)

Where Re(\) > 0, Re(p) > 0, (o) > —1, Re(8) > —1 (1.13)

The above two integrals can be evaluated, if we make use of (1.9) and (1.10) respectively and the definition of Beta
function.

2. Main integrals

—-N 1K —N, 21y
Let A= ;{)11\'4;( b [t()fKA[Nl’Kls“ﬁNt’Kt] @21

m is a positive integer

First integral

1 p1
/ / a:’\_lyp_lzp+20(1 — :17)“_1(1 — y2)"_1J7(1°‘”3)(1 —2x; k)
0o Jo

a1y“1 (1 _ y2)?11 Hu1+2v1 71 2P (1 _ x)Ul y/h (1 _ y2)51 ZM1+251
sy | oy | oy
at/yut (1 — yz)vt Zut+2vt Zra:p”r‘ (1 — x)o-ryllr(l _ y2)57’2/~/ﬂr’+257‘
Ni/My]  [Ne/Mi] n
O D 5= Ty o Bt D g
- | |
n! ot = = a4+ 1),

(1_/*67 01, >UT)7
eiw(p+u(K1+-~~+Kt)/2)N%n+4:V
42!

(I-XN—p—kjso1 4 p1,-+ 00+ pr),

ZT’ eiﬂ-u'r’ /2

(l_A_k]apla 7p7’)7(1 _P_Zfﬂ KlUl;/Ll,"‘ 7/1/7’)7(20-_222::1 Klvl;z(sl?"' a26?“)7A :C

(1-p — 20 — )y Kq(ug + 20p); g + 201, -+, jiy +26,.), B : D
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where z = \/1 —y2 +iyand Uy =p; +4,¢; +2,7;; R (2.2)

Provided that
a) 1m1n {Mu ]7p2702} >0, Re( ) —1,R6(ﬁ) >—1

d(l) d(i)

] >0; Re}‘—i—ZMHg?irin 6(’)

b)Re[p—I—Z,ui min ]>0
i=1

1<j<m; 5@)

J
Re[a+;uzl<njngln 6()] >Oa“dRe”+Z“21<nj1£n 6()] >0

1
c) |a7’gzk| < iAgk)W, where Agk) is defined by (1.2)

Second integral

1,1
/ / x)‘_lyp_lzp+5(1 — )1 - y2)5/2_1J7(La’5)(1 — 2x; k)oF1[a, by 65 2/ 1 — y?]
o Jo

apyttz z12P (1 — x)7t (yz)*
Sl : N : dzdy

at/yutzut erpr(]_ — l’)o-’r (yz)/vtr

[Ni/Mi]  [Ny/My]
(o + 1)nT'(0) 12:1 tX: Zn: O‘+5+n+1)ijaK1---aKt
n n! - (o +1)g; ! ¢
1=0 =0 j7=0
7 eiTrp,l/Q

(1‘N301»"' aUT)a(l_)‘_kj;pla"' 7/)7')

et (p+p(Kit- +Kt)/2)NO nt+4:v
43

7 eiT.rur/Q (1‘)\—M—kj501 +p1,“-,0,«+p7«),
T

7(1_p_25:1Klul;,u17'” 7:“7“)’(1_p_(s_{—a—’—b_zzt:lKlul;,ulv"' nur);A:C
(2.3)
(1-p— 6 — 1y Kiwr +aspn, - ), (1= p— 6 — X1y Kywg +bypa, -+ o 4p), B D

where 2 = /1 —y2 + iy and Uys = p; +4,q; + 3, 7;; R ,provided that
a) 1m1n {,UJM Japz;o'z} >0 Re( ) —1,R€(ﬁ) > —1

ISSN: 2231-5373 http://www.ijmttjournal.org Page 169



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 33 Number 3 - May 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 169



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 33 Number 3 - May 2016

r 4 4
b)Re[/H—Z,ui min -] > 0; Re)\%—z,uZ min  —-] > 0
i=1

1<j<m; ) 1<j<m; 50
J J

(4)
M+ZMZ1<I§{I¢1M Z ] > 0and Re(d) >0,Re(p+d—a—0) >0
.7

1
c)|argz| < §AZ(-I€)7T , where Agk) is defined by (1.2)

Third integral

1 1
| [ ap @ g e 00 - 2k
0 Jo

a1y2U1 (1 _ y2)’01 (Twmmn 71 2P (1 _ :L-)U'lyQ,Ul(l _ y2)51<—u1—61
My, M ' 0,n:V ‘
Sny N : Ny
atyzut(l - y2)vtc—ut—vt Zrmpr(l - x)JTQQMT(l - y2)5r<—,ur—5r
[N1/M;q] [Ne/M:] n
a+1;m oc+ﬁ+n+1)k] K K
I S
K1=0 =0 5=0
Zl(l + b)—ﬂl

(14 b)—(p+u(K1+---+Kt))N%;;;1V¢V

Zr(l_f_'b)—ur (1A = = kji p1, -

(p =Xy Kpus i+ i), (L— 00 = 32y Kpug 61, -+ ,6,), A= C

(1-p— 0 — Sy Ki(uy + )i i+ 61, i +6,),B: D

where ¢ = (1 +by?),b> —land Uy = p; +4,¢; + 2,7 R, provided that
a) 1m1n {,UJu j:puaz} > 0, Re( ) *LRB(B) > -1

b)Re[p+z:,LLz min ]>0 Re>\+z,u,, min
i=1

1<j<m; 5(1) 1<j<mi (5(1)] >0

J
Re[o+§1uzl<r§1gin 6()]>OandRe,u+E ullglgn 6()]>0

1
c)|argz| < iAgk)W , where Agk) is defined by (1.2)
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(2.9

Page 170


K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 33 Number 3 - May 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 170



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 33 Number 3 - May 2016

remark : Similarly integrals involving K 7(10675 ) (1 — 2x; k) can also be evaluating.

Proof of the first integral
To establish the integral (2.2), we first use the definition of S N1 ]]\gt and the Aleph-function of r variables in

Mellin-Barnes contour integral, changing the order of integration and sumrnation (which is easily seen to be justified
due to the absolute convergence of the integral and the summations involved in the process). Evaluating the resulting
integral with the help of [4, p.450, eq.(4)]. Finally interpreting the result thus obtained with the Mellin-barnes contour
integral, we arrive at the desired result.

The proof of the other integral formulas are similar to that of the first integral with the only difference that here we use
other known integral [5,p.71, eq.(3.1.8)] and [3,p.10, eq.20]

3. Multivariable I-function
If 7, =T;01) =+ = T;) = 1, the Aleph-function of several variables degenere to the I-function of several

variables. The finite double integrals have been derived in this section for multivariable I-functions defined by Sharma
et al [6]. In these section, we note

n P,(k)
(k) (k) (k) (k) (k) _ (k)
B Z o= 3 o) -3l +§: D Yo
Jj=1 j=n+1 j=1 j=ng+1
mi q (k)
+y a8 — 00 >0, with k=1, ri=1, R i =1... RM @1
j= Jj=mp+1

First integral

1,1
/ / x)‘_lyp_lzp+2‘7(1 — )1 — y2)‘7_1J7(La’5)(1 —2x; k)
o Jo

ajy"t (1 _ y2)v1zu1+2v1 71 2P (1 _ :E)U'lylil (1 _ y2)51 Zi1+251
SR : Iy . dady
atyut(l _ yQ)UtZUt+2vt erpw-(l _ m)gryﬂr(l _ y2)5r2ur+257-
N M N, M
a+1 i” [iti —n) a+ﬂ+n+1)k7A L
. . at
K,1=0 K.=0 5=0 Oé + 1)k]
Zleiﬂul/Q

(1-p; 01, ,07),

e’iﬂ(p-l—}L(Kl+"'+KL)/2)IO,H+4IV
U422

(1->\—M—l€j;01 +p17"' 70r+p’r)7

Z,relﬂ—u’!‘/2

(A= ki o)y (L= p—= Sy K s+ s o), (20 = 250y Kyugs 261, -+ ,26,), A1 C

(1-p— 20 — Y1, Ky(ug + 20); p1 42041, , i +26,), B+ D
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where 2z = \/1 —y2 +iyand U =p; +4,¢ +2,7; R

Provided that

a) 1mln {,UJw j:puaz} > 0, Re( ) 717R6(6) > —1

(0 4

- d
b) Relp+ z_; Hi 5<z>] >0 RelA + Z Hi 20 (5@

]>0

J
Re[o+z;uzl<r§1gin 6()] >0a“dR€“+Z“11<I?£n 6()] >0

1
c)|argz| < §Bz-(k)71' , where ng) is defined by (3.1)

Second integral

(3.2)

1 ,r1
| - a0 (1 - 20 ok o, 6/ T )
0 Jo

apyt ¥ z 2Pt (1 — x)Ul (yz)ﬂl
SIAV?, _ ]]\\,{ ¢ . I 8’:‘;}/‘/ . dxdy

atyutzut erpr(l _ l-)o'r(yz)ur

z
~
5

Nt/Mt] n

(a4 Dol (0) Sy Z(—n,)j(a+ﬁ+n+1)ija{<1__,

K1=0 K,=0 j=0 j!(a+1)kj

Zleiﬂul/Q

6i7r(p+u(K1+«~+Kt)/2)IO,n—|—4:V
Uys:W

, ei@r/z (1A —p—kjso1+p1,- -
,

(1-p— let:l Ky pay - spr),(L=p—0+a+b— Zle Kyug; py -+

(1_/1';0-17"' 70-T)7(1_)‘_k:j;p17"' 7pr)

O+ Pr),

ir), A C

(3.3)

(Lp—0- i K +ayu, - ), 1—p—0—>_ Kjw+bpr, -, pur),B: D

where z = /1 — y?2 + 4y and Uy = p; + 4, q; + 3, 7;; R, provided that

a) 1m1n {1, 65, pi0i} > 0, Re(a) > —1, Re(B) > —1
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b)Re[p+;uzl<r§1g}n 6(2)]>O Re)\+2uzl<r§1i1}n 5(2)]>0
, a

Re[p+ Y p; min ——] > 0and Re(8) > 0,Re(p+0—a—b) >0
=1 ! 1<j<m; 5( i) ’

1
c)largz| < §Bi(k)71' , where Bi(k) is defined by (3.1)

Third integral

// A—1 2p 1C p— o( )u 1(1 2)0—1{]1(105,,8)(1_2&:;]{:)

g (1 g g 2P (1 )y (1 g2y
SN Ny, : e . dady

g (1 — y?)e (e e (L )y (1 y?)be (e

[

N/M N, /M,]
_1 a—i—l 1/ M t/M¢] n a_{_ﬁ—}—n—{-l)k]A Kl' oK
2 nl Z Z gl + 1), ¢
K1=0 =0 j5=0

14+6)7# ;
Zl( . ) (1‘/%01,“'707-),(1_)‘_kj3p1""’p7”)

(1+b)" (ptp(Ky+- +Kt))104';+v“1/V

Zr(l+b)—l~br (1_>‘_:u_kj;p17"' 7)01’)7

(1_p - 25:1 Klul;,ula T 7,LL7‘)7 (1 -0 — Zle Klvl;éla T 757‘)7‘4 :C
o (3.4)

(-p—o =3, Ky(ug +v);pa + 01,y pir +6,),B: D
where ¢ = (1 +by?),b> —land Uy = p; +4,q; + 2, 7i; R, provided that

1n {,uz, d;,pisoit > 0,Re(a) > —1,Re(f) > —1

) 1<ic
r d(l) d(l)
b)Re[/)+2“Z <I§1§71n 5(%)] > 0; Re] )\+Zu, <njlir7ln 5(1)] >0
(%) d(l)

d;
Re[a+2uzl<njrnr71n 6()]>OandRe,u+Zuz ]>0
i=1 '

<j<m1 5(

ISSN: 2231-5373 http://www.ijmttjournal.org Page 173



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 33 Number 3 - May 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 173



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 33 Number 3 - May 2016
L (k) (k) o o
c) largzi| < §Bi 7, where B, is defined by (3.1)

4. Aleph-function of two variables
If = 2, we obtain the Aleph-function of two variables defined by K.Sharma [7], and we have the following relations.

First integral

1 p1
/ / x)‘*lypflz”*%(l — )1 - yz)aflsza’B)(l —2x; k)
0o Jo

2
alyU1(1 - y )UlZU1+ vt lepl(l _ aj)alyul(l _ y2)01 Z,Ul+2(51
S : R j dzdy

ey (1 ez (1= 2oy (1 = )P

Nl/Ml [Nt/]wt n
S Y e S
(o + 1), ¢
K1=0 —0 j=0
7 €i™H1/2 (1-p; 01, 02),

6i7r(p+u(K1+«~+Kt)/2)N0,n+4:V
Uys:

226”“2/2 (LA —pu—kj;o1 + p1,02 + p2),

(LA — kjs p1, p2)s (L — p— Sob_ ) Kpugs pa, iz, (20 — 2370, K3 261, 285), A C
C 4.1)

(1-p — 20 — 37_y Ky(wg + 201); iy + 201, o + 262), B : D

where z = /1 — 92 + iy and Uso = p; +4,q; + 2, 7;; R, provided that
min {y;,0;, pi, 0} > 0, Re(a) > —1, Re(f8) > —1

) 1<i<2
d(l) d(l)
b)Re[p+;Mi1gi%i5(l)]>O R6A+Zuz <I§lir1ln (l)]>0
2 d(i) 2 d(~i)
Re[a+2u~ mm ]>OandRe[ Z“i min —2-] > 0

i<m; 5(%)
—  isgsm 53.
NG k) o , {
) largzi| < §A,L. 7, where A" is defined by (1.5) with 7 = 2

Second integral
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1 r1
| [t e o a1 ) (1 20 b T )
0 JO

U1 UL
s 2127 (1 — )7 (yz)
My, M ' 0,n:V -
SNy N . Ny . dzdy
atyu.tz’ut Z2.QZ"O2(]_ - 37)02 (yz)M
Nl/Ml] [N:/M:] n
e IRE O WU U
K1=0 —0 j=0

21/ 2 |(1-pi; 01, 09), (1 — X = kjs p1, -+, pr)

et (ptpu(Kit- +Kt)/2)N0 n+4:V
4’3

29e"™H2/2 | (1-\ — p — kj; 01 + p1,02 + p2),

(ep = S Kpugs i, pa), (L — p— 6 +a+b— 3 _, K pun, pe), A: C

4.2)
(1-p—0d— Zf:l Ky + a; py, p2), (1 —p— 0 — 25:1 Kyug + by pa, p2), B : D
where z = /1 — y2 + 4y and Uys = p; + 4, q; + 3, 7;; R, provided that
a) 1<1n {pi, 05, pi,0:} >0, Re(a) > —1, Re(B) > —1
b) RQ[HE‘“&%@ it 51> 05 RelA+ 2“%5{% 5(2)] >0
d(i)
Oand Re(d) > 0,Re(p+d—a—>b) >0
'u . Z Hi 1<I§lg:nz 5(1 ] = Yan ’
1
c)|argz| < iAz('k)W , where Agk) is defined by (1.5) withr = 2
Third integral
1 pl
| [ i mm eyt a0 20k
0 JO
“ (1 - y )WC i Zlmp1<1 _ x)01y2u1 (1 _ y2>61C—}L1—61
Sﬁl’i:...7%t : N%:‘l‘j‘}/ ' dxdy

. 2 ' 2\d2 F—p2—0
atyQUt(l _ yQ)Uthutfvt ZQ:L“DZ(]‘ - x)o-Qy K2 (1 - y ) 2< H2 2
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Nl/Ml [Ne/M¢] n

1a—|—1 a+6+n+1)kj K K
e DRI B Dhet e e PR

K.1=0 K:=0 j5=0

21 (1 + )" ((1-p; 01, 02), (1 = A = kj; p1, p2)
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5. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions o several variables such as multivariable I-
function ,multivariable Fox's H-function, Fox's H-function , Meijer's G-function, Wright's generalized Bessel function,
Wright's generalized hypergeometric function, MacRobert's E-function, generalized hypergeometric function, Bessel
function of first kind, modied Bessel function, Whittaker function, exponential function , binomial function etc. as its
special cases, and therefore, various unified integral presentations can be obtained as special cases of our results.
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