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Abstract
The aim of this document is to establish four double series relations for the generalized multivariable Aleph-function. These relations are quite
general in nature, from which a large number of new results can be obtained simply by specializing the parameters.
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1. Introduction and preliminaries.

The object of this document is to evaluate four finite double summations involving the generalized multivariable aleph-
function. These function generalize the multivariable I-function recently study by C.K. Sharma and Ahmad [2] , itself is
an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral occuring in this
paper will be referred to as the multivariables Aleph-function throughout our present study and will be defined and
represented as follows.
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are complex numbers , and the O/S, 5/8, ’y/S and 0’s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers 7; are positives fori = 1 to R, T; (k) are positives for Z'(k) =1to R(k)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where ¢ is a real number with loop , if
k k . .
necessary ,ensure that the poles of F(d;- ) 53( )Sk) with § =1 to my are separated from those of
T

'l —a; + Zag'k)sk) with 7 =1 to n and I'(1 — (k) +’7( ) k) with j =1 to ny to the left of the

=1
contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :

1
largzi| < iAgk)w , where

qi P,(k)
k
AR SRS vE D R L 5 SLERT ol
j=1 j=n-+1 j=m+1 j=ng+1
mp 4q;(k)
+3 0 = e > 6 >0 wim k=1 =1, R i =1, R® )
j=1 j=mg+1

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :
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We will use these following notations in this paper
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The multivariable Aleph-function write :
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2. Series relations

We obtain the following double series relations of the generalized multivariable Aleph-function :
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provided that the double series involved on the left hand side of (2.1) is absolutely convergent,

Re(b+C+d+6_a)<1apk>0,k:17“' s T
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where Uss = pi +4;¢; + 4; 73 Rand Usz = p; + 2;¢; + 2; 75 Rand p, =
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provided that the double series involved on the left hand side of (2.2) is absolutely convergent,

Re(l+a—b—c—d—e)>0,pp>0,k=1,---,r

Formula 3
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where Uso = pi +45¢i + 2,73 R, Uso = pi + 25 ¢35 75 R, pi = %,i =1,
provided that the double series involved on the left hand side of (2.4) is absolutely convergent,p > 0, k= 1,---,r
Proof

To prove (2.1), express the generalized multivariable Aleph-function in the sum on the left of (2.1) in terms of its
Mellin-Barnes type contour integral (1.1), interchanging the order of integration ans summation, which is valid, as the
series involved is finite and evaluating the inner double series with the help of the following known result of Sharma[1
(1976),p.187]
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where Re(b+c+d+e—a) <1

the proofs of (2.2) to (2.4) can be developed by similars methods to those given above by using (2.5) and the following
result of Sharma[1 (1976),p.185].

i )° (@) st1(a/2 + 1) sre(b)sre(d)s(e)s T +a-dl(1+a—d—e)
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s=0 t=0

with Re(a/2 —b—d—e) > 1

4. Generalized multivariable I-function

If 7;, = T;1) = -+ = T;(» = 1, the Aleph-function of several variables degenere to the generalizezd I-function of
several variables. The finite four double sums have been derived in this section for generalized multivariable I-
functions.

Formula 1
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where the same notations and validity conditions that (2.1)

Formula 2
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where the same notations and validity conditions that (2.2)

Formula 3
VA / ’
d+S+t7 y T >1+Q+S+t; y T
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where the same notations and validity conditions that (2.3)

Formula 4
Z
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where the same notations and validity conditions that (2.4)

4. Aleph-function of two variables

If 7 = 2, we obtain the generalized Aleph-function of two variables and we have the following formulas

Formula 1
Z
$3 (el |ttt pa), (04 5i0n, rh)
N7 ' ..
g 14]  Uasz;R:
s=0t=0 1—|—Cl 6) +t8t : ) (%+S +tap,17pl2)7
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2
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where the same notations and validity conditions that (2.1)

Formula 2

Al
m n ) e . (ats+t ;p1, p2), (b+ s+ t; p1, ps),
Z s't' N R ' .
=0 1= gy ((La-DFs 4301, 05), (§ +7 + 85 1, 9h),
(I3 4s+tipy, o), (cksttiplm), AC) g —b-d—e)
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71
I (b sp1, p5), (c5 1, p5), A C
N C 4.2)

gy [1Tab-despy, ph), (1 +a—c—d=epy,pp),B: D

where the same notations and validity conditions that (2.2).

Formula 3
Z
in: n S+t(d)s(e)s 3.V ! (d—|—S+t ;plap2)7(1+ % +5+tap{l7pl2)
— 1t Us2;R:
ey 1 = Dagestt . (§+s+tiph ),
VAR , 21| )
(b+S+t P15 p2)’ A:C B I‘(l +a-— b) 42,0V (baplap2)>A :C 43
e .. = g Usso;R: ) P .
(1+a-d-e+s+t;p1,p2),B: D [l+e-b-d=c) - B:D

where the same notations and validity conditions that (2.3)

Formula 4
Z1 /AN
m ats+t 1p1, p2), (d + 5507, ph), 015 P5)s
Z +t(b)s+t Y ( P1 ,02) ( P1 P2> (e+5 P Pz)
A oL oL
20 = 1+a—d—€)s+t83ﬂ . . (24 +t;07, pb), o
a . Zl
(I4+5+s+t 301, p5), A = C  T(ta-d—e) ionv (d 5p1, 05), (€501, p5), A= C s
— 1 Uso;R: ) .
(14a-b+s+t;01,p2),B : D Ml+a-b-d-e) . ...B:D

where the same notations and validity conditions that (2.3)
5. I-function of two variables

Ifr, = Til = Ti/ " =1, then the generalized Aleph-function of two variables degenere to generalized I-function of two
variables and we obtain the following results.
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Formula 1
ii +t +t m44,n:V o (ats+t 31, p2), (d + 5 p1, P5)
.S 5 I P
— g 14~ Uas; R
i (1 + a €)seslt! . (3+s +t;00, pb),
(I+3+s+t 500, 05),  (ettipl, pb), A:C I(1+a—d—e)

(I4+a-bts+tip1, p2),(I4a-c+s+tipr, p2), B: D FA+a-b—d-e)

21 RV VY .
Fl+a—b—c—d—e) miomy . (d 5p1,05), (€01, p5), A: C

Fl4a—c—d—e) Ua1; R:

(5.1)

79 (1+a—b—c 51017,02)aB : D

where the same notations and validity conditions that (2.1)

Formula 2

71
A o pmav [ (ats+t 5p1,p2), (b + s+t 01, p3),
Z S't' U44,R ) ...
0= 7y |(IFa-bts 601, p5), (5 + 7+ 8191, p3),
(tgsttiph ), (obsttiph), A:C) pig—b-d—e)

(I+a-ctstt;0, ph),(1+a-d-ets+tip1, p2), B:D 21 +a—¢)

Z1
(b5, p5), (¢ p1,05), A: C
m+2,n:V .
U22;R: . . . (5.2)

gy [(AFab-d-espy, o), (L+a—c—d—epy,p5), B: D

where the same notations and validity conditions that (2.2).

Formula 3
Z1 a /N

mon d+s+t P11, 5 1+2+s+ t/ s

Z (_>s+t(d)s(e)s ety ( p1,p2), ( 5 P15 P5)

— Uy R: ..
s=0 t=0 (1 Ta b)SthS-t. ” 7 (%+S+t7p/17 p/2)a
VAR, . Z1 . .
(b‘|’S‘|‘t P15 P2)7 A:C B F(l +a-— b) m+2.n:V (b,/)1,,02), A:C 53)
_Fl g Usa;R: .

(1+a-d-e+s+t;p1,p5),B: D) LUTa7b=d=¢) 2 B:D

where the same notations and validity conditions that (2.3)

Formula 4
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7z
i n () H(B)ns R Y l(atstt sp1. pa), (d + 5500, ph), (e+s;0,, pb),
I o
— 141" Usz;R: o
ot 1+a d—e)syeslt! 742 ) (%4s +t;p1, ph), L
T
Al z1
(55t o b A C  Plya—d—e) iy (d 01, p3), (€01, ), 42 C
o o= —————Ii . . (5.4)
(1+a-b+s+t;p1,p2),B : D W(ta-b-d-e) y ...B:D
T

6. Conclusion

The generalized aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on
specializing the parameters of this function, we may obtain various other special functions o several variables such as
multivariable I-function defined by Sharma et al [2] ,the Aleph-function of two variables defined by [4], the I-function
of two variables defined by Sharma[3] , Fox's H-function , Meijer's G-function, Wright's generalized Bessel function,
Wright's generalized hypergeometric function, MacRobert's E-function, generalized hypergeometric function, Bessel
func[]tion of first kind, modied Bessel function, Whittaker function, exponential function , binomial function etc. as its
special cases, and therefore, various unified integral presentations can be obtained as special cases of our results.
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