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ABSTRACT

The aim of the present document is to evaluate three triple double finite integrals involving general class of polynomials, special functions, Aleph-
function and multivariable Aleph-function. Importance of our findings lies in the fact that they involve the multivariable Aleph-function, which are
the sufficiently general in nature and are capable of yielding a large number of simpler and useful results merely by specializing the parameters in
them. Further we establish some special cases.

KEYWORDS : Aleph-function of several variables, double integrals, special function, general class of polynomials, Aleph-function

2010 Mathematics Subject Classification. 33C99, 33C60, 44A20

1.Introduction and preliminaries.

The Aleph- function , introduced by Siidland [10] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :

a;, A; (ai;, A N 1 _
N(Z) N?D/[g ( 7 )1 m[ z( 3T ]Z)]\1+1ap7,77" :_/ Q%MQ\Q[ C.‘T(S)Z sds (1.1)
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for all 2 different to 0 and
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With : |CLTgZ|< 7TQ Where () = ZBJ—FZQJ z( Z BJL—F Z Oéjfb')>0;2':1,'--,’l“
j=1 j=1 Jj=M+1 j=N+1
For convergence conditions and other details of Aleph-function , see Siidland et al [10].the serie representation of
Aleph-function is given by Chaurasia et al [2].
QQM N (s)

M,N P;,Qi,ci,r —S
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With s =ng 4 = 5. P, < Qi |zl <1 andQP Qi ( ) is given in (1.2) (1.4)
G (3] ’L
The generalized polynomials defined by Srivastava [8], is given in the following manner :
[N1/Mi]  [Ns/M;]

M;, N1 Vv K (=Ns)m, k.

Sl = Y oy e G
K1=0 K=0 s
K K,

ANy, K-+ 5 Ny, Kglyp -+ -y (1.5)
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Where M7, - -+ , My are arbitrary positive integers and the coefficients A[N7, K7;- -+ ; Ny, K| are arbitrary
constants, real or complex. In the present paper, we use the following notation

(_Nl)M1K1 (_N)
K, K,!

a1 = SA[vaKla ;NsaKS] (16)

The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [6] ,
itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral occuring in
this paper will be referred to as the multivariables Aleph-function throughout our present study and will be defined and
represented as follows.

z1
. . — 0,1127?’L1 STy M, Ny '
Wehave : R(z1,- 3 20) =R L R sty 1) RO 30,00 007,00 R
Z’F
A1) (r) )
[(aj’ a§1), “ e 70(5,7'))17“] 7[Ti(aj’i7 « 17,) sy T 7a<72) )ﬂ+1,pi] *
T
........................... 7[Ti(bji§ﬁji )T Py )m-l-l,qz‘] :
1)y (1) 1) (1) . . r T
[(c;7):75 Dim s [T (e ﬂ<1>,7ﬂ<1>)m+1p<1>],--- SO R N m(cgzm ), 1p00)]
1 1 1 1 r r T
[(dg ))75§ ))1,m1]7 [Tfi(l) (d§i21)75(z()1))m1+1 q(l)] ’ [(dg )), ( ))1 mr}y [T (r) (d Ga(r)o ](z()r))m 41, q(7 }

1 T
_—(27Tw)7"/ / P(s1, 0, Sr) HQk(Sk)sz dsy - --ds, (L.7)
L Ly k=1
with w = v/ —1

For more details, see Ayant [1].

The reals numbers 7; are positives for = 1,--- | IR, 7;(x) are positives for ik = 1,---, R®)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
|argz/€| < EAZ(.k)W , Wwhere

t Di(k)
AP =N a7 Z ol _TZZ g® | Z — T Y 7;()@
Jj=1 Jj=n+1 j=nr+1
Mg 4q;(k)
+Z5§k)— Ti(k) Z 5(k)k)>0 wih k=1---,ri=1,---,R i® =1... R® (1.8)
. j=mp+1

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.
We may establish the the asymptotic expansion in the following convenient form :

N(z1, -, 20) =0( |21 .. 2| ) s max(|z1]. . |2r] ) = O
N(z1, -, 20) = 0(|21)% .. 2P ) s min( |21, . . |20 ) = 00
ithk=1-- .7 ap=mi (B) rgty 5 — 1.
where, with & = 1, ;7 : a, = min[Re(d; /(5.7 ),j=1,---,myand
— R (k)
B = max[Re((¢f" = 1)/4{)], 5 =1, ,my
We will use these following notations in this paper
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U=pi,qi7; R ; V=myni; - mp,n, (1.9)
W=Dp;m), ¢, Ty RW, ... y Di(r) s Qi) 5 Tir) 5 R (1.10)
A={(a;:a", - ) {ni(asiall el ) ) (1.11)
B = {Ti(bjz';ﬁﬁ), B it} (1.12)

= {(0(1)77]1))1 na b Ty (C;:()n ; 7;;21))n1+1,pi(1)}, .- {( ;T)»'Yg(r))l np b T (CE-:()T)?’VJ(-;j()ﬂ)nH—lmi(l-)} (1.13)

D = {705t om0 s o3 o}, {00 i, b i (@010 g} 114)

J J ) 4 Ji 7t

The multivariable Aleph-function write :
o,n:V
N(zr, o z) =Ry [ | .. (1.15)

2 . Required integrals

The following integral ([9],p.33;[31,p.172, eq(27);[4],p.46, eq(5) and [5],p.71] will be required to establish our main
results :

Le)l(a+b+1/2)T(c—a—b+1/2)
-1/2 b+1/2; . .
a)/ b1 ba b+ /2 ) de= m e e AT e a2 e b1 172 O
where Re(c) > 0, Re(2c-a-b) > -1

T el 270l { (o £ ) /2}
b sinf)* L P #(cosh)dl = 2.2
)/0 (sinf) (cost) M{(a+v+1)/2}T{(a—v)/2}T{(u+v+2)/2}T{(n—v+1)/2} @2
provided that Re(a £ 1) > 0
0 / 0)" " (cos0)* 10 = 2°T (p + 1)a ™" Ty pp1(a) 23)
where Re(p) > —1; Re(p) > —1

/2 . 2D ()T + B — 6 — )
d i(a+B)0( a—1 B-1 - 3: 10 — € il .
)/o e (sinf)*~ " (cosh)"~ oF 1 (7, 6; B; € cosh)dh Flat BTt b0 (2.4

where min{ Re(a), Re(8), Re(a+ 8 —~v—48)} >0

3. Main integrals

1)/ / Y1 —2)7Y2 oFy(a, b0+ b+ 1/2;2) (sinh)* "L Py “(cos@)NA]f g,,c, (22 (5inf))
y124 (sinf) /1 717 (sinf)) D

Sl . NG . dadf

ysx® (sind)7s 7,2 (sin0)%r
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(]‘ - 0‘7“+d77G792+Zf:1 USE ; d,lv T Jd;")a A:C
. (3.1)
(1 _CY_’U"FdnG,g;'Zi:l K;f; ;d’l, . ,d;),B . D
d;
where Uyy = p; +4;q; +4;7;; Randd, = —,i =1, -+, r. Provided that
p q ) 5 )
d(l)
/ —_—
el i 7+ DKoo+ Yoo i, rolkg
b. s r (4)
o — 7 . )
bRe[lc —a—b+ ¢ 121}1<nM B; +2Kze, +Z;czl<rglg}m 6(1)] > 1/2
1= 1=

d
oRe[c —a+ ¢ min ——I—ZK&—FZCZ min }>—1/2

1<<M B 1<j<my; 5(1
b. s r (2)
_ I .o . i J _
dRelc — b+ guglMB +;KZ€Z+;Cll<Hfglni 5(2)] 1/2
d(i)
e/l j
eRelat pu+d ér]11<nM -+ ZK fi —|— d 1<11]1g71m 5(1)] > 0
d(i)
f)Re[a—U—l—dlgnglM— +ZKfZ+Zd 1<I§1i171n (5(1)] >0
d(l)
g)Re[a £ v+ d min ——I—ZK]‘}#— d; min | > -1

1<G<M 1< <m; 5(1)

i=1

1
h) |argzi| < §A§k)7r , where AE’” is given in (1.8)
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i) largz| < WQ where §2 = ZBJ+ZCYJ—CZ Z Bji + Z Qi)

j=M+1 j=N+1
2)/ / )Y oF (a,b;a 4+ b+ 1/2; ) (sinf)P Y (cos) LT, (asin)R Y P, Q ey (2T '(sinf)?)
y12% (cosf)?/1 712 (cos)?™
Sl . N . dzdf
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72°a~PT(a + b+ 1/2) iz[ Z/: z/: Za A{,gi’ciyw(nc,g) (=)9a29tH
a4+ 1/2)I'(b+1/2) — =~ = Bgg! 229+ gl

K O3 Al (1 - C‘C777Gg ZZ 1K€Z,Cl," ,CT),
na, 1, K, n
2%y NU% W .

Zp ( -C +a‘C’77G,g Zz 1K62,61," 7Cr)7

N

(5 - ctatb-cngy — 2oy Kieger, -+, ¢p),
(% - +b -cng,g — > Kieiser, -+ ¢r),
(_p_dTIG,q Zz 1Kf17d17"'ad7“)>A:C
(3.2)

(-gp—p—1—dngg— ZZ leZ,dl,- ,d.),B:D

where Uss = p; + 3; q; + 3; 7;; R. Provided that

d(l)
a)Relc+ ¢ min —+ZK6Z+ZC7 min | > -1

1<j<M B; 1<5<m; 5(%)

e
b)Relc —a—b+ ¢ min ——I—ZK@Z—FZCZ min ] > —1/2

1<G<M 1<5<m; 5(1)
e
oRelc —a+ ¢ 1%11%1]\4 - —l— ZK e; + ZCZ 1<I§li1’}n 5(1)} > —1/2
d(i)
dRe[c — b+ 1érJll<nM—+ZKez+ch1<r§m71n 6(2)] > —1/2
b, , e ’
e)Re[p + d frjugnM— —I-Zlerl- 4 d; <r§11r71n 5(2)] >0
b, 00
_ ] J—
fiRelg —p+p+d érjngnM —I—ZleH—Zd 1<r§1g71n 6(2)}> 2
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1
g) |argzi| < §A§-k)7r , where Agk) is given in (1.8)

M
h)|argz|<;7rﬂ whereQ:Zﬁg Za]—cZ Z Bji + Z aji)

j=1 j=M+1 J=N—+1
3) / / Y1 —2)7Y2 oFy(a, b0+ b+ 1/2;2) (sin0) Y (cosh) P~ oF) (v, 8; B; € cost)
y1x€1 ezfle(cosg)fl le'cl ezedl (COSQ)dl
NES, cr(z” (sind) ) S s N i dodo
ysxes ezfse(cose)fs Zrﬂjcreledr (Cose)dr
,n.eirra/2r(ﬁ)r\( +b+1/2) i/[: io: Nivh] [Nijij]a (— )gﬂﬂf,gz ci,r’ (nG,g)
1
|
Pla+1/2)0(b+1/2) £~ 9=0 K,—=0 K,=0 Beg!
z1€™P1/2 | (1-cCngy — ZJ  Kjejien, ),

G.g0,K1 K, jim(dng,g+y 51 Kjfj)g0n+4V
277 gyl ey te ( g 2171 JJ)NU44:

; 2 1 3
z,ne”rp’"/ (§ -C +a -C NG,g — 27 1K6Z7cl7 L, Cp )7

(1 _a_dnGg Z] 1Kfjad17" 7d7")7 (%'C—i_a—}_b'C’nGg Zj 1K6]7cl7" 7C’r)7

(1'a_ﬁ+7_d’7G,g ZJ 1Kfj7d17"’ ;dr)> (% -C +b 'C,77Gg 27 1K637017" )CT))

(l-a=B+v+0—dngg— Z] VK fids e dn), A C
(3.3)
(l-ao — B+ 0 — dng,g — Zy le],d1,~~,dr),B:D

where Ugqy = p; + 4; q; + 4; 7;; R. Provided that

d(l)
a)Re[c + ¢ n;11<nM -+ ZK e +ZCZ 1<I§1g71m 5(1)} > —1
b. s r (4)

—a— -7 o ‘ J _

bRe[c —a—b+ ¢ 1g]n<nM B; +;KZeZ+Zc,1<I?gl7@ 5(1)]> 1/2
d(l)

J— —_ ] J—

o)Re|c a+c1gJ11<nM +ZK€Z+ZC“1<I?E}M 5(1}> 1/2

S d(l)

b J
dRe[c — b+ gu<nM B + ZKiei + ;ci 1<Hjlgln 5(2)] > —1/2

Y3 J
e)Rela+ f — 6 — 7+d13711<nM +ZKfZ—|— d1<151g¢1m5(%)]>0

ISSN: 2231-5373 http://www.ijmttjournal.org Page 215



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 33 Number 3 - May 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 215



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 33 Number 3 - May 2016

r (é)
b; . d;
fiRela + 5 — 0 +d i?lgnM —=+ ;_1 K fi + 2 d; | Join 5§i)] >0
b. s T W
1 f ) ; J
gRela+ 0 —v+d gu<nM B, + ;:1 K;fi + 2 d; 1<njngln 51@] >0

1
h) |argzi| < §Al(-k)7r , where AZ(-k) is given in (1.8)

Hlargz| < 7TQ where 2 = Zﬁj-l—zaj—cz Z Bji + Z aji)

j=M+1 j=N+1

Proof of (3.1)

We first express the general class of polynomial occuring on the L.H.S of (3.1) in series form with the help of (1.5), the
Aleph-function in series form with the help of (1.3) and replace the multivariable Aleph-function by its Mellin-Barnes
contour integral with the help of (1.7). Now we interchange the order of summation and integrations, we obtain

= / . & Pi,Qi,cir </’7G’g) nG,g K1 g Ks
L.H.S of (3.1) E E E E BGQ' z 2 Ys
—0 <=0 ’

G=1 g:0 Kl

1 ! v . .
7(27-“0)1“ / e / ¢(81, cee Sr) Hekz(sk)zzk (/ xc-l—c 77G,g+zz':1 eiKi"‘Zi:l cisi—l(l . 1’)_1/2
Ly L, P 0

oF1(a,bya+b+1/2;x)dx

( / (sinf)etdne.ot2ioy il iy disi=1 p=b(co50)dh ) dsy---ds,
0

Now, using the result (2.1) and (2.2) to evaluate the x-integral and 6-integral and reinterpreting the multiple contour
integral so obtained in the form of multivariable Aleph-function withe help of (1.7), we obtain the desired result.
The result (3.2) and (3.1) can be proved by similar prrofs with the help of integrals given by (2.2), (2.3) and (2.4).

4. Multivariable I-function

If 7, =7;0) =-++=T;¢) =1 the Aleph-function of several variables degenere to the I-function of several
variables. The Four doubles integrals have been derived in this section for multivariable I-functions defined by Sharma
et al [6]. In these section, we note

n P, (k)
(k) (k) (k) (k) (k) _ (k)
B =Y ol Y ol gl Z Do Titw
Jj=1 Jg=n+1 J=1 j=ng+1
my 4q;(k)
+3 00— 3 60> 0w k=1 i =1, R i =1, RE) @.1)
j= j=mr+1

1)/ / Y1 —2)7Y2 oFy(a,bya+ b+ 1/2; x)(sm&)“‘va_“(cos@)Ngzgi7Ci;r,(zx0’(sin,0)d)

’ ’ y12 (sinf) /1 712 (sinf) N
Sl - oY o dzdf
ysx® (sinf)fs 2,2 (sinf)%r
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w227 (a + b+ 1/2)
T(a+1/2)T(b+1/2)0{(p+v+2)/2}T{(p — v+ 1)/2}

— a ( ) Q 7‘7Q“(17"T (nG’g)zWG,g Ki e K.s
1 B | U Ys
G=1g=0 K;=0 K.=0 GY:
VAl (1 - C—C”)?G,g ZZ 1K€z,(317" 701‘)7
JOnF4V
Uga:W

Zr (% -C ta 'C’nG,g Zz 1 Kela C1,- 7C7’)7

1 s . atptdng, g +>°7_1 Kifi '
(5 - C+a+b_c,nG,g _Zi:1 Kiei,C]_,"' 7C7‘)7(]— - 92 1 ) d,lf" d )>

T

otvtdng,g+> i 1 Kifi . ’
) atdin: Ay, db),

» T

(Bctb—dney— Yo, Keser e ), (3

(1- oottt B Kl gy o dr), A C

R . . . (4.1)
(1 _a—v—&-dnc,g;'Zi:l Kifi ;d’h - ,d;),B : D

where the same notations and validity conditions that (3.1)

2)/ / Y1 —2) Y2 ok (0, bya + b4 1/2; ) (sinf)P+ (cosh) L, (asmG)NP guc (22 (sinf)?)

y12% (cosh)?/1 717 (cos)?™
SN L oy L dzd
ysx° (cosh)?/s 7,2 (cosf)?4
_ m2°aPT(a+b+1/2) i”: iwf‘:”l fo ()90 o (TGrg) (=)9a2ets
- T(a+1/2)I'(b+1/2) Bgag! 229+ g
G=1g=0 K;=0 K.=0

0nt3:V 71 (1 - C'C777G',g Zz 1 K; i€i;C1y " 761")7
nG,q,, 51 | .. n+
219y Ys Ko IU33 W

Zr (% -¢ t+a 'C’nG,g Zz 1 Ke%? C1,- 767')7
(% - C+a+b‘c777G,g - Zf:]_ K’Leu C1,° " 7C7”>7

(% ¢ +b -,y — >y Kieiser, -+ ¢,

('P—dﬁG,g Zz 1Kf17d17' 7dr)7A:C

(_g_p_/“L_ 1 _dnG,g 27 1Kf’wd17 7d7”)7B : D

(4.2)
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where the same notations and validity conditions that (3.2)

3)/ / Y1 —2)7Y2 oFy(a, b0 4 b4 1/2;2) (sin0) L (cos8) P~ oF) (v, 8; B; € cost)
y1z1 e 19 (cosf) /1 212 e (cosh)h

N]\{,gz,cu (zwc’(sine)d)Sﬁl’i::"%s C. I[O]’:%V C dzdf
ysx®etfs?(cosh)fs 2,204 (cosh) 4

M,N
)gQ z:Qz,sz (nG’g)
BGQ!

7.(.ez'7roz/2r(ﬁ) ( +b+1/2 M oo [N1/Mi]
ESIONOSIORD PP

N
1M
@L

Zleiﬂ—pl/2 (1 C'CnGg Z] 1K€ja017 G )7

K K, im(d + K; O,n+4:V
ZT]G,gy1 1 ys e (TIGg Z] 1 fj)[ Vst W

Zrempr/2 (— -c +a an,g 27 1K61,cl, ©LCp )7

(1-a—dng,y — Z] VK fduy o idy), (5 - edatb-cng g — 00 Kiejier, o cr),
(1—Oé _5"1’7 - dnG,g Z] 1 K; fjadla' : 7d7')7 (% -C +b _C,T]G,g - 2;21 Kjej;Cl,' o 7CT)7
(1 _a_5+7+5_d77G79_ijlKjfj;dlv"' 7d7“)7A:C

e 4.3)
(1—a — B—f—é — d’l’]G’g — 25:1 Kjfj,dl, .. ,dr),B D

where the same notations and validity conditions that (3.3)
5. Aleph-function of two variables

If 7 = 2, we obtain the Aleph-function of two variables defined by K.Sharma [7], and we have the following results.

1)/ / Y2 oF)(a,bya + b+ 1/2;2) (sin) Py “(COSO)NP“g“CM (22 (sinf)?)
’ y12 (sinf) /1 712 (sinf) %
SNl . Ny . dzdf
ysx® (sind)7fs 2022 (sinf) %2

722 P (a+ b+ 1/2)
T(a+1/2)T(b+1/2)0{(p+v +2)/2}T{(n —v + 1)/2}

P;,Qi.cir! 77G,g)
I T s
=1g9=0 K;=0 a9
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d L Kifi
71 (1-ccng,g— Zl L Kieiser, ), (1- 2HEE nG’g;ZZZI fi, d’1,dy),

U44 W

25 | (3 -c+a-cngy— Zz 1 Keiser,e), (

1 atvtdng,g+> i, Kifi. /
2 - 92 . 7d,17d2)

(% - c—i—a—i—b—c’ng g Z?:l Kiei; Ci1, 62), (1 - Oc—u—i—dn(;,g;—Zle Kifi ; d’l, d/2), A:C
(5.1)

(——c+b—cv7cg Zz 1 Kieizerea), (1 -2t ieataan Bl gy ) B D

where the same notations and validity conditions that (3.1)

2)/ / Y1 —2)7Y2 o (a,bya + b+ 1/2;2) (sind) P+ (cos0) 1T, (asing)R Y 7Q“C (22 (sin0))

,, y12° (cosh)? 712 (cosf)?h
SJJ\Vflll”.i'."}Vjvjs C N?Jnm‘,/ S dxdf
ysx° (cosh)?/s 7222 (cosf)?42
w2 ~T(a+b+1/2) iiwf:”“ Wg S, V0 G (MG.g) (—)7029%
T T@+1/2T0b+1/2) ' Bgy! 220% 1 g
G=19=0 K;=0 K.=0 g¢=0

p R 4 (1-ccngg— ZZ | Kieiser,ca),
o n+
ZnG,le 1.,.. ys K, NU??

Zo (% -c +a 'C777Gg Zz 1 KeuCl;CQ)

(5 - ctatb-cna,y — Doi; Kieis e, c2), (-p—dng,y— > i Kifi;di,d2),A:C

. o (5.2)
(5 ¢ +b-cnay — iy Kiei;e,c2), (-g-p—p—1—dngy— iy Kifi;di,da), B: D
where the same notations and validity conditions that (3.2)
3)/ / Y1 —2)7Y2 oFy(a,bya 4+ b+ 1/2; 2)(sind) > (cos0)P ™ oF) (v, 8; B; € cost)
y1x¢te'f19 (cosf)r 212 €091 (cosh)h
NE S, e (22 (sinB) ) Syi e L NG L. dade
ysx¢setfs?(cosh)fs zo2°2€992 (cosf) %2
: [N1/Mi]  [Ns/M, M,N
ﬂelﬂa/QF(B)F( +b+1/2) i/[‘: i i 1 é ]a )gQPini,Ci/f'/ (nc.g)
T(a+ 1/2)0(b+ 1/2) ! Bay!

G=1g=0 K1=0 K=

z1e™1/2 | (1-c-cngg — ZJ L Kjejier, ),
K PZ?T(dT]G q—I—X:J 1 K f])NO n+4:V

nG,q,, K1 ..
2179y, Ys Usa:W

SR
29€"™P2/2 (3 -c +a-C'ng,g — Z] | Keiser,e),
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s . 1 s .
(]- - — dnG,g - Zj:l Kjfj7 d17 d2)7 (§ - C_I_a—l_b_C,nG,g - Zj:l Kj6j7 C1, 62)7

(lra =B+~ —dng,y — 2221 Kjfj;di,dz), (5 -¢ +b-cngg — Z;Zl Kjej;ci,c2),

(L-a=B+y+d—dngg— ;-1 K;fj;di,d2),
C. (5.3)
(lra—=B+6—dng,y — > ;-1 K;jfj;du, dz),

6. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions o several variables such as multivariable I-
function ,multivariable Fox's H-function, Fox's H-function , Meijer's G-function, Wright's generalized Bessel function,

Wright's generalized hypergeometric function, MacRobert's E-function, generalized hypergeometric function, Bessel
function of first kind, modied Bessel function, Whittaker function, exponential function , binomial function etc. as its
special cases, and therefore, various unified integral presentations can be obtained as special cases of our results.
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