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In this present document, we obtain multidimensional Laplace transforms and Whittaker transforms of Aleph-function of several variables. During the
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [5] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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For more details, see Ayant [1].

The reals numbers 7; are positives for = 1,--- | I2, 7;(x) are positives for ik = 1,---, R®)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

R(ys, -y we) = 0(lnl™ . lyr|™ ) maz(fyl. ..yl ) = 0
R(ys, -+, we) = 0Clyal ™ -yl ™) min( ]y, | ) = o0

where, with k = 1,--+ ,r: 0y = min[Re(d§k)/6](.k))],j =1,---,myand
B = maz[Re((c;” = 1)/7))].j = 1.+ my

We will use these following notations in this paper

U=pi,q,1i; R ; V=my,n;- smp,n, (1.3)
W = pr, @icn s 703 RY o pic s @iy, i s R (1.4
A={(a;;8", - o) {miazi el 0l g} (1.5)
B ={ri(bj: 85 B Vi1, (1.6)
v = {7 b {7300 (30057530 b, o (1.7
Com {395 ) 1, b Ao (€57 Dt ) (18)

(1), (1) . 1 . (D) r r r (r
D = {(dJ 5 6]' )1,7n,1}, T )(dji(1>’ 5ji(1))m'1+1’(1i(1>}7 N {(dg ); (55 ))17’[77,7‘}77-1'(7‘) (d‘gl()m’ogl()ﬂ >m’r+17qi(r)} (19)

The multivariable Aleph-function write :

X omv A:Ci:---:C,
(217 T ,Zr) _NU:W . Coe (1.10)
B:D

Zy

2. Multivariable Laplace Transform

Chandel [2] introduced the multivariable Laplace transform

D gy Dl aghete e /OO. . ./Ooe”z?—l“”(i%)”
ai, - ,an I'(ai)---T'(an)l(ar + - +an+ 1) Jo 0 i=1
29 ) gy - da, .

Where Re(a;) > 0,7 =1,--- ,n,Re(\) > 0and Re(ay + -+ a, +p) >0
Here we give following additional application of the above operator

n
Let X = Z x;,C1 -+, Cp are defined by (1.7) and (1.8), we have

=1

a4+ -+ an)
I'(a1)---T(an)l(ar + -+ an + p)

TAH . {N(ulxalel, .. 7unx0ann)} =

al?“‘
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ul/Adl—H}l
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Z\zUll1ZVV<|>1 . " . e
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D

where Uy =p; +1,¢ + 1,7 R;V+1=my,ng +1;--- smp,n,. +1
and W 4+ 1=p,;a) + 1aQi<1>aTi<1);R(1)7"' s Diry + 1,qi(r),Ti<r);R(T)

Provided Re(a;) > 0,7=1,--- ,n,Re(A) > 0and Re(a; + -+ a, + 1) >0

1
and |a7‘guk| < EAZ(-k)’ir, where AZ(-k) is defined by (1.2) ; 0;,v; > 0
1 n
Proof of (2.2) :Let M = W/ / ¢(31,"' 7$n) Hek(Sk),we have
L Ly k=1

Ay, ag,: -

L)\“u ,Qn, {N<u1x01X7)17 T 7unwanXUn>}: L)\“u ©yQn {Al{ H (ulvasz)éz} d81 T dSn}
k=1

We interchange the order of integrations (which is permissible under the conditions stated), we obtain
n
A, i Yvi) 5
M{Lalll:‘ 7an{ H (uzwa XU ) Z}}dsl e dsn
k=1

Now evaluating the inner multiple Laplace integral,see [1], after simplifications and on reinterpreting the Mellin-Barnes
contour integral, we get the desired result

3. Generalized Whittaker transforms

Chandel and Dwivedi [3] and [4] introduced the multivariable Whittaker transform

w2 DO a0 L= (S )\
Q1o samo L(ar) - T(a)l(o+ > ai+1/2+v)

n

/ / xclll—l ,..xgln—le—A(Z?'zl wz)/Z(le)U W”;U()\in){}dxl .. .dxn (31)
0 0 i=1

=1
where Re(a;) > 0,5 =1,--- ;n,Re(\) >0and Re(c +1/2+ a1 +---+a, tv) >0

Here we give following additional application of the above operator

n
Let X = Z z;,C1 -+, Cp are defined by (1.7) and (1.8), we have
=1

P ai+o+1— w0, ai)
T(a1) - T(an)T(c+ > a; +1/2 £ 0)

W}\’H,Uan,o'{N(ulxalXpl’ Ce 7unxo—nXpn)} =

CLl,"‘ K
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uy /Aorte n
0n+2:V+1 (1/2_Zi:1ai_(aiv>:01+p17.'.’Un+pn)7
Nd221W+1 . n .
Uy /AT TPn (W—o =2 1a;:01+p1, 00+ pPn),
A (1-a1501),C1 : -+ :(1-an; 00), O
e L L (3.2)
(I'Zizl i 2 01, 70”)73 L D

where Ugo = pi +2,¢; + 2,7 R;V + 1 =mq,ny + 15+ ymy,nye +1
and W+ 1=p;0) + 1, g0, Tsr; R -+ pioy + 1, gy, Ty ; RT

Provided Re(a;) > 0,5 =1,--- ,n,Re(A) >0and Re(c +1/2+a1+---+a, tv) >0

1
and |a7"guk| < §Az(‘k)7r , where Al(-k) is defined by (1.2) o;, p; > 0

1 n
Proof of (3.2) : Let M = (27rw)”/ / 7,[1(81, cee ,Sn) Hek(sk),we have
L1 L, E—1

ai, -, ai, -,

n
W/\,M,Uama{N(ulxale, ... ,UnCCU"XU”)}: W)\,Myvama{M{ H (uixo'iXPi)Si} d81 . dSn}
k=1
We interchange the order of integrations (which is permissible under the conditions stated), we obtain
mn
>\, ) k) 7 i
MW, A T] (s XP) " Yoy s,
k=1
Now evaluating the inner multiple Whittaker integral, see [2], after simplifications and on reinterpreting the Mellin-

Barnes contour integral, we get the desired result

Special cases of (3.2)
a)Foroy = - -+ 0, = 0, we derive from (3.2)

I ai+o+1 -, a)
L(a1) - T(an)T(c+ > a;i+1/2+0)

WA’“’U%,U{N(mXpl, . 7unxpn)} —

ai, -,

p1
T TS > R S R ! ,
Usy: W . R
un/.)\pn (H_U_Z?:l a; - P1," - Hon)a (1'2771;1 Q; - 01, 7071)7
A Cl . Cn
C (3.3)
B:...... D

where Uy = p; +2,¢; + 1,7;; R;  Provided Re(a;) >0,7=1,--- ,n, Re(\) > 0and

Re(co+1/24a14+--+a,+v)>0
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1
and |argug| < §A§k)7r, where Agk) is defined by (1.2) p; > 0

a) For p1 = - -+ p, = 0, we derive from (3.2)
OSSR o/ Y 0 1) >
a1y, LA o ar) - D(an)D(o + >0 a; + 1/2 £ v)
/A (1/2-30 ja; — (0 £v) o1, ,00), A
NO n+2:V+41
Usoy: W1

(1-ag;01),Cr 2 -+ :(1-an; 00), Cp

where U22 :p1+27QZ+27TlaRaV+1 =mi,ni +13 ;mT’7TI’7"+1
and W+ 1=p,) + 1, g0, 703 R, pioy + 1, gy, T s BT
Provided Re(a;) > 0,7 =1,--- ,n,Re(A\) >0and Re(c +1/2+ a1 +---+a, +v) >0

1
and |arguy| < EAER)W, where AZ(-k) is defined by (1.2) o; > 0

4. Other Multidimentional Whittaker transform

Chandel and Dwivedi [4] introduced and studied the multidimensional Whittaker transform

,u, 0 _KAHZZ 1'B’F(Z Bito+1—wI(, Bi) / /
e L(B1) - D(B)L (0+ZZ 151+1/2i?1

H Za 2 Bg—l o MNT oy af T25)/2 Z (a{xi)”Wu,v(/\ Z a{xi){}dxr"dfc

j=1 i=1 Gi=1 ji=1

where Re(3;) > 0,7 =1,--- ,n,Re(\) > 0and Re(c + 1/2+ 51 + -+ -+ B, £ v) >0,
a% a}l

Re(c+1+pB1+ -+ Bn—p) >0and K =|--- #0
avr .- a’

LetXl - alxz,"' 7Xn:Za?xi

i=1 i=1

KXNH2 AT (Y0 Bi+o+1— (X0, B;)

T+ N(up X{* - up X)) b = -
Bl,-.-,ﬁnﬂf{ ( 1 1 )} 1"(61) . I\(/Bn>r(o_+ Zi:1 5,L _|_ 1/2:‘:1))
up /A™M
0,n+2:V+1 1/ (1/2-(o £v) — Zz 1»31 SN ) A
NU22 W41 ) . .o
un/)\nn ( Zq 1ﬁl m,: - 7’771)’ (1_27‘,:1 BZ My, 777n)>B:
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(1-B1;01),C1 : -+ - :(1-Bn500), Cy

o 4.2)
...... D
where Uz = p; +2,¢; + 2,7 R;V +1=my,n1 +1;--- ;my,n, + 1
and W +1=p,a) + ]_,qi(l),Ti(l);R(l), ce D) ].7q7:(7‘)77—7:(7’);R(T)
Provided Re(a;) > 0,7 =1,--- ,n,Re(A\) >0and Re(c +1/2+ a3 +---+a, +v) >0
o .. al
Re(c+1+4+p1+--+ B, —p) >0and K =|--- #0
an o .. aln
1 n
1
and |argug| < iAz(‘k)W’ where Al(-k) is defined by (1.2) o; > 0
e ) TT0x(50)
Proof of (4.2) : Let = 5 N S1,°°, S k\Sk), we have
“2 (2mw)™ Ji, L, " P e
}\7 ? 4 v On Un sHy o; i) St
Tﬂlf‘.f}ﬂma{k\l(ulx XY u, T X )} Tﬁlf{-,ﬁn,a{M{ H(uzx X") }d81~~~dsn}

k=1
We interchange the order of integrations (which is permissible under the conditions stated), we obtain

m{Tymr H wx? X)) sy -

Now evaluating the 1nner multiple Whittaker integral, see [3], after simplifications and on reinterpreting the Mellin-
Barnes contour integral, we get the desired result.

n
1
Let X1 = E A; Lgy X E a Ziand Xnn = E Cbxz we have
=1

7,0=1

A0 M 3y (1 K\ T2ia ﬂJF(Z Bl +o+1-— )F(Z?:I BZ)
Lol N XX TG T+ 57, B+ 122 0)

/817"' nny T

) unX:anEL?L)}_

ul/)\m-i-Cl "
0,n+2: V41 (1/2_(0 + U) - ziZl /82 /i Ch Mt Cn)7
NU22 W41 . N -
un/Ann‘i’Cn (M_U_Zizlﬁi:nl—'_cla"' 7nn+Cn),
A (1'51;01)301 Lo :(1'ﬂn§an) : Oy
(1_2?:1 ﬁz My 777n>>B: ...... D

where Ugg = p; +2,¢; +2,7; R;V +1=my,ny +1;--- ymp,n,. +1
and W4 1=p;0) + 1, ¢, 7300; RY - U pioy + 1, qim, Ty ; R
Provided Re(a;) >0,j=1,--- ,n,Re(\) >0andRe(c +1/2+ a1 +---+a, £v) >0
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al .. a/l
1 n
Re(c +1+ 814+ By —p) >0and K =|--- #0
an DTS a/n
1 n

NG (*) - g o
and |a7“guk| < §A,L- 7, where Ai is defined by (1.5) o;; > 0 .To prove (4.3), the method is similar that (4.2).

5. Multivariable I-function

In these section, we get several multidimensional transforms concerning the multivariable I-function defined by
Sharma et al [5] Let 7; = T;(1) = + -+ = T;(» = 1, we have the following relations.

T(ay + - -+ an)
C(ay) - T(an)T(ay + -+ an + p)

a)L)"“ an{I(ulxng“,--' ,unx""X””)} =

al?”’7

111/)\0'1+U1 (1_277, a'—H'Ul+U1 e Lo +U ) Al(l . ) C/ . i
IO,n—l—l:V—i—l =1 " . ) sy Un nj)s ‘(1-a1501), 1 - :
U11:W+1 . n ot , e .
un/)\an—i—vn (1'21':1 Qi 201, 7Un)7 B
(1-an;04), Cl,
C (6.1)
D7
n
where Lé\f Jan {} is the multivariable Laplace transform defined by Chandel [1] and X = Z L

=1
which holds true under the same conditions from (2.2)

P ai+o+1—-wI(i, ai)
L(ay) - (a)l(c+ >0 ai+1/2+ )

b) WA’“’”%’U{I(ulmngpl, e ,unx”"Xp”)} =

al 7'.. b

ul/)\m-l-m "
0n+2:V+1 (1/2'2121 a; — (J + U) P01t P, 00t pn)a
ToEy , R
Un/)\anﬂ)n (“_U+Zi:1 ai: 01+ p1, 0 500+ pu),
A (l-ay;071),CL : -+ :(1-apn; 00), CL
e . . (5.2)
(-0 a0, ,00), B D’

where ch‘l’H Y Um0 { } is multivariable Whittaker transform defined by Chandel and Dwivedi [2] and [3] and

PR

X = Z Z; which holds true under the same conditions from (3.2)
=1
KN PP Bt o +1— DT, Bi)

A, U mo .. n —
QTe"Y 5 AT XT - un X))} T(B1)--T(Bu)T(o+ 0, Bi +1/2+0)

Br,

ISSN: 2231-5373 http://www.ijmttjournal.org Page 233


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 233


K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 33 Number 4 - May 2016



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 33 Number 4 - May 2016

/AT (1/2-(o£v) = 3501, Bi iy ), A

IO,n—I—Z:V—l—l o
un/)\nn (:U’_O-_Z?:lﬁi):nla"' »nn)a (1_2?:161':771:"' 777n)aB:

Uso:W+1

(1'51;01)701 o :(1‘671;0-71) : Cn
o . (5.3)
...... D

where Tﬁ)‘l’ﬁ f.U’ B, { } is multivariable Whittaker transform defined by Chandel and Dwivedi [4], and

n n
Xy = Z a,} Ty, Xy = Z a?l“z' which holds true under the same conditions from (3.2)
i=1 i=1

KX (S Bito+1— )T, Bi)

QTP (T X XS, - up X X )} = n
B1, 3 Bn, { (u1 1 )} F(ﬁl)"'F(Bnﬂ:‘(g—l—Zi:lﬁi—i—1/2:EU)
u )\771+Cl N
. 1/ (1/2—(0‘:&1})—22-:1 51 ;7]1—|—C1’... 7nn+Cn)a

IU;z:W—l—l . . e

un/)\nn_'_Cn (M_U_Zi:1 62) 5771+C1>“' 777n+<n),

A (1-B1;01),Cy = -+ :(1-Bps00) : Cp,

" s . R (5.4)

(I_Zizl ﬂl Sy 7”%)73: ...... D

where W)"“ Y an,o { } is multivariable Whittaker transform defined by Chandel and Dwivedi [3] and [4] and

aril
n n n
. .
Xy = Z a;Tiy - Xp = Z ;' Tiand Let Xnn = Z ai Z'i which holds true under the same conditions
=1 i=1 jri=1
from (4.2)
6. Aleph-function of two variables

In these section, we get several multidimensional transforms concerning oncerning the Aleph-function of two variables
defined by K. Sharma [6].

ul/)\01+111
I'(a1 + az2) 0,n+1:V+1
LOVH IR o1 X1 o2 X V2 — ) a+1:V4
a) a1,a2{ (le , U2 )} F(al)F(ag)F(al +as + ILL) Ui1:W+1 .
u2/)\0'2+112
(1'2?:1 a; — 0oy + 0,02 + U?)yA” :(1—a1; 0'1), C{/ :(1—a2; 0'2), Cé/
(6.1)

(Yl aiion,00),B": D"
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2
where Lé‘ff s {} is the doubleLaplace transform and X = Z Z; which holds true under the same conditions from

=1
(2.2) withn, = 2

F(Z?:l a;t+o+1-— M)F(Zizzl a;)
T(a1)D(az)0(o + 327 a; +1/2 + v)

b) W’\’“’;”U{N(ulxalXpl , uszQsz)} =

ai,a

g /A1t . .
1/ (1/2—Zleai—(aiv) 101+ p1,02 + p2), A”

NO,n+2V+1
Ua:W+H1

) . e 5 e
1y /AT2 P2 (—o+ Z?Zl a; i 01+ p1,09 + p2), (1221 ai:01,02),B":

C 6.2)
...... D”
2
where Wa)‘ 1’%’; o { } double Whittaker transform and X = Z Z; which holds true under the same conditions from
=1
(3.2) with n =2 '
kAT ALY B 1—W)I(C2 B
C)T)\JMA;JU{N(WX?I U XI2)) = VD B "‘20' + wI' (i Bi)
o LB (B2)T (0 + 25y Bi +1/2 % 0)
u /AMm » .
A o ) = S ), A"
ROMH2:V 41 o
Ux:W+1 . 2 co 9 .
us /A2 (=0 =31 B:) i), (220 Biim,m2),B”:
(1-f1501)CY = (1-B2;02), Cy
(6.3)

C .D.”.
AU . .
where T’ 1.B2,0 {} is doubleWhittaker transform and
mn 2
X1 = Z ail ;X9 = Z af Z; which holds true under the same conditions from (4.2) with 7 = 2
=1 i=1

FATTES AT(NY B+ o+ 1— (Y5, Bi)
L(B)L(B)T (0 + 37 Bi +1/2 £ 0)

&) Tp"Y  {N(u X] X5, un X X$3) b=

1 7[32 yT

u )\771+C1
0mt2:V il 1/ (1/2'(0:':1})_2?:1 Bi:m + C1,m2 + C2),
NU’QZW;Fl .

u2/)\;72+C2 (M—U—Zle Bi) :m +C,m2 + G),
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” .
AT (1-B1;01)CY :(1-P2; 02), Cy

5 T R C (6.4)

(1_Zi:1 ﬁz ‘M, 772)7 B// . D”
2 2
where ch‘l’f&’; . { } is the double Whittaker transform and X7 = Z a% x;, Xo = Z a? Z; and
i=1 i=1
2 .
Xog = Z @; ; which holds true under the same conditions from (4.2) with 7 = 2
Jyi=1

6. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions such as , multivariable H-function , defined
by Srivastava et al [7] , the Aleph-function of two variables defined by K.sharma [6].
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