International Journal of Mathematics Trends and Technology (IJMTT) - Volume 33 Number 4 - May 2016

Finite integrals involving product of multivariable Jacobi polynomial
and Aleph-function of several variables
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Abstract

In the present paper, few finite integrals involving products of multivariable Jacobi polynomial and Aleph-function of several variables of generalized
arguments have been evaluated. These integrals have been utilized to established the expansion formula for multivariable Aleph-function in series
involving product of multivariable Jacobi polynomials since multivariable Aleph-function quite general function in nature. On specializing the
parameters of the function involving in results many news relations may be obtained as particular cases.
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1. Introduction and preliminaries.

The object of this document is to study a number of a general integrals involving the multivariables aleph-function.
These function generalize the multivariable I-function recently study by C.K. Sharma and Ahmad [5]. The generalized
multivariable I-function is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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For more details, see Ayant [1].

The reals numbers 7; are positives for? = 1,--- | IR, 7;(x) are positives for i*) = 1,--- R®)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We will use these following notations in this paper

U=pi,q, ;R ; V=mi,ni - ;me,n, (1.3)
W= p;a0, qin, T RY o pic s @i, Ty s R (1.4)
A= (a0, af ) Anilai ol ol )} (15)
B = {Ti(bjz';ﬁﬁ), T §:))m+17%’} (1.6)

1 1 1 1
Cy =S5 ) 0 b oo (533 75 It b -
Cp ={(S 59 0, T (S Y Y 1,0} (1.7)

Dl — {(d§1)§ 5]('1))1,777'1 ¥ T (d‘gi()l) 5 6(-;()1))m,1+17qi(1)}, N

J

g, s(r) (r) . s(r)
DT —{(d] 3 5] )1,m7~}77—i(7") (dj,i(r) 3 5ji(7“))m7”+17q¢(7") } (18)
The multivariable Aleph-function write :

A Cnesa
N(z1,---,2r) :N%“MY : C (1.9)
B : Dy 5Dy

Zr

2. Multivariable Jacobi polynomial

The Jacobi polynomial for one variable is defined as [4; eq.(1), p.254].
-n,1+a+bin

2F1 . ,T 2.1
1+a

(1+a),
n!

Py (@) =

The Jacobi polynomial of two variables and several variables is defined by Shrivastava [7 ,eq.(1.3), (1.7) p.159-161] in
the following manner.

-n;l+as +bo+n;l1+a1+by+n ,
Prgal,bl;ag,b2)(x17x2) :(1 ‘|’a1)n'(12‘|’a2)nF2 L. ; 1 _2x2’; 1 _21;1 (22)
(n!) 1+ag; 1+ aq
7 (1 +a)
and Péal,b1§-.- ;ar,br)(wl’ e 7$T) — Ul Tm
-n;l+a, +b.+n;---;14+a; +b+n 1— 1—
1;1;5.--51 r 1
X FO;l;-";l ; 2 2T 2 (2.3)

I+a,;--- 514+ a;
In this document, we will use the following result [1,p.58]

First integral
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[, H 220 (1 = ) () P @) - day

1 {5 ()Mot et T (a; + 4+ DT (0 — b + (0 + 1)
T (nh)r I(o; —b; —n+ 1) (o; +a; +n+2)

=1

T —)\i,O'i—bi‘i‘l,O'i—i—l
xH3F2 - ) (2.4)
i=1 op—bi—n+1l,0,+a;+n+2
Second integral
1 17
/ / [T @ =) (1 4 a)P ] Pl b s @y oy )day - da
-1 -1z
8} (AR AR (D)
"‘ Pl T(pi —a; —n+ 1D)T(p; + b +n+2)
r Aispi —bi +1,p;+ 1
x| [ 52 oL :2 (2.4)
i=1 pi—a;—n+1,p,+b;+n+2

3. Main integrals
In these section we evaluate four multiple integrals involving the Aleph-function of several variables and multivariable
Jacobi polynomial. Throughout this paper, we note :

Wz = p;) + 3, ¢ + 3,750 RY oo ooy + 3, g0 + 3, T R

and V+3:m1,n1+3;--- ;mr,nr—|—3

*"/ / H [ (1= ) (1 ) | P sont) (g o)

1 ) 14 Zpp, 1 - o
R(an (S ) () ) e e TT )27+ 0 4 1)
r Yoi=1

2#121
i OX T ki e A G M AL =k m), (b —on = k),

N . C

k1=0 e 4 B: Dy, (M +1Lm1), (b1—o1+n—Fki;m),
(‘Ul _kIQ,UJl);"' ; Cr7(>\r+1_kr;,u'r)a

(-l-o1 —a1 —n —kispa);o 5 Dy (A + 15 1),
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(br —O0r — kTa Nr)y (_UT - k’r’a ,ur)
C (3.1)
(br_o-r'i'n_kr;ﬂr)a(_l_o-r_ar_n_k:r;,ur)

Provided that
a)Re(\;) > —1, Re(a;) > —1,u; > 0,i=1,--- ,r
49 49

b) Relo; + 1, 1<r;1ér71n3 5( )] > 0; Re[\i — 1 1<I§1g}nj 5(3)

]>0,i,5=1,-

1
olargz| < §A§k)ﬂ' , where Agk) is given in (1.2)

"’/ / H [ (1= ) (1 @) Pl 0n b (g )

N(z2f (1 + 1), zeahn (1 + 2,,)°7 )day - -da:r— G H —)rigoitait rI‘(a +n+1)]

=1

26121
. A Cp, (A1 + ki), (by — o1 —Fki361),

"k )
> 2w N

25’.‘z B : Dy, (A1), (br — o1 +n—ki;01),

(‘Ul_kl§5l);"' ; CT‘?(_AT+I€T§NT)’

(-l-oy —a1 —n —k1;01); -+ 5 Dy (=N i),

(by — oy — ky; 6p), (—0p — Ky 6y)
L (3.2)
(b —or +n—kp;0,), (=1 — 0, —ar —n — ky; 0p)

Provided that
a)Re(a;) > 1,1, >0,0>0,i=1,---,r

49 49
]>0;Re[N\i +p; min ——=]>0,i,j=1,-

b) Re[o; +6; min
1<j<my 5(])

T1<i<m, 5(])

1
olargz]| < iAz(k)W , where AZ(-k) is given in (1.2)
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C) /1/ H Z)\z 1_1. )pz<1+x) }P(al’bl" a‘“br)(fL'l,"' ,m,r,)
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Provided that
aRe(\;) > =1, Re(b;) > =111, > 0,i =1, 7
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1
olargz)| < EAEk)ﬂ' , where Agk) is given in (1.2)

. M =
Proof of (3.1) : Let (27r

o ysr) [ [on(s)
k=1

To establish (3.1), expressing the multivariable Aleph-function on L.H.S. as Mellin-Barnes contour integral (1.1) and
then change the order of integration ( which is permissible under the stated conditions). We get the following result.

Zigl coegSr 1 1.r Ai—WiS; a; i1 8 (a1,bi;3ar,by)
M{(n,)rr/_l/_171;[1[:17Z (1= z;)% (14 @) 7itpasi] plovbuianbe) (g oo q)

da; ---de, }ds - - ds,

Evaluate the inner multiple integral with the help (2.4), we get the following result.

M{ 4 ---z;‘irﬁ (—)rigostest it i (g, +n 4+ D0y 4 pisi — bi + Y03 + pusi + 1)
()"

i L(o; + pisi — by —n+ D)(0; + pisi +a; +n+2)

r “Ai + pisi, 00+ pisi — b+ 1,00 + pisi + 1
XH3F2 ;2 dsq ---ds,
= ai—l—,uisz-—bi—n+1,oi—|—ai+,uisi+n+2

Now we represent the hypergeometric function into series and addition and integration [2,p.176 (75)] which is valid
under the stated conditions.and on reinterpreting the Mellin-Barnes contour integral in the R.H.S. of (3.1) in term of the
multivariable Aleph-function given by (1.1), we arrive at the desired result. To prove (3.2) to (3.4), we use the similar
methods.

4. Expansion

The objective of these section is to apply the result of (3.1) to (3.4) and established four expansion formulas.

a) 1:[1 [xf‘l(l +xi)0i}N(21(1 +$1)M17 .. ,ZT(HJ)”T> :H 27 (— Z Z

L1 Lr i=1 k=0 k. fo
2“1,21
’b ERRR T,b'r
ST+ a;+ b+ D+ a; + by + 20) P (g R .
1=0 Qb 5

A:Cy,(M+1—=Fkiym), ((ar—kispa),(or+b1 —kispa);--- s
B:Dy, (M4 1), Loy —kypn),(1—=1—o01 —Fkispa);--- s
CT?()\T+1_]€T;MT)7 (‘ar _kr;ﬂr)7<0r+br_kr§ﬂr)
(4.1)

Dra()‘T+1§ﬂr)7 (LUr—kr;,uT),(l_Ur_kr_l;,ur)

the equation (4.1) is valid under the same conditions mentioned in (3.1).

- iz ki
b)H [xl)\z(l +xi)ai]N(zlwl (1 +I’1> 3Ty erur 1 ‘l‘xr HQJI - Z Z ° :
=1 Py

k1=0
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2612’1

ST+ a;+ b+ D+ g + by + 20) P (g g )RR

=0 20r 2,
A Gy, (=A5p1), (ro1 —ki361), (—o1 — by —k1361);- -+ 5
B: Dy, (kl - )\1;M1)» (1-01 - /f1;51)a (—1 —1— 01;51); Tty

CT7 (_)‘T; M?”)a ('UT - kr; 51"); (_UT - br - kr; 6r)

C. . (4.2)
Dy, (kr — Ao ), (1-00 — k3 61), (=1 = 1 — 045 0)
the equation (4.2) is valid under the same conditions mentioned in (3.2).
T o 51 o 221 ki
C)H [azl(l—xz) I}N(zlxl (1 —a9)°, -zt ( 1—:1:r HZ i(— Z Z
i=1 k1=0 kr=0
26121
Z(l +a; +b; + l)(l +a; +b; + zl)Pl(ahbl;m ;a,,,br)(xl’ <o )N([)]nmz;l{i
1=0 267.zr
A Gy, (=g ), (-p1 + k1501), (=p1 — 1 —k1;61)5- -+ ;
B : Dy, (k1 — Aispn),(bpr — ka3 61), (L =1 — a1 — by — pr — k13 61); -+ 5
Cra(_)\T;/'LT)a (‘Pr +kr;6r)7(_pr _l_kr;ér)
4.3)

D, (kr — Ay i)y (oppr — k3 60), (L =1 — ap — by — pr — ky3 0y)

the equation (4.3) is valid under the same conditions mentioned in (3.3).

Y , 1— &1\ 1—x, ) i & 9Ny ki
N e e AR | CLC D SR W
i=1 kr=0 "

= k1=0
2“121
ai,by;-sar,by
S (L4 a4 b+ D1+ a; + by + 2P Mo WYL
=0 2NTZT

A:C,(M+1=Fkipn),  (pr—Fkispn), (pr+ar —kyypn);--- s

B:Di,(M 4+ 1), (I-pr—Fkispn),l—p1—ki—b—1l 1) ;

Cr, (A + 1= kps i), (or = krs i), (pr + ar — ks )
C C. (4.4)
D, ()‘r +1; Nr)7 (1'pr — ks Mr)v (1 —pr —kr — by — l;ﬂr>
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the equation (4.4) is valid under the same conditions mentioned in (3.4).

Proof
To prove (4.1), Let

T oo

) ) 1+ 1 14z ” b1 ar, by
H[:L‘Z)\Z(l—{—xz)gz]z\z(zl( {I:l )/"’17... ’ZT(TTT)M ): Zalpz(al 1 a )(xl’..- 71:7“) (45)
=1 =1

T
where @; is a constant. For finding this we multiply H [(1 - l’z‘)ai (1 + l‘z)bz] on both sides of the equation (4.5)
=1

and then integrate in the limit —1 and +1. Lastly in the left side of equation (3.1) is recalculated and on right side , use
the orthogonal property of Jacobi polynomial [3,p.285 (5) and (9)] , we obtain the desired result.
To prove (4.2) to (4.4) , we use the similar methods.

5. Multivariable I-function

If 7, = T;a1) = T;¢» = 1, the multivariable Aleph-function degenere to the multivariable I-function defined by
Sharma et al [5]. In this section , we establish four expansion formulas concerning the multivariable I-function.

14+ x4 1+2x 221 1 ki
>\1 0’1 Iad 7' l"?‘ (71
o T 0 (a (2 (R0 < [T - Z
k1=0
2#121
Z(l + a; + bZ + l)(l + a; + b,L + 2Z)Pl(a17b1;-.- ;arab'r')(xl’ . )I((}T‘I/V‘ZJS
1=0 207 2,
A:C, (M +1—ki5p), (-ar — kg pn), (01 + by — kg pn); s
B: Dy, (M + L), (l-or —kispn), (L —1—01—kispa);--;
Cr;()\r+1 _kr;,ur)a ('ar _kr;,ufr)7(o-r+br _k:m,ur)
.. RN (5.1)
Dy (A + L5 1p), (L0 — ks i), (1 = 0 — Ky — 15 )
the equation (4.1) is valid under the same conditions mentioned in (3.1).
T o " 5y T oo (11l N L 2= ki
b)H [0 (1 4 )7 [T (zaah (14 20)™ - zpar (14 ,) ’"):HQ ’(—1)12 ZW
i=1 i=1 ki=0 k=0 T
26121
STt ai by A+ D(L+ ag + by + 20) P (g ) IR
=0 20 2,

A Cy (A1), (o1 —k1361), (=01 — by — k1561);- -+ 5

B : Dy, (k1 — A1), (1-o1 —k1301), (=1 =1 —01561);-- - ;
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Cra (_)‘T§ UT)? ('UT — ky; 5r); (_Ur — b, — k3 57’)

.. .. (5.2)
DT7 (kr - >\7“; /«Lr)a (1_UT - kr; 57’)7 (_1 -1 - Or; 57’)
the equation (4.2) is valid under the same conditions mentioned in (3.2).
: by o 01 L o 221 ik
C)H [xi’(l—xi) Z}I(zlxl (1 —aq)%, -z ( l—mr HQZ — Z Z
i=1 ki=0  k,.=0
25121
=0 257‘,27.
A Coy (= Aa5 ), (-p1 + k1;01), (—p1 — 1 = k1561);5 -+ ;
B : Dy, (ky — Aisp1),(I-p1 — k1361), (L =1 —ay — by — p1 — k1301)5- -+
CT)(_)\T;MT‘)7 (',07’ +kr;5r)a(_pr —1 _kr;(sr)
.. R (5.3)
Dra (kr - )\7"; /«Lr)a (l'pr - kr; 57‘)’ (1 - l — Qp — br - pr - kr; 57")
the equation (4.3) is valid under the same conditions mentioned in (3.3).
! l—=x 1—=x " 221 1 ki
i o; 1\u T\ HMr Uz
d)H[a’;i (1—x) ]I(zl( " )1’-..727«( . ) ) H2 — Z Z
i=1 1 r i=1 ki=0 k=0
2#121
ST+ ag+ b+ D1+ @ + by + 20) BT (g ) IR
=0 207 2,
A:Cr, (M +1—kisp),  (pr =k pn), (1 +ar — ki)
B: Dy, (M + L), (L-pr —kuspn), (L —p1 — k1 —b—lip);- -
C’ra()"l"—i_l_kr;,ur)a (pr_kr;,ur)a(pr'i'ar_kr;,ur)
(5.4)

D,, ()\7" + 1§UT)> (Lpr - kr?l‘?")» (1 —pr —kyp —bp — l3ﬂr)

the equation (4.4) is valid under the same conditions mentioned in (3.4).

6. Aleph-function of two variables

If » = 2, we obtain the Aleph-function of two variables defined by K.Sharma [6]. In this section , we establish four
expansion formulas concerning the Aleph-function of two variables.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 245



K DURAISAMY
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 33 Number 4 - May 2016


K DURAISAMY
Text Box
ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 245



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 33 Number 4 - May 2016

=N | Ly (L2 2z
o TL [ (1t ) R (e () oo (2 HTZ DD
=1 k}l Okg—

2“1,21
ST+ a by + D1+ @ + by + 20) PP (g NG
=0

QK2 29

A:Cyy( M +1—=Fki;m), (-ag —kiypa), (01 + b1 —kispa);
B: Dy, (M + 1), (1-o1 = Fkispn), (1 =1 =01 — k5 p);
Co, (A2 +1 —kasp2), (-ag — koj ), (02 + bo — ko o)
C o (4.1)
Do, (A2 + 15p2), (1-02 — kojp2), (1 — o9 — ko — I; o)
the equation (4.1) is valid under the same conditions mentioned in (3.1).
- i o; 6 221 1
b)H [ (1 + 2;)7] N(z 2" (1+21)%, 202h% (1 + 22)°2) HQ‘” — Z Z ]
i=1 k1=0ko=0 L%
26121
ST+ ai by + (L + @ + b+ 20) PP (4 NG
=0 25222
A Cy, (A1), (-o1 —k1361), (o1 — by — k13 61);
B : Dy, (ki — Aisp1), (1-o1 — k1361), (=1 =1 — 015 61);
Co, (=A2;p2), (02 — ka;02), (=02 — by — k2;62)
C C (4.2)
Dy, (k2 — A2; pi2), (1-02 — k23 d2), (=1 =1 — 023 02)
the equation (4.2) is valid under the same conditions mentioned in (3.2).
2 2 221 1k
0) H [332)‘1(1 — )7 R (22 (1 — 21)%0 ) Zoxh? (1 — 9)%2) = HQU"(— Z Z ]
i=1 i=1 k1=0ky=0 1%
26121
Z(l + a; + bz + l)(l + a; + bz + 2l)Pl(a1’b1;a27b2)({L'1 Xr )N?JHWZ::}
=0 (5.
2 229

A Co, (=), (-p1 + k1561), (—p1 — 1 — k13 01);

B : Dy, (k1 — A pn),(lpr — k1301), (1 =1 — a1 — by — p1 — k1;01);
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Ca, (—A2; p2), (-p2 + k23 02), (—p2 — | — k23 02)
C C (4.3)
Do, (k2 — Xa; pi2), (I-p2 — k25 62), (1 =1 — ag — by — pa — ka; 62)
the equation (4.3) is valid under the same conditions mentioned in (3.3).
2
1—=x 1—=x 22k
Ai e Y 2 M 0-7,
d)H[xi (1 —aq) 7 R (=1 ( - ) 1’Z2( ) H2 - Z Z Kt Vo
i=1 1 k1=0ko=0 L%
2#121
S @t @i+ by + D1+ a4 by + 2D) P (g )R
1=0 2M2Z2
A:Cy,(M+1=kiym),  (p1— ki), (o1 + a1 — kas )
B:Di, (M +1ipr), (I-p1 —Fkisp1),(1—p1— k1 —b—15p1);
Ca, (A2 4+ 1 = ka; p2), (p2 — ka; p2), (p2 + az — ka; p2)
(4.4)

Do, (A2 + Lip2), (1-p2 — kojp2), (1 — p2 — ko — ba — 1; p12)

6. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions such as , multivariable I-function , defined by
Sharma and Ahmad et al [5] , the Aleph-function of two variables defined by K.sharma [6].
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