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Some finite integrals and Fourier serie involving general class of polynomials,
biorthogonal polynomials, Aleph-function and the multivariable Aleph-function
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ABSTRACT

In this document, we obtain four integrals and four Fourier series expansions involving the multivariable Aleph-function, the general class of
polynomials, biorthogonal polynomials and Aleph-function which are the sufficiently general in nature and are capable of yielding a large number of
simpler and useful results merely by specializing the parameters in them. Further we establish some special cases.
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1.Introduction and preliminaries.
The Aleph- function , introduced by Siidland [7] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :
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for all z different to O and
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(1.2)
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With |argz| < §7TQ where ) = E Bj + E a; — ¢ E Bji + E aj;) > 0,i=1,---,r

j=1 j=1 j=M+1 j=N+1

For convergence conditions and other details of Aleph-function , see Siidland et al [7]. The serie representation of
Aleph-function is given by Chaurasia et al [2].
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With s = g, = Cj%gl,Pi < Qi |2l < 1and Qp gy ... () is given in (1.2) (14)

The generalized polynomials defined by Srivastava [6], is given in the following manner :

[N1/Mi]  [Ns/Ms]
SM17 ":Ms[ 121 Z N1 ]\/flKl (_NS)J\/ISKS
,N Y1, 7ys — Kg'
K1=0 Ks=0
K
A[N17K1;"' ;NsaKS]yll'“yg{s (15)
Where M7, - -+ , My are arbitrary positive integers and the coefficients A[N7, K1;- -+ ; Ng, K| are arbitrary

constants, real or complex. In the present paper, we use the following notation
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(=N)mry  (=No)mr
K;! K,!

a; = “A[Ny, Ky;- -+ ; Ng, K] (1.6)

The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [4] ,
itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral occuring in
this paper will be referred to as the multivariables Aleph-function throughout our present study and will be defined and
represented as follows.

Z1
. e — Ovn:m17n17"' ST s My
We have : R(z1, 2r) Nm,qi,n;R:pi<1> 14,15, (1) 3 BD 55D, (0 5@, () 5T, () s RO
Zig.
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1 1 1) 1 r r T
[(dg ))75]( )>l m1]a [7- (1) (d( (1)75( ()1))m1+1 q<1)] T3 [( 5 )),55- ))17m,,,}, [T (1‘)( jW), g(z()U)m 41, q(’“)}

1 T
- e 8y ||9 Sk dsy - - - ds, ,
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with w = v/—1

For more details, see Ayant [1].

The reals numbers 7; are positives for¢ = 1,--- | R, 7;(x) are positives for i) = 1,--- R®)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largzi| < iAgk)w , where

n Pi qi Nk D;(k)
(k) (k) (k) (k) (k) (k)
47 = Zai —Ti Z Qi —T Zﬁji + Zvj ALY Z Vi
=1 j=nt1 =1 j=1 j=np+l
mp q,(k)
+Z(5§k)_ (k) Z (5(k()k)>0 with k =1- ri=1,--- R ,i(k) =1, ,R(k) (1.8)
Jj=1 j=mp+1

The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :

N(z1, -y 2r) = 0( |21 ... |2r

o) max( |z1]...|zr] ) = 0

N(z1,- - 20) = 0(|21)% .. 2% ) min( |z |20] ) = o0

where, with k = 1, -+ 1 : oy, = min[Re(d\” /61))],j =1, ,my and
B = maz[Re((c]") = 1) /7)) j =1, ,m.

We will use these following notations in this paper
U=0piq, ;R ;V=miny; - ;mp,n, (1.9)

1
W:piu),qz‘(mﬂ;(n;R( ), s api(T)an'(T')vTi(T');R(r) (1.10)
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A={(aj;al" o) e el ol ) ) (L11)

B ={ri(bji B4, B Ymara,} (1.12)

1 (1 1 1 r r r
= {(C( )773 ))1 nl} <1)(C§-i()1)5’7J(-i()1))n1+1,pi(1)}, c {( C; »’73( ))1,nr}a7_i("> (Cg‘i()r);V;i()r))nrJrl,Pi(r)} (1.13)

D = {(dﬁl), 551))1 ma > T (d(z(l) ;6§ z<1))m1+1 q; (1)} {(dgr), (SJ(T))LmT},Ti(r) (dgl()”,(s( ()T)) 41,9 (7«)} (1.14)

The multivariable Aleph-function write :
Z1
- . JA:C
N(zi,- - mz) =g | - | .. (1.15)
B:D

Zy
Prabhakar and Tomar [3] have given a biorthogonal pair of polynomial sets.

e =S () (157

J=0

n 1 1— kj
and Vp (23 k) :Z ( ) +n)"”( 295) (1.17)

= ) kj

We have the following integrals

2; Mains integrals

Integral 1
/2 yi(sind)*
/ c0s2p0(sind)"Un (1 — 22sin0; K)RE G - (2(sind)>) Sy e o
0 ys(5inf)/s
21 (sind)24 w M o] N (151) (o
o,n:V n
S BTN T2 5) 95 Db SRt SRR e ke
. \2d (1/k)yn
7 (sin@)=%r j=0G=1g=0 K;=0 K.=

M,N
n\L(1/2+ p)T(1/2 = p)z"S oyt -y ()05 0, o, (16.9)
j QHH2hj+2d0G g +2 5y Kafit ] Beg!

—2d
277 (-1 —2hj — 2dng,y — 22‘::1 K;fi;2dy,---,2d,),A:C
NO+LV

U12 w . + . S. st (21)
272d (_¥_hJ_dnG,g_Zi:1 Kfl7d17 7dr)7B:D

where U1 = p; + 15 q; + 2; 7;; R,provided that

ap,d>0,f>0i=1,---,8d; >0;i=1,---,r

r (4)
b d;
bRe[p+2d min —- +2) d; min %] >0
1<G<M B; 1<5<m; 5J(Z)
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1
o)|argz| < §A§k)7r, where A§k> is given in (1.8)

Q) largz| < WQ where 2 = ZBNLZO&]—Q Z Bji + Z aji)

j=M+1 j=N+1
Integral 2
™/2 , y1(sing)?/1
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0,n:V _ k )n
RO SO LD 3D D) DD DEEIED DIl e v v
7 (s1nf)=%r j=0G=1g=0 K;=0 K.=0 n
M,N
n\ 7(1+ p)z"Ggy{(l ey (= )qQPZ,Q“c“ (16,9
§ ) out2hit2dne g +2577_, Kifi+l Beag!
—2d
277 .A:C
Onv « ..
Rz C —utp 1. - s 22)
2_2drzr (T'h .]'dnG,g - zi:l Kifi§d17 e 7dr)a B:D
where Uga = p;; q; + 2; 7;; R, valid under the same conditions as needed for (2.1)
Integral 3
/2 y1(sing)>/1
/ cos2pf(cosd)*V,, (1 —2xsin2h0;k)N%’g“C (2 (sin@)zd)SZJ\V{I”‘::',}]\}ZS C
0 vs(sind)27s
21 (sinf)*h n M oo [Ni/Mi]  [N«/M.] (14 )k,
0,n:V _7 J .kj
S I (25 3 3) b SRTD SRE T (TR
zr(sinf)*r j=0G=1g=0 K1=0 J

M, N
()92, c0r(NG,g) (M\T(1/24 p)T(1/2 — p)zlcay, -yl
Bgg! Jj ou+2hj+2dna, o +2 31—y Kifit+1

—2d1
2N o = 2dngy — 2500, K fii2d, o+ ,2d,), A C
NO ﬂ+1 1% 23

Uia:W L. ot ) s v ( .3)

9—2dr (=52-h j-dng,g — > =y K fizdi, -+ ,dy),B: D

where U195 = p; + 1; q; + 2; 7;; R, valid under the same conditions as needed for (3.1)

Integral 4
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/2 y1(sing)?/1
/ cospB(cosd) 'V, (1 — 2xsin2h0;k)N%7gz (2 (sin@)Qd)S%{’_:"’f\Zs C
0 ys(sind)/s
Z1(8iﬂ9)2d1 n M oo [N1/Mi] [Ns/Ms]
o,n:V (1 + n)k ki
e B L 5) 3D D ST N T (e
7, (sin@)%dr J=0G=1g=0 K;=0 K.=0 ki
()72 Qi (NG.g) (1) 7D(1+ p)2nooy( -y ke
Beay! Qu+2hj+2dnG, o +2 37, Kifi+1
—2d,
2 A1 A C
Nomw |0 s (2.4
2—2drzr (%_h .]'dnG,g _Zizl K’qudl? 7d7“)aB : D

where Uga = p;; q; + 2; 7;; R, valid under the same conditions as needed for (3.1)

Proof

To obtain (2.1), express the biorthogonal polynomials Uy, (1 — 2xsin2h0; k) as given by (1.16), a general class of
polynomials occurring in the integrand of (2.1) as defined in (1.5),series representation of the Aleph-function by (1.3)
and the multivariable Aleph-function by its Mellin-Barnes contour integral with the help of (1.7). Now we interchange
the order of summation and integrations (which is permissible under the conditions stated above ), evaluate the inner
integral with the help of a result recently obtained in ([8], (2.3.5)), and reinterpreting the multiple contour integral so
obtained in the form of multivariable Aleph-function with the help of (1.7), we obtain the desired result.

The integrals (2.2) to (2.4) can be developed in the similar method with the help of integrals ([8], (2.3.5)and (2.3.6))

3. Fourier series

Formula 1
y1(sind)?/1
(sinf)"Un(1 — 2zsin®"0; k)Y - (2(sinf)*4) Syt g o
ys(sind)?fs
zl(sinG)le co n M oo [Ni1/Mi] N, /M m (—JJ)j
o,n:V k /n
Nefw Ny Z ZZ Z ' Z (1/k)
7 (sinf)=%r m=0 j=0G=1 g=0 K;=0 +=0 n

W\L(1/2+ m)T(1/2 = m)zreayt® - yKe (2)IQp00 v (G,9)
j 772u+2hj+2d7]G,g+2 Z;‘:l Kifi_]- BGQ'

—2d, ,
2 =2 — 2dngy — 2 Y00 Kifii2dy, - ,2d,), A C
NOUrjvlvv cosm260  (3.1)

-y Kfidi,---,d.),B:D

po, | (5

where U195 = p; 4+ 1; ¢; + 2; 75; R, valid under the same conditions as needed for (3.1)

Formula 2
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M,N YT (sinf)*"

(cos) U, (1 — 2zsin"6; k)R 4 P Qserr (2 (5in6)*4) Sy N, C.
vs(sind)?/s
71 (sin@)?h n M oo [Ni/Mi]  [Ns/M;] J+1) (—z)d

714 SR I 5 50 DD DI Zalm‘

7, (sin@)2dr j=0G=1g=0 K,=0

( )991\4’“8“6“ (IrIGyg) <n) F(]_ + m)znGvgyf(l .« e yg{s

BGQ! ] op+2hj+2dnc,g+2327 ) Kifi—1
—2d;
2 21 .A:C
N?]:;“//V . C. cosmb (3.2)
o .. — . S
9—2d ,, (=5 m‘hJ‘dnG,g_Zizl Kifi;di,--- ,d.),B: D
T
where Ups = p;; q; + 2; 7;; R, valid under the same conditions as needed for (3.1)
Formula 3
[ yi(sing)*h
(cosO)* Vi, (1 — 2xsin"6; k) N%”gwi;r,(z(sin@)Qd)S%ﬁi:',’%s C
vs(sind)?7s
71 (sin@)?h c© n M oo [Ni/Mi] Ns/Ms]
0,n:V (I4+n)kj 1
ST (ST D 95 ) 3D DI DI DO (4 R
z,(sin@)2%r m=0j=0G=1g=0 K;=0 K.= 7

M,N
()25 Qe (NG.g) (M\T(1/2+m)D(1/2 — m)z"e oy -yl
Bag! j TR +2hj+2dnG g +2 5 Kifi—1

—2d1
27 oh gy — 2 Kifii2dy, - ,2d,), A C
NO ﬂ+1 1%

Urs: W cosm20  (3.3)

> Kfidi,---,d.),B:D

R —u
2—2dTZT (

where U195 = p; + 1; q; + 2; 7;; R, valid under the same conditions as needed for (3.1)

Formula 4
, y1(sind)2h
<6089)NVH(1 - 21‘3in2h9; k)NJJ\D{:gz,cz,7’(2(92n9)2d)‘9]]\vf[11,7,’]if\is cott
ys(sing)?fs
Zl(sin9)2d1 n M oo [N1/Mi]  [Ng/M,] j+1) (—x)j
n

Ny =222 > - Z % T1/k

z, (sind)?% J=0G=1g=0 K,=0
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( )gQszQuCz: (’)’]Gvg) <n) F(l + m)zﬂG,gy{(I e yg{s

2—2d1 21
A C
on:V e
NU;: W o i o cosmb (3.4)
2_2‘17’,2 ( “2 -h J'dnG,g - Zizl Kzfza d17 T 7d7")7 B:D

where Ugs = p;; q; + 2; 7;; R, valid under the same conditions as needed for (3.1)

Proof of (3.1)
To develop the formula (3.1), we first consider

y1(sind)?/1
£(0) = (sind)“Uy, (1 — 2zsin®0; k)Np o (2(sind)>) Syt oy o
ys(sind)27s
71 (sin@)*h 0o
N?J"MY o = Z Apcos2mb, (0 < 0 < /2) 35)
7, (sind)2dr m=0

The equation (3.5) is valid since f(9) is continuous and bounded variation in the open interval (0, ™ / 2). Now
multiply both the sides of (3.5) by cos2pf, integrate with respect to £ from 0 to 7 / 2 and use the result (2.1), we get

n M o0 Nl/Ml N /M ] (J+1)n (_x)‘](_) Q%,g“c“ (nG’g) <n>

ZZZ Z Z a1 (1/k)y Beag! j

7j=0G=19g=0 K =

D(1/2 4+ m)T(1/2 — m)2"G oy - - yKe
moH+2hj+2dn g +2307 Kifi—1

—2d,
| 2 z1 (-u—2hj —2dng.4 —2> 0 Kifi;2dy, -+ ,2d,),A: C
we | - B
g— > Kfisdi, -+ ,d.),B:D

272dr 2y (

Now on subtituting the value of A,, in (3.5), we obtain the desired result. The Fourier serie (3.2) to (3.4) can be
developed by the similar method.

4. Multivariable I-function

If 7 =T7;0) =+++ = T;) = 1 the Aleph-function of several variables degenere to the I-function of several
variables. The Fourier expansions have been derived in this section for multivariable I-functions defined by Sharma et
Formula 1

y1(sinf)21

(5in0) U, (1 — 2zsin"6; k)Nfg ,.r,(z(sin@)zd)S]A\il’ﬁ'.:"%s

i,&i,Ci5

ys(sind)2/s

71 (sin)?h n M oo [Ni/Mi]  [Ns/M] i) —x)
k /n

AU D 93 5 v St o= e

z, (sind)?dr m=0 j=0G=1g=0 K;=0
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M,N
n\T(1/2 +m)T(1/2 — m)z1%eyit -y Ko (=)9Q5 0. ¢, (NG.g)
j aoB+2hi+2dnG o +2 307 Kifi—1 Bgag!

—2d
2Ry ohj —2dngy — 2500 Kifii2dy, - ,2d,), A C
IO n+1:V ’

Ui WV o C cosm20 (4.2
o—2d (= 9~ 2o Kfisdy,--- ,d),B: D

T’Zr

valid under the same notations and same conditions as needed for (3.1)

Formula 2
y1(sing)2/1
(cosO) U, (1 — 2x5in"0; k)RY “Qz e (37:7’1/9)%)5%1’[:',%5 o
vs(sind)?/s
71 (sind)?h n M oo [N1/Mi]  [Ng/M,] j+1) (—a)

L WU B 9 3) DD SRR SR Tl/k

7, (sin@)2dr j=0G=1g=0 K;=0

(_)gQ]I\D{Zgiaci,T/ (nGag) (n) F(l + 77’L)'Z77G’Qy{<1 o 'yfs

Bag! g ) out2hj+2dne g +2577_, Kifi—1
272z A:C
Ijvw| o cosme) (43)
. .. — S
2—2dr2r ( _Zizl K’szdla 7dT‘)7B:-D

valid under the same notations and same conditions as needed for (3.1)

Formula 3
y1(sinf)2/1
(cosO)*V,, (1 — 2xsin2h0;k)N%Zgi7ci;r,(z(sin@)zd)S%;”:”]{\iS C
ys(sind)?/s
zl(siné))le © n oo [N1/Mji] [Ns/Ms]
0o,n:V (1 + n)k
Iy :Z ZZ Z <)(1).Jk3
z,(sin0)%dr m=0 j=0G=1g=0 K;=0 K.=0 ki

M,N
(), Q1c (1G9)  (M\T(L/2+m)D(1/2 — m)z"%oyy - -y
BGQ' j 7T2M+2hj+2dnc,g+2 E;‘:l K;fi—1

2 2d1 4 . s
Ul =2k = 2dng,y — 2305 Kifii2dy, -+ ,2d,), A C
IO,n—l—l:V

Uio:W S .. cosm?20 (4.4)
o-2d, (= — Y Kfisdy,--- ,d.),B: D

’FZT
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valid under the same notations and same conditions as needed for (3.1)

Formula 4 ’
y1(sind)2/1
(cos0) Vi (1 = 2wsin™ 0 INETG, o (2(si0P ST NE |
ys(sinf)2/s
Z1(8i7’L9)2d1 n M oo [N1/Mi] [Ng/Ms] L (—l’)]
O,HZV o k
AU B 990 o SRS ST £ e
2 (sin@)%r j=0G=1g=0 K;=0
M,N
()98, 0, e (1G.9) () T(14m)z"eoy; - yks
Bag! j ) ont2hj+2dng o +237_ ) Kifi—1
—2d
2770 .A:C
Il(}or;‘év o n S cosmb (4.5)
. e . — . s
9—2d; ( HQ -h J'dnG,g - Zizl Kifi;dy,--- adw);B : D
T

5. Aleph-function of two variables

If 7 = 2, we obtain the Aleph-function of two variables defined by K.Sharma [5], and we have the following Fourier
expansions.

Formula 1
, y1(sind)?/1
(sinf)"Un (1 — 2zsin®"0; k)RS - (2(sind)*) Syt .
ys(sinf)2/s
- 21(87:77,9)2‘11 n M oo [N1/Mi] [Ns/Ms] m (—:L)]
S ’ n
NU:W .. Z ZZ Z Z Z a1 1/k

(szn9)2d2 m=0 j=0G=1 g=0 K;=0

M,N
(_)QQPin,ci,r(nG,g) n F(l/? + m)F(1/2 — 777,),277G,9y{<1 .. .yfs
Bgy! J qoHF2hj+2dnc o +23 ) Kifi—1

—2d4
2B ok — 2dng.y — 2300 Kifii2d1,2d2), A< C

Ut W . cosm?20 (5.1)
2_2d22’2 (,U—_h J- dnG,g Zz 1 Kfu d17d2) B:D

valid under the same notations and same conditions as needed for (3.1) with 7 = 2

Formula 2 ,

y1(sind)?/1
(cos®) U, (1 — 2zsin>"p; k)N%igiyci;T(z(sinO)Qd)S%{jfﬁfs o
ys(sing)?fs
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AT\ U N () (g
,ne Nk Jn\N 7/
N " (.9.@7%0)2‘& ;;;} KZ:O Z TR, (1/k)p

M,N
(=)0, c0.r(MGg) (M T(L+m)zncoyft ... yK:
ou+2hj+2dng,g+2 377 Kifi—1

Bgy! J
—2d
270 .A:C
ROV ! 59
Uo2:W C. ( Mim-h d ZS Kifiidy.d ) B cosm (5.2)
272d222 J-ang.g — i=1 ety Q1,02),

valid under the same notations and same conditions as needed for (3.1) with 7 = 2

Formula 3
,, y1(sind)?/1
(cos0)" Vi (1 — 2asin®"0; k)Rp0 - (2(sind)>) Sy gt L
ys(sinO)zfs
zl(sinG)le co m M oo [Ni/Mi] [N /M)

0,n:V A+n)ks &
S W D 9)'3) ) DD SRR SREUA () Bers
72 (sind)4 m=0j=0G=1g=0 K;=0 kj

()

Q5 QicirMG.g) (M\T(1/2+m)D(1/2 —m)z"eoy™ -y
Bag! j ont2hit2dnc g +2 31, Kifi—1

—2d1
27 (-1 —2hj — 2dng,y — 2> 5| Kifi;2d1,2d2), A: C
NO n+1:V

Uro W o cosm26 (5.3)
g ZlefZ,dl d2),B: D

2_2d222 (

valid under the same notations and same conditions as needed for (3.1) with 7 = 2

Formula 4
y1(sind)2
(cos)"Vi (1 — 2asin"0; k)Rp gy . (2(sinf)>F) Sty .
ys(sind)?/s
zl(sin9)2d1 n M oo [N1/Mi] [Ns/Ms] (]+1) )J
n

o,n:V Tk (_
Nefaw ) =222 > - Z k),

7=0G=19g=0 K;=0

M,N
(= )gQPsz,cz, (nc.g) (n 1+ m)z”cvgy{{1 . ‘yfs
Bgag! j ) out2hj+2dnG, g +2307_, Kifi—1
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270z ... A:C
NO,T‘HV

Upa:W cosmf (5.4)

y i, (5N gy = S0y Kifizdi da), B2 D

valid under the same notations and same conditions as needed for (3.1) with 7 = 2

6. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions o several variables such as multivariable I-
function ,multivariable Fox's H-function, Fox's H-function , Meijer's G-function, Wright's generalized Bessel function,
Wright's generalized hypergeometric function, MacRobert's E-function, generalized hypergeometric function, Bessel
function of first kind, modied Bessel function, Whittaker function, exponential function , binomial function etc. as its
special cases, and therefore, various unified integral presentations can be obtained as special cases of our results.
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