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Abstract — The objective of the present paper is to
define a class T;*(b,A,a) using q -
Ruscheweyh differential operator . For functions
belonging to this class we obtain coefficient
estimates, extreme points and many more properties.
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I. INTRODUCTION

g- calculus is a generalization of many subjects ,

like hyper geometric series, complex analysis and
practical physics. In short, g-calculus is quite a
popular subject today. It has developed various
dialects like quantum calculus, time scales, partitions
and continued fractions .

In the present paper , we aim at introducing
some new subclasses of functions defined by
applying the g- differential operator of order m
which are univalent analytic in the open unit disk.

To make this article self contained ,we present
below the basic definitions and related details of g-
calculus, which are used in sequel.

The g-analogue of gamma function and its
integral representation is deflned by

R =(- )”ﬂl_qm
B 1oy @G Do
=0T 0.

1
and I(x) = fol‘“ t* 'E,(—qt)d,t

where E,(x) is the g-Exponential of x represented
by

[ee]

n
qzx™"

E (x) = :
I = (@ Dn

We observe that
asq -1 Eg(x) > e(x), I,(x) - ['(x)
Let A denote the class of functions of the form
f@)=z+ Z a,z" (1.1)
=2
which are analytic Tellnd univalent in the open unit
disk U.
If a function f is given by (1.1) and g defined

by

g(z)—z+2bz (1.2)

is in the class A then the convolution (or Hadamard
product ) of f and g is defined by

(f*g)(z)—z+2a b,z",zc€ U

Let T denote the subclass of analytic function
in U consisting of functions whose non-zero
coefficients from the second onwards are
negative .That is an analytic function f € T if it
has a Taylor expansion of the form

f(2) =Z—Zanz" ,a, =0

n=2
which are analytic and univalent in the open disk U.

(1.3)

(1.4)

The class T is also closed under modified

Hadamard product, f * g is defined by

(frg)(2) =z—- Z a,b,z" ,z€U (1.5)

n=2

The g-analogue of derivative of f(z)[6] is given
by

_ f(qz) — f(2)

D,f(z) = —z(q )

Similarly the g-Ruscheweyh differential operator
Rg'f ,is defined by

,(z+0,q+1)

lim,_; R'f(2) = . Z)m+1 *f(z), m>-1

Where * denotes convolution .

Now using g-Ruscheweyh differential operator , we
define the following subclasses of T.

Definition 1.1 . Let T;" (b,A, ) be the subclass

of T consisting of functions which satisfy the
conditions

b —2)RMf + 2RM*1
e ( JRq'f a_J >a (1.6)
(b —2D)RJMf + 2AR1f
For some a,A ,(0< a,1 < 1) ,bis anon-zero real
numberand z € U,m > —1.

For different parametric values of q,mand b
we get the classes defined by Mostafa [3] and
Shilpa and Latha[4] .
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2. Main Results
Theorem 2.1 : A function f defined by (1.4) isin This expression is bounded above by 1 — « , if

the class T,*(b,A, ) ifand only if Z 6. Ja2(1 A)( Ll — o] )
co n,m an - m Tl m
Zcq(n,m)an{Z(l—Aa)([n+m]q ~[1+ml,) !
~ < (1 —a)[b[1 +m], — X, Cy(n, m)a, [b[1 +
+b(1—a)[1+m],} ml, — 2A([1 + m], [n+m]q)]]

< b[1+m],(1-a)
which is true by hypothesis. This completes the

Iy(n+m) "t assertion of the theorem 2.1 .
where Cq(n,m) =t —oe 0 [nlg ==~
oA, (0<a,A<1), b isnon-zero real number As g —» 1 we get the following result by Shilpa
and z€e U, m> —1. and Laha [ 4]
Proof : Let Corollary 2.2. A function f defined by (1.4) isin
R { (b—2)RE'f+2Rg } > a the class T™(b , 1, ) if and only if
(b—20)RP+2ARTHE ©
which implies Z Ctn,m)[2(n — D - 1a)
Re
(b-2)[Z-35 2 Cq(n,m)anz" ]+2[z Sh=zCq(n m)[1+m}qanz"] + b(l + m)(l - a)]an
(b-21)[z-33L, Cq(n m)anzn]+27\[z L, Cq(n,m)—= [1+m]]q 3nZn] < b1 +m)(1 - a).
>a

bz-5%, Cq(n,m)anz" [2 El:::}q+b—2] Forb=2,m = 1and b = 1,m = 1 in the above
Re ] >a theorem we have the following result of Mostafa[3].

bz-Y ., Cq(n,m )anzn[z}\ m ]q +b— 2)\]
Letting z —» 1, we have Corollary 2.3 . i) A function f(z) defined by (1.4)

> [n+m], isinthe class T(4,a) if and only if
b—ZCq(n,m)an 2ﬁ+b—2 o
Z(n—lan—a+/1a)an <l-a
[ ]q  n=2 _ o
[ m] +b—2A i) A function f(z) defined by (1.4) is in the
9 class C(A,a)ifandonly if
N 2(1 — 2a)([n + m], — [1 +m],) Zn(n—lan—a+la)an <l-a
Z Cq(n,m)a, -
+b(1 - a)[1 +m], n=2

Corollary 2. 4. If feT™(b,A,a) then
< b[1+m],(1 - a) Y e,

b[1+m]y(1-a)

Conversely ,suppose f € T;"(b, A, a) satisfies (1.6) lay| < Cqtn m)[2(0-2)([n+mlq-[1+mlg)+b(1-a)[1+mlg]
Equivalently
(b — Z)Rglf+ 2Rgl+1f where C.(n .m) = T'q(n+m)
{(b —a0Rgr+2aRgey ST N e T

Theorem25.Let0<a<1,0<4, <1,<1,
m > —1,b isany non-zero real number , then
T"(b, Ay, @) c T (b, ,)

[ (b-2)[Z-3522Cq(n m)anz“]+2[z Ynz2Cq(n m){::m} ——Janz ] } 1

(b-21)[z-%52, Cq(n m)anz"]+ZA[z 22, Cq(n m)

n
[1+m] -anz

<l—-a«a

] Proof : From the Theorem 2.1
n mq

{ bz-332, Cq(n ,m)anz” [2 Trmlc 0™ 2] } )

[n+ ]q
[1+m]

bz-Y2° 5 Cq(n,m )anz“[ZA — 4+ b- Zl]

Z Cq(n m)an[Z(l — Azoc)([n +m]y —[1+ m]q)
n=2

<l—-a
= +b(1—-a)[1+m
Yoo, Cgln m)anz™2(1-)([1+mlg—[n+mlg) ( ! []‘1] |
n+m )
q

bz[1+m]g-Y5%, Cq(n ,m)anz™[b[1+m]g—24([1+m]g—[n+m]g)]
—[1+m]q

1-a - SZCq(nm)an
As z-1 n=2

Y=z Cq(n m)an2(1-)([1+m]g—[n+mlg)
b[1+m]q-%5%, Cq(n m)ay[b[1+m]g—2A([1+m]g—[n+m]y)]
<l-a

2(1 — ) (

+b(1 — @[l +m],
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<b[1+m],(1-a)
For f(2) € T;*(b, A, ),
Hence f(z) € T*(b, 4, a).

Theorem 2.6. Let f(z) € T*(b,A,a) define
fi(z) =z and

fn(Z) =
bl1+mlg(1-a)

_ n
Cq(n ,m)[2(1-2a)([n+m]g—[1+m]g)+b(1-a)[1+m]4] z

Wheren = 2,3, ., Z€EU,

Iq(n +m)
I((1+m)[n—1],!
a,(0<a <1),2(0<A<1),b isnon-zero
real numberand ze U,m > —1

Cq(n,m) =

fEeTH (b A, ) ifand only if fcan be expressed as

f(z) = Z Unfn(z) ,where p, = 0 and Z u, =1

Proof : If

f(z) = Z Unfn(z) ,with u, =0 and Z up =1
n=1 n=1
Then
Yn=2

Cq(n,m)[2(1-2a)[[n+m]q—[1+m]g|+b(1-)[1+m]g]
Cq(n ,m)[2(1—}\0()[[n+m]q—[1+m]q]+b(1—a)[1+m]q]

= wbl1 +mlg(1 - @)

=1 —p)b[1+m],(1-a)
< b[1 + m]y(1 — @)

Hence f € T)"(b,A,a)

Conversely ,
Let f(z) =z— Z apz" € Tg'(b,A,0)
i n=2
Define
Hp =

Cq(n, m)[2(1-2a)([n+m]g—[1+m]q)+b [1+m]q(1-a)]lap|

b[1+m]q(1—0()
m=2,3, ...

And define p; =1 — Z (TR

n=2

from Theorem 2.1 ,Z U < landsoy; =0
n=2
Since  p,fy(2) = uf; —ayz"

nzzl Unfn(z) =z — nzzz apz" = f(z2).

Theorem 2.7. Theclass T,*(b,A,a) is closed
under convex linear combination .

Proof : Let f,g € T;"(b,4,a),and let

f(z) = Z—Zanz" , gl2)= z—izbnzn

n=2 n=
For nsuch that 0 <n < 1,itis enough to show
that the function defined by

h(z) = (1 —n)f(z) +ng(z),z€U
belongs to Tg (b, A, o)

now h(z) =z — Z[(l —1n)a, + nb,Jz"

n=2
Applying Theorem2.1tof,g € Tg"(b,A, )
we have

i Cq(n,m)
n=2

=0-mn

i Cq(n,m)
n=2

°° 2(1 —Aa)([n+m]g — [1 +m]y)
n Zcq(“'m)[ +b[1 + m]4( ql—a) q ”

2(1 - 2)([n + m]q — [1 + m],)
{ +b[1 + m]4(1 — @) }

[(1 - n)an + r]bn]

2(1 —2a)([n + m]y — [1+ m],)
[ +b[1 + m],(1 - @) ] "

< (1 -mb[1+m];(1—0) +1b[1+m],(1-0)
=b[1+m] (1 - ).
This implies that h € T (b, 2, o).

Corollary 28 .1f fi(2),f2(2) €Ty (b ,A, )
then the function defined by

8@ =) + @] € TN, 1, @)

Theorem2.9. Let forj=1,2,.. .n.

fi(z) =Z—Zan,jZ“€Ta“(b,?\j,a) ,0<y <1

n=2
n

such that Z A; = 1,then the function F(z) is
=1

defined by
F(z) = Zx,f () €T, q).

Proof For each j e {1,2,...n} we obtain

z Gy, m) [2(1 —2a)([n+m], —[1+ m]q)] |

+b[1 + m] (1 - )
F(z) = Z [ Z ap j Z“]

<b[1+m (1—a)
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el [ c+1
3o S (1 e

B n=z|j=1 Since T € Ty'(b,A,@and 0<qg<1,
Z Cq(n,m)[2(1 —2)([n + m]y — [1 + m],) (cjrr_1)Y < 1, we have
C

A)([n+mly—[1+m],) +
b[1+ m] (1 - )

Y
n-1 c+1)
— a
a (c+n n

%, Cy(n, )[2“

b[1 + m]y(1 — a)] Z}\ja“'j

B T S

[n+ m] <b[1+m]y(1—-a)
2(1 — Aa) <_ d )
=

[1+m]q Therefore Kq(z) € Tg" (b, A, ).

+b[1+m] (1 - )

lan,j Theorem 2.12 . Let f€ Tg"(b, A, ) then for
< .
<b[1+m]g(1—a). every 0 < f3 < 1, the function

(- Q
Therefore  F(z) € T (b,A,q). Hg(z) = (1 - B)f(z) + G dgt

then Hg(z) € T (b ,}\,oc)

Definition 1.2 . The g-Komoto operator of fis Proof : we have

defined by oo g
K@ Hg(z) = Z—Zﬂ(l +H_ B) a,z"
fq (c+ 1Y [L q Y-1 f(tZ) : Since (1 +8_ B) <1, n>2,s0byTheorem2.1
= —_— t oo n
qc+1+YF (y) q B [1’1 + m]
qEq((cﬂ;(ql—q)) Z <1 + n B) Cq(n ym) [2(1 — ) (—[1 + mi)
n=2
c>-1,Y=0. +b[1+m]q(1—0t)]an
2(1 = xa)([n+m],; — [1 + m]
Theorem 2.11 . Let f(z) € Ty*(b, A, ) then < Z Cq(n,m [ +b[(1 + m]qc(11 —0) q)] an
n=2

Kq(2) € Tg'(b, A, a).

< b[1+ 1-—
Proof : we have [1+m]y(1—-a)

q c q Y-1 qc+1+Y H H T™(b 2
Eo(mrtr) (Loggd)  dgt = 7 Ty ence Hy(z) € T™(b, %, a)
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