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ABSTRACT: A difference labeling of a graph G is realized by assigning distinct integer values to its vertices and
then associating with each edge uv the absolute difference of those values assigned to its end vertices. A
decomposition of labeled graph into parts, each part containing the edge having a common- weight is called a
common — weight decomposition. In this paper we investigate the existence of difference labeling of P,,(+)N ,,,
Braid graph, Mongolian Ger and Alternative Quadrilateral Snake.
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1. INTRODUCTION

In this paper, we consider only finite simple undirected graph. In which G has vertex set V =V(G) and
edge set E = E(G) the set of vertices adjacent to vertex u of G is denoted by N = N(u). For the notation and
terminology we referred to Bondy and Murthy [2].

A difference labeling of a graph G is realized by assigning distinct integer values to its vertices and then
associating with each edge uv the absolute difference of those values assigned to its end vertices. The concept of
difference labelings was introduced by Bloom and Ruiz [1] and was further investigated by Arumugam and Meena
[6]. Meena and Vaithilingam [7] have investigated the existence difference labelings whereas crown graph, grid
graph, pyramid graph, fire cracker, banana trees, gear graph, ladder, fan graph, friendship graph, helm graph, wheel
graph and P,,(+)N ,,. In addition, various labelings graphs problem have been examined by Jeyanthi and Saratha
Devi [8]; and Manisha [9].

Definition: 1.1. Let G = (V, E) be a graph. A difference labeling of G is an injection f from V to the set of non-
negative integers with weight function f* on E given by f*(uv) = |f(u) —f(v) | for every uv edge in
G.A graph with a difference labeling defined on it is called a labeled graph.

Definition: 1.2. A decomposition of labeled graph into parts, each part containing the edge having a common-
weight is called a common — weight decomposition.

Definition: 1.3. A common weight decomposition of G in which each part contains m edges is called m- equitable.

Definition: 1.4. Specified Parts Decomposition Problem is a given graph G with edge set E(G) and a collection of
edge — disjoint linear forests F, F, F;,..., F, containing a total of |E| edges , does there exists a common weight

decomposition of G whose parts are respectively isomorphicto K, F, F,, ..., F, .

Definition: 1.4. LetP,,(+)N,, be the graph with p= 2n+m and q = 2(m+n)—1 and vertex set
V(P (H)N ) = {uq,uy. . Usn, 1, 05,0 b Where  V(Pyp,) = {uy,Uy...,usy, Fand V(N L)) ={ vl,vz...,vm_}
and the edge set E( PZn(+)N m) = E( PZn)U{(ullvl)(uIIUZ)( u1,173),..,(ul,vm),(uZn,vl),(uZn,vz),..,( u2n,Um)}.Th|S
graph has m cycles of length 2n + 1 and many 4-cycles.

Definition: 15. For each n>2, the braid graph B(n) is defind as follows, V(B(n))=

{x1, %2, o, X0, V1, V2, -, Ynjand
EBM) = {xixXpll <i<n— 13Uyl <i<n—1BU{(y)|1 <i<n}.
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Definition: 1.6. For any integers m > 2and n > 1, the Mongolian Ger is the graph M(m,n) with vertex set
V(M(m,n)) = {u, X114, X12, <, X1, X21, X22 5 s Xamy - » Xn1, Xn2, -, X} aNd edge set E(M(m,n)) = {(u, xy):i =
1,2,..,m} U { (xijxijn): i =12,.,n j=12,..m} U{ (xi, xin):{ = 1,2,...,n—1,j = 1,2,..,m }.
The graph M(m,n) hasp = mn + land q = 2mn.

Definition: 1.7. An Alternative Quadrilateral Snake A(Q S, ) is obtained from a path u,,u,..., u,by joining u;u; 4

(alternatively) to new vertices v;and v;,, and then joining v;v;., . That is every alternative edge of a path is
replaced by a cycle C, .

2. MAIN RESULTS

Theorem: 2.1. There exists a labeling which realizes a common weight decomposition of the graph P,,,(+)N ,,for
m = 2n— 1into m — 1 copies of 2P, , a copy of P; and a copy P,,,.

Proof:
LetG = P,,(+)N ,, bethe graph with p = 2n 4+ mand q = 2(m + n) — 1 with vertex set

V(P (H)Ny, ) = {uy, Uy oo, Uppy, V1, Vg oo, U ). Where  V(Pyp,) = {uy,u,y... . uy, b and V(N ) ={vy,v,...,u}
and the edge set E( Py, (+)N 1) = E( Pop)U{(u1,01) (w1,02) (Uq,03),00,( Uy, V), (U, V1), ( Uz V2) s ( Uz Vm) 3

Define a vertex labeling f: VG) - {0,1,2,...,2n + m — 1} as follows
f(w)= 2i-2, 1<i < 2n
flyy)=2i—-1, 1<i<m

Then the set of edges S; S, S;forms a common weight decomposition of P,,(+)N ,,, graph into (m — 1)
copies of 2P, , a copy of P; and a copy P,,,.

Where
S1={u1v;, UpnVm—i-1)} fori#n
Sz = {ugvuzn}
S;={uuy...uyy, }

Theorem: 2.2. There exists a labeling which realizes a common weight decomposition of the Braid graph into two
maximum matching and a copy of 2B, forn > 2.

Proof:

Let G = B, be the graph with vertex set V(B,,) = {xy, X2, ..., Xn, Y1, V2, --, Yn} and the edge set
E(By) = {xixis1l1 < i <n— DIy 11 < i < n— 13U{(x,3,)|1 < i < n}be the edge set of the graph.

Here |V(By)| = 2nand |E(B,)| = 4(n - 1).
Define a vertex labeling f: V(G) » {0,1,2,...,2n — 1} as follows

flx) = 2i—2, 1

IA
IA

i<n

f) = 2i-1, 1< i

IA

n

Then the set of edges S; S, S;forms a common weight decomposition of Braid graph B(n) into two
maximum matchings and a copy of 2P,
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Where
St ={xiyim1/1<i<n -1}
S, ={yixiy /1<i<n -1}
S3 = {X1Xz2 . Xn, Y1 Y2 - Yn}

Theorem: 2.3. There exists a labeling which realizes a common weight decomposition of the Mongolian Ger graph
M (m, n) into m copies of P, n copies of B, a copy of nP, and m copies of P,.

Proof:

Let G be a Mangolian Ger. For any integers m > 2 and n > 1, the Mongolian Ger is the graph

M(m,n) with vertex set V( M(m,n)) = {u, X11) X125 o» X1mX21, X22 5 o) Xomy or Xn1, Xn2, ...,xnm} and the
edge set E(M(m,n)) =
{(u, xq) : i =12, m}U{(xij xij1): 1 = 1,2,...,nj = 1,2,...,m}U{(x Xis): T = 1,2,...,n—1,j =

1,2,..,m}. Thegraph M(m,n) hasp = mn + land q = 2mn.
Define the vertex labeling f: V(G) - {0,1, ...mn + 1} as follows,

fw) =0
f(x1j) = 2j—1, for1<j<m
flxip) = (22— 1)+ (2i—2)m, forl<j<mandl<i<n

Then the set of edgesS;S, Sz, S, forms a common- weight decomposition of the Mangolian Ger
M (m,n)decomposed into m copies of B, n copies of B, a copy of nP, and m copies of P,.

Where Sl = {lexzj ...xnj / 1 S ]S m}
S, = {xuxip o Xiy /1 < 0 < n}
S3= {Xi1Ximl1 < i < n}
Sq = {uxy1, uxyp, .. uXn}

Theorem: 2.4. There exists a labeling which realizes a common weight decomposition of the Alternative
Quadrilateral Snake A(QS,) for n > 2 and n is even into a perfect matching, a copy of B, U (n/2)P,.

Proof:

Let G = A(QS,) be the graph with vertex set V(G) = {uy,u; ..., u,, v1,v, ...,v,} and the edge set
E(G) = {wuqll1 <i<n— 1wy qvy|1<i< %}U{(ui,vi)h <i<n}

Define a vertex labeling f: V(G) - {0,1, ...,2n — 1} as follows
fw)=1i-1, 1<i<n
fw)=1i-1+n, 1<i<n

Then the set of edgesS; S, forms a common weight decomposition of  Alternative Quadrilateral Snake
A(QS,) forn = 2 and n is even into a perfect matchings, a copy of B, U (%)Pz.

Where S, = {uy;v|1 < i< n}
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S, ={wuy ..u, }U {vzl-_l U v2i|1 <i< %}

Theorem: 2.5. There exists a labeling which realizes a common weight decomposition of the Alternative
Quadrilateral Snake A(QS,) for niseven,n > 2 into two perfect matchings and a copy of ,(g —1P,.

Proof:

Let G = A(QS,) be the graph with vertex set V(G) = {uy,u, ..., uy, vy,v; ..., v, } and the edge set
E(G) = {wuy1|1 <i<n—13U{wy vy 1 <0 < JU{(w vl < i < nj.

Define a vertex labeling f: V(G) ) — {0,1, ...,2n — 1} as follows

f(u) =0

ftu;) =i, ifiisodd, i =2m+ 1whenmisodd, 3<i<n-—-1
fuy)) =i—-1, ifiisodd, 5 i< n—1, i = 2m+ 1 where m is even
fuy) =i —1, ifiiseven, 2< i < n, i = 2m where m is odd
fwy) =i -2, ifiiseven, 4< i< n, i = 2m where miseven
fwy) = f(uy) +n, 1<i<n

Then the set of edgesS; S, S3 forms a common weight decomposition of ~ Alternative Quadrilateral Snake
A(Qs,) into two perfect matchings and a copy of ,(% —1)P,.

Where S, = {u;vi|]1 < i< n}
S, ={uuipq, Vvl 1 <i<n —1,iisodd}
Ss ={wu4l2<i<n -2, iiseven}
3. CONCLUSION

In this paper we investigate the existence of difference labelings for some classes of graphs. The specified
parts decomposition problem can be investigated for other classes of graphs.
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