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Abstract solving system of linear Fredholm integral

In this paper, we find the two solutions of a
system of two dimensional integral equations
contains respectively two beta distributions with
different values of the two parameters in two cases
and equal in the third that is to introduce two
corresponding probability density functions. The
variance of each resulting probability density
function corresponding to the supposing three
cases are derived that is to indicate which of the
probability density function gave the maximum
variance. Furthermore, the correlation coefficient
between any pair of the probability density function

is determined.
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1- INTRODUCTION

Many researchers interested as a final goal
either by studying the existence and uniqueness of
the solution of many types of one or more
dimensional integral equations [1,2] or to find by
using different methods of the modified quadrature
of the numerical solutions of this kind of equations
on some definite closed interval to study a
comparison between the numerical solutions and
their exact solutions [3]. While [4] use the
Adomian decomposition method to compare this

method with the classical successive method for

equations and [5] studied the comparison between
Newton’s method and Adomian decomposition
method for solving special Fredholm integral
equations.

For combining the integral equations as an
important branch of mathematics with some
statistical distributions, our goal in this study is not
only interesting in the solutions of the supposing a
system of two-dimensional integral equations
contains two beta distributions with different values
of the two parameters but we concentrate ourselves
in the derivation of some statistical properties of
the solutions like probability density functions and
their variances when the two solutions of the
system are found by the Adomian decomposition
method [6].

2- PRELIMINARIES

The Beta distribution is a continuous
probability function with the following marginal
probability density function

T'(a+p)

a-1 _ B-1
FT () X (1-x)"" ,0<x<La,p>0

9(x) =

(2.1
where o, B are two shape parameters.
The Beta distribution is characterized by the

following properties, [2]
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(if) E(X)__aﬂs

_ afl

(iii) Var(x)_—(a+]3)2(a+[3+1)

Now, we consider the following two

dimensional integral equations:

12
f,00=0,00+[ D ky(x.9fy(s)ds  ...22)

0 j71
where,
kij(x,s) are known kernel defined by 0 <x<1,0<s
<1,s e S, Sisacompact metric space and having
respectively the supposing formulas:
ky(x,8) =se

=12 ...(2.3)

Ky (x,8) = se
fi(s), j = 1,2 are scalar functions defined for 0 <'s <
1.
By substituting (2.1), (2.3) into (2.2), we get:

f.00= F(al)r(ﬁi) 1’1(1—x)“1"+'1'se’* f,(s) +f,(s) ds
r 2 a1 1 T -x?
f,(x) = r(i‘?);(%j)xz LX) + ! se ™ f,(s)+f,(s) ds

2.4)
Remark (2.1):
In this paper three cases as a sample from nine
for the parameters (o, 3) should be considered:
1L ay=PB1=a,=0,=1
2. ap>Priou=2,PB1=La<Priap=1H=
2.
3o ar<Priou=1P1=20,>P10=2 B =
1.

Now, to find the two solutions of the system
(2.4), Adomian decomposition method should be

used which briefly depends on the following steps,

[5]:

F(o'l Bl x4 (1 —x)!
%09 = Trgy ¢
..(2.5)
I'(a, +B,) X% (1 x)P !
Oy (X) = —F( o0)T(B,) (1-x)
F(al Bl sul(1— Byl
9O = Terp” Y
...(2.6)
I'(a, +B,) g% (1 —g)h!
95(S) = —r( PRTRTS) (B
And
fy e (X) :Jl'se’x fin (S) +T,,(s) ds
Q2.7

1

e () = 567 £, (5) +,,(5) dis
0

That is to get the following two solutions:

1,00 =400+ X 1, (9
.(2.8)
fz (X) =0y (X) + Z::fzn (X)

So, for the first iteration (m = 0), by (2.6) and (2.7):

_1 (o, +By) gh” P

fll(X)—g {r( LB o9
et a-s)fw}ds
I'(a,)I(B)

£, (%) :j‘ |: Loy *P,) S (]-_S)ﬁf1 +

F( 1)F(B1
Msuz syt :|ds
INCRINGH)
or
oy o, -X
f.(x)= [ +B - a, B, }e

...(2.9)

(Xz —x2
1(X) [ +B1+02+B2)e

and for the second iteration (m = 1), by (2.7) and
(2.9),
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03 _
f,(x)=|se [ +—2 ]e5+
12 I { B a, +B,

[ G 4 % )esz ds
U~1+B1 (12+B2
F 2 [0} o
fo(x)=|se”™ [ e — }es+
” I {“ﬁfh o, B
[ S ]esz ds
o, B o, +P,
az ]ex
ﬁ1 o, +B,

o, 52
e
131 +Bz)
...(2.10)

and for the third iteration (m = 2), by (2.7) and
(2.10),

or

f,(x)=0. 5803(

f,,(x) = 0. 5803[

+

1
_ o o _
f (X)=[se™ 0.5803[ L 2 je5+
. '([ |: o +B oy P,

05803 — a4 %2 jesz ds
o, B o, +f;

1 . o .
f.(x)=|se™|0. 5803[ +—2 e+
“ '! P oy P,

or
0.5803| — 2 42 ]e ds
o +p o, +f;
oy [0 -
f.(x)= 0.5803 [ 2 ]e*
. Bl o, +f;
(2.11)
oy o 2
x) = 0.5803 +—2— e
a9 - 05803 et
By repeating iterations for m =3, 4, ..., we get:

= = o o _
fn(x){ 0.5803"}[ 1, 2 )e*
nZJ; ! kZ(; al+B1 (12+B2

= = o o 2
fn(x):{ 0.5803 k}[ L2 ]e x
nz; 2 kZ(; (x1+B1 U~2+B2

where, the geometrical series,

> 05803 “ =2.38265.

k=0

So,

me(x) 238265[1 o ‘fﬁzje’*
(2.12)

o, 2
Zfzn(x) 238265( T +sze

Finally, by substituting (2.5) and (2.12) into
(2.8) which represent the two solutions of (2.4), we
get:

r(a1 B
r(%)r(BJ

2.38265[ % +°‘—2jex
o, +B a,+h,

(0, +B)
I'(a,)I'(B2)

2. 38265( e ]e
31 » B,

fi(x)= X L=x) T+

.(2.13)

f,(x) = X (LX)’ +

0<x<1,a,B,>0,i=12
3- STATISTICAL PROPERTIES OF THE
SOLUTIONS:

In order to introduce the statistical properties
of the two solutions (2.13), it must be that each of
them is a p.d.f. of a continuous r.v. X. So, we
multiply them respectively by A and B and equate
their integrals by one that is to find A and B which

make each solution is a p.d.f. (i.e.), we write:

jAfl(x)dx =1, jBfZ(x)dx =1
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A ij% TA-x)"dx +
o '(0)T'(By)

1
j2.38265[ e ]e*dx -1
0 0‘1+Bl (12+Bz

A+(2.38256)(0.63212)[ e B jAzl
atB o, P,

So,
A= !
1+1.50606( e B j
0‘1+B1 aerBz

while, the second integral gives the following value
of B
1

B=
al

73
+
0'1 + Bl az + Bz

Hence, the two solutions (2.13) are probability

1+1.77934(

density functions of the random variable X that are

when:
rr(“l;ﬁl) x“l"(l—x)”"'+2.38265[ Sy Je“
D,(x) = (a)T'(B,) o +p o, +p,
l+l.50606[ e B ]
a B o, B,
...(2.13a)
FF(“ZFM x“f'(l—x)“?"+2.38265( A je
D, (x) = (a,)L(B>) o +B o, +B,

0% N a,
o +B 0, T

...(2.13b)

1+1.77934[

where,0<x<1,qa;,B;i>0,i=1, 2
Furthermore, the p.d.fs ®;, ®, can be
rewritten and arranged with respect to the three
cases (Remark 2.1) in the following table:
Table (1)

The Figures
Dog=P1=a=P=1
The p.d.f.’s:

@, =0.39903+0.95076e " *
@, =0.35980+ 0.85727¢

e— 6,()

0,60.0,00

0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9
X

Fig.1
2 ay>PBr =2, B1=1; o < PBy:
B=2
The p.d.f.’s:

@, (x) =0.79807 X +0.95076 e *
@, (x) =0.71960 - 0.71960 X +0.85727 e

—e— 6,00
0,0

0 01 02 03 04 05 06 07 08 09
x

Fig. 2
Bar<Priou=1p1=2,0>P:0=

=1.

pdf | w=p=u=p=1

w>Pm=2p=1;

mefhm=1fk=2

m<fro=1Lp=2;

mxfhiw=2pk=1

@)(x) | 039903 +093076¢7F 0.79807x+093076 &2

0.79308 -0.79808 x + 093076 &7*

Dy(x) | 035080 +0.85727 | 0.71960 - 0.71060 x+ 085727 0.71930-085727 ¢

Figures 1 - 3 represent the graphs of three pairs of
p.d.fs (@5, ®,) with respect to the three cases
(Remark 2.1).

The p.d.f.’s:

@, (x) = 0.79808 — 0.79808 X +0.95076
@, (x) =0.71959 - 0.85727¢

1

P2
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Fig. 3
3.1 Moments, Variances
By table (1) and three cases (Remark 2.1). It is
easy to derive the first moments of each ®;(x) and

@,(x) by the formulas:

Ea, () =[x D, (<) ,

Ey, (X) = Jl‘x<D2(x)dx

While, the second moments can also be derived by

the formulas:

Eq, (x*) = _TXZCI)l(x)dx'

Eq, (x*) = Jl'XZCID2 (x)dx

and the calculations of the variances of the p.d.f's

Dy(x), Dy(x) by the known formula
Var, (x) = E,, (x*) —[E,, (X)]? for the three cases
(Remark 2.1) are tabulated in Table (2)

which also contains the derived second moments.

Table (2)

_EXY)-EX)E()
Pxx ‘}Var(x War(Y )

and since each pair of any p.d.f's ®,(x), ®,(x) Table

(1) with respect respectively to the three cases
(Remark 2.1) are dependent. By writing:

E(X,Y) = expectation of the product @ ;(x) by @
2(X)

E(X)E(Y) = product of expectations of @ ;(X) by
@,(X)

Var(x) = variance of ®;(x)

Var(Y) = variance of ®y(x)

Then:

(i) Forthecase iy = By =, =P, =1

P o = 0.48781—(0.65026)(0.63075)

w7 [(0.12888)(0.12437)
= 0.61357

..(3.2.1)
(i) Forthecase aey > Pr:ag =2, B =1, a < By :
o, =1, Br=2.
_0.39412 - (0.51725)(0.75068)

p —
1P |/(0.08466)(0.13861)
= 0.05383

..(322)
(i) For the case oy < By oy =1, B1 = 2, ctp > By -
o =2,B3=1

. . ~0.07424(0.78328)(-0.04109)

S J(0.13772)(0.01578)
=-0.90197

.(3.2.3)

m=fi=m=fkh=1

p.d.f S hriop=1F=2

o> oo =2,p=1;

o= frion=1,p=2;

> fiop=2fh=1

E (x) E_(x?) var, (x) E (x)

E (x) | varg(x) | Egx) | Eg(x7) | vaglx)

L

172

LA

&$(x) | 065026 055172 0.12888 | O

035221 0.03466 0.78328 075125 013772

&,(x) | 0.63075 052222 0.12437 | 0.73068

0.70213 0.13%61 | —0.04109 | 001747 001378

3.2 Correlation Coefficients
By the known Pearson's correlation coefficient

formula for dependent random variables X, Y:

4- Conclusion and Recommendation

According to the three considering cases
(Remark 2.1), the variances of the resulting p.d.f ’s
®y(x), D,(x) are almost equals with respect to case
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1, while the variance of ®,(X) is greater than the
variance of ®(x) with respect to case 2 and with
respect to case 3, the variance of ®,(X) is greater
than the variance of ®,(X).

Furthermore, the correlation coefficient
between the p.d.f ’s ®y(x), ®,(X) is the greater
under the case 1 (o; =By = o, = B, = 1).

As a recommendation we suggest to consider
other cases of the values of the parameters of the
Beta distribution differ by the cases which studied

in this article.

5- REFERENCE

1. Balakchandran, K.K., and Kuo H.H., “Existence of
Solutions of General Nonlinear Stochastic Voltera
Fredholm Integral Equations”, Stochastic Analysis and
Applications, Vol.23, pp.827-851, 2005.

2. Milton, J.S. and Padgett, W.J., ”On The Existence and
Uniqueness of Random Solution to a Perturbed Random
Integral Equation of the Fredholm Type”, SIAM J. Applied
Math., Vol.22, pp.194-208, 1972.

3.  Huda, H.O., “Solutions for the Generalized Multi-
Dimensional Voltera Integral and Integro Differential
Equations”, MSc. Thesis, College of Education, Ibn Al-
Haitham, Baghdad University, Iraq, 2007.

4.  Vahidi, A.R. and Mokhtari, M., “The Decomposition
Method for System of a Linear Fredholm Integral
Equations of the Second Kind”, Applied Mathematical
Sciences, Vol.2, pp.57-62, 2008.

5. Biazar, J. and Rangbar, A., “A Comparison Between
Newton’s Method and Adomian Decomposition Method
for Solving Special Fredholm Integral Equations”,
Int.Math.Forum, Vol.2, pp.215-222, 2003.

6. Abbaoui, K. and Cherruault, Y., “Convergence of
Adomian’s Method Applied to Differential Equations”,
Math.1 Comput. Modeling, Vol.28, No.5, pp.103-110,
1994.

ISSN: 2231-5373 http://www.ijmttjournal.org

Page 33


http://www.ijmttjournal.org/

