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I. INTRODUCTION

To study the geometry of an unknown manifold,
it is sometime convenient and yet interesting to first
imbed it into a rather known manifold and then
study its geometry side by side that of the ambient
manifold. This approach gave birth to the
introduction of submanifold theory and which has
become an independent research topic itself.

In 1995, Blair, Koufogiorgos and Papantoniou
[5] introduced the notion of (k, w)-contact manifold
with an example, which generalizes the notion of
Sasakian and the case R{X.¥ JF = 0, where R is
the curvature tensor, k, p are real constants. While
the study of invariant submanifolds of (% @)-contact
manifold was initiated by Montano et al. [12] and
followed by Tripathi et al. [16], Avik De [3],
Siddesha and Bagewadi [14] and others.

On the other hand, we know that a connection ¥
on a manifold M is called a metric connection if
there is a Riemannian metric g on M such that
Vg = 0, otherwise it is non-metric. Further, it is
said to be semi-symmetric if its torsion
tensor TXy)y=10 , ie.,
TX.¥) =l )X —w(X)¥ = 0, where w is a 1-
form. In 1924, Friedmann and Schouten [9]
introduced the idea of semi-symmetric linear
connection on differentiable manifold. In 1932,
Hayden [11] introduced the idea of metric
connection with torsion on a Riemannian manifold.
A systematic study of the semi-symmetric metric
connection on a Riemannian manifold was published
by K. Yano [18]. In 1975, Golab [10] defined and
studied quarter symmetric metric linear connection
on a differentiable manifold. A linear connection ¥in

a n-dimensional Riemannian manifold is said to be a
quarter symmetric connection [10] if its torsion
tensor T is of the form

TX,¥)=V,¥ - V,x—- [x,¥v]= AWIKX
— A(XIKY, (1)
where 4 is a 1-form and K is a tensor field of type
(1.1). If a quarter symmetric metric connection ¥
satisfies the condition
(Vxg)¥.2) =0

for all X.¥.Z e y(M), where p(M) is the Lie
algebra of vector fields on the manifold M. then Vis
said to be a quarter symmetric metric connection.
For a contact metric manifold admitting quarter
symmetric metric connection, we can take 4 =17
and K = ¢ to write (1.1} in the form:

T, V) = n(¥) pX — n(X) pY. (1.2)
The relation between Levi-Civita connectionVand
quarter symmetric metric connectionVof a contact
metric manifold is given by

V¥ =W,V — XV, (1.3)

Recently in [1], the authors studied
invariant submanifolds of Sasakian manifold
admitting quarter symmetric metric connection and
proved the equivalence of totally geodesicity,
recurrence, bi-recurrence, generalized bi-recurrence
of second fundamental form and a submanifold with
parallel third fundamental form.
These circumstances motivated us to consider
invariant submanifolds of (k. u’)-contact manifolds
admitting quarter symmetric metric connection. The
paper is organized as follows: In section 2, we give a
brief information about recurrent manifolds and
submanifolds. In section 3, some definitions and
notions about (k. 1) -contact manifolds are given.
Section 4 deals with the study of some basic results
of invariant submanifolds of (k, w)-contact
manifolds admitting quarter symmetric metric
connection. In section 5, we consider an invariant
submanifolds of (k. u}-contact manifold admitting
quarter symmetric metric connection whose second
fundamental form is recurrent, 2-recurrent and

generalized 2-recurrent. We show that these type
submanifolds are totally geodesic under necessary
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condition. We also prove that parallel submanifold
and a submanifold with parallel third fundamental
form of a (k. u)-contact manifold admitting quarter
symmetric metric connection with are again totally
geodesic under necessary condition. In last section,
we prove semi-parallel, pseudo-parallel and Ricci-
generalized pseudo-parallel invariant submanifolds
of a (k u)-contact manifold admitting quarter
symmetric metric connection with % = © are totally
geodesic.

1. IMMERSION OF RECURRENT TYPE

The covariant differential of the p®™*
order,p = 1, of a (0.k)-tensor field T, k=1,
defined on a Riemannian manifold (. g7 with the
Levi-Civita connection V is denoted by VFT .
According to [13] the tensor T is said to be recurrent,
respectively, 2- recurrent, if the following condition
holds on M

(VTIX, e X KTV e V) =

(V)Y e B XOT(Xy e ) (21)
respectively
(V2TIE, o K s KLY )TV, L V) =

(VT G X OT(Xy e X)) (22)
where X, V. X .V.....X5 . ¥, e TM. From (2.1}, it
follows that at a point x £ Mif the tensor T is non-
zero then there exists a unique 1-form @ ,
respectively, a (0.2} -tensor w3 , defined on a
neighbourhood I/ of x, such that

VI=T&a¢.0=d(log I TI. (2.3)
respectively
VT=T®u (2.4)

holds on U, where Il T Il denotes the norm of
T, ITI*= g(T.T) .The tensor T is said to be
generalized 2-recurrent if
(V2 THE e XK 1 X¥) — (VT @ )
(X e X s K VTV e, V)
= (VY o Ve X V) — (T @ ¢)
¥y GENT(R, ), (25)
holds on M, whereg is a 1 —form on M. From this it
follows that at a point x € M if the tensor T is
nonzero then there exists a unique (0,2} —tensor ¥ ,
defined on a neighbourhood I of x, such that
ViT=TR¢+TR ¥ (2.6)
holds on UJ.
Let fF: (Mg)— (M.§) be an isometric
immersion of an = -dimensional Riemannian
manifold
(M.g)into an (n + d) -dimensional Riemannian
manifold (/7 , §), n = 2.d = 1. We denote byV and

¥ the Levi-Civita connections of M and T ,
respectively. Then we have the Gauss and
Weingarten formulas

VeV = WV +o(X, V), .7)

Vel = —AyX + VEN, (2.8)
for any tangent vector fields X.¥ and the normal
vector field ¥ on M, where o.A and V*are the
second fundamental form, the shape operator and the
normal connection respectively. If the second
fundamental form o is identically zero, then the
manifold is said to be totally geodesic. The second
fundamental form = and A4, are related by

GlofX. VLN = gl XV
where g is the induced metric of g for any vector
fields X and ¥ tangent to M. The first and second
covariant derivatives of the second fundamental
form & are given by
(Vo). 2) = V§(ov. 2))

—o(VyV,2) — a (¥, VgZ)), (2.9)
(7). w.xv) = (V7,¥,.0)Zw)
= vz ((¥e0)@ W) - (V,0) Wz, W)

~(Tea) (2. VW) — Ty o) Z. W), (210)
respectively, where¥is called the vander Waerden-
Bortolotti connection of M [2]. If ¥ = 0,then M is
said to have parallel second fundamental form [9].
Now for a (0.k)}— tensor k=1 and a
(0,2) —tensor B, @(B.T) is defined by [16]

0BTV, X, .. X XV ) =
T A V)X X X)) — o —
~T(XL (X A V)X X)), (210)

where (X fiz ¥ is defined as
Xn;Y)Z=BW.Z)X-BX.2V. (212)

. (k, i) —ConTacT MANIFOLDS

A contact manifold is a €*— (2n + 1)
manifold #**+* equipped with a global 1-form %
such that n”(dn)™ = Deverywhere on 82*+*, Given
a contact form =it is well known that there exists a
unique vector fieldZ, called the characteristic vector
field ofy, such that #(f) = 1 and dn(X.£} = 0 for
every vector field Xon Jf#"*1, A Riemannian metric
is said to be associated metric if there exists a tensor
field wof type (1.1} such that
' =-I+n®@&nE) =1,

@i =0, ne=0 (3.1)
glaX,a¥) = g(x.¥) — g(X)n(¥),
g(x. &) = n(x) (3.2

for all vector fields X.¥ € TH. Then the structure
{w.E.n.g) on M¥™+ s called a contact metric
structure and the manifold #2"**equipped with such
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a structure is called a contact metric manifold [4].
Now for any vector fields X, ¥on i, a contact metric
manifold is called a (k. u)-contact manifold [5] if it
satisfies
(Vep)V = g¥ + REVIFE— (¥} (X + hX), (3.3)
where ¥ denotes the Levi-Civita connection on i,
k. zare real constants and 2his the Lie derivative of
@ in the direction of £ . We also have on
(k. ) —contact manifold A7
Vif = —pX — phX. (3.4)
for any vector fields X, ¥, Z, the following relations
are holds in (k. «)-contact manifold [12]:
ht =k —1l¢?, k=1, (3.5)
REXIY = klgx. V)F —n(¥)X]
+u[glhk V) — (V)X + hX), (3.6)

RIEXVE = kln(X)F — X] — uhX (3.7)
5(x,8) = 2nkn(X), (3.8)
r=2n{2n -2+ k—nu), (3.9

where R is the Riemannian curvature tensor, %is the
Ricci tensor of type (0.2}, Qis the Ricci operator,
e, g(@x.¥V) = 5(X.V) and r is the scalar
curvature of the manifold.

IV.SOME BASIC RESULTS ON INVARIANT
SUBMANIFOLDS OF (K, M)-CONTACT MANIFOLD
ADMITTING QUARTER SYMMETRIC METRIC
CONNECTION

Let M be a submanifold of a (k. u)-contact
manifold & , then M is called an invariant
submanifold of § , if for each xeM |
p(T.M) c T,M . As a consequence, £ becomes
tangent to M. For an invariant submanifold of a
(k. u)-contact manifold, we have

o(X.8) =0,
forany X € TM.

In [1], the authors have studied invariant
submanifolds of Kenmotsu manifold admitting
quarter symmetric metric connection and obtained
several results. To prove the main results, we
mention some basic results of [1] regarding to
quarter symmetric metric connection:

4.1)

Lemma 4.1. Let M be an invariant submanifold of a
contact manifold If which admits quarter

symmetric metric connection ¥ and let o and & be
the second fundamental forms with respect to Levi-
Civita connection and quarter symmetric metric
connection respectively, then

(i) M admits quarter symmetric metric connection,
(ii) the second fundamental forms with respect to ¥

and V are equal.

Lemma 4.2. Let M be an invariant submanifold of a
contact manifold AT which admits quarter symmetric
metric connection. Then Gauss and Weingarten
formulas with respect to quarter symmetric metric
connection are given by

tan(R(x, ¥)Z) = R(X.V)Z — n(X) @V, Z
—n¥IV0Z + V) pVeZ + nXIV, 02
+7[X. ¥1pZ + tan (T,0(¥,2) - T, 0¥, 2)
+V. W oz — T, o2}, 4.2)
nor(RX,V)I) = o(x.V,2) — n(Wa(X, p2)
—al¥,VyZ) +nX) oV, ¢Z) - a([X,¥],2)
+nor{Vee¥, Z) — VoolX, 2) + V(X @2
T g2, (4.3)
Lemma 4.3. Let M be an invariant submanifold of a

contact manifold AT which admits quarter symmetric
metric connection. Then

Ex.v) o, vV) = RE X Ve W.V) —a(REX. VUV
—olU, RIX, YIV) — VeAs o Y — o(X Ay g ¥)
100 Aswm Y — ArtyawwnX — n(0ev- Yo(U, V)
—T @) oo V) + VyAymX +6(Y. Ay X)
+7pn 00 poU. V) + Ay X Y] + (X YD
po(U, V) — olc v, U0, V) + n(Xclev, U, V)
—o( Ty {alY, UL V) + o(Tn(¥)eU. V)

1Y) oV, V) + n(¥) olaX, $U), V)

+olo (Y, VxU), V) — n(¥) gV, U, V)

+ol % oG 1LV )- o(Fn (D U, V)

=0 a(Vy U, V) — n0 ols(Y. $U). V)

+alo([X Y1, U, V) —n([X YD a(sU, V)

—o(U, (X, ¥y V) + n00 (U, 67y V)

—o(U, ¥y {or, V1) + o(U, Vin(¥ev)

+0(Y) o(U, VoV 4+ n(¥V) o(U, o (X, V)
+a(U.a 7. V,V)) — n(¥)a(U, pV, V)

+ol(U. ¥, {a(x, V)}) — olU. Vyn(X) oV)
—n(X)a(U,VyoV) — n(X) oY, a(U, 9V))

+o(U, o([X. Y1) V) — q([X. Yo (U. ¢V ),

(4.4)

for all vector fields X.¥.U and V tangent to M ,
where R*(X, ¥) = [V V] — V.

V. RECURRENT INVARIANT SUBMANIFOLDS

OF (k, - CONTACT MANIFOLD
ADMITTING SEMI-SYMMETRIC METRIC
CONNECTION

In this section, we consider invariant submanifolds
of a (k. u)-contact manifold when & is recurrent, 2-
recurrent, generalized 2-recurrent and M has parallel
third fundamental form with respect to quarter
symmetric metric connection. We write the
equations {297 and (2.107 with respect to semi-
symmetric metric connection in the form
(Vo ¥) = T3 (v, 2)) — (V7. 2)

—a(¥. Vx¥) (5.1)
Tal(Z, W, X, V)
= (7.5 )@ w)
= (V3 (Vo) (2. W))-(Ty0) (T2 W)
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~(¥xo) (2. %0 p0) 2. W) (5.2)
We prove the following theorems:
Theorem 5.1: Let M be an invariant submanifold of
( k.u )-contact manifold & admitting quarter
symmetric metric connection. Then M is parallel
with respect to quarter symmetric metric connection
with & # 0if and only if M is totally geodesic with
respect to Levi-Civita connection.
Proof. Let M be parallel with respect to quarter
symmetric metric connection. Then we have

(To)v.2) =0,
By taking £ = £ and applying (5.1) in the above
equation, we get
VoW, &) —o(V,V.8) — oV, V,E) = 0.

In view of (4.1), the above equation reduces to

gV, V&) —ol¥. V8l =0 (5.3)
Using (1.2}, (3.4} and (4.1} in (3.3}, we get
oV, pX + phX) =0, (5.4)

Replace X by @X +¢hX¥ and by virtue of
(3.1), (3.53).(4.1) in (5.4, we get

kolV,X) = 0.
Since k=0, hence M is totally geodesic with
respect to Levi-Civita connection. The converse
statement is trivial. This completes the proof of the
theorem.
Corollary 5.1: Let M be an invariant submanifold of
( k.u )-contact manifold & admitting quarter
symmetric metric connection. Then & is recurrent
with respect to quarter symmetric metric connection
with & # 0 if and only if M is totally geodesic with
respect to Levi-Civita connection.
Proof. Since @ is recurrent with respect to semi-
symmetric metric connection. Then from (2.3), we
have

V0. 2) = (X (¥, 2),
where @ is a 1-form. Taking £ = £ in the above
equation and using the proof of the Theorem 5.1,
we get the result.
Theorem 5.2. Let M be an invariant submanifold of
( k.u )-contact manifold & admitting quarter
symmetric metric connection. Then M has parallel
third fundamental form with respect to quarter
symmetric metric connection with k& = 0 if and only
if M is totally geodesic with respect to Levi-Civita
connection.
Proof: Suppose that M has parallel third
fundamental form with respect to semi-symmetric
metric connection. Then we can write

(7, 7,00 w) =0,

Replacing W = £ in the above equation and using
(5.2), we obtain

E}-J_' ({E't'ﬂ'}{;l?.- ',r:]) - {E}rﬂ}{ﬁx.z, l,r:]

—(Tx0)@.9,8) - (Trvo)Z.2) = 0. (55)
By using (4.1) and (5.1) in (5.5), we obtain
0= -—Tila(V,2.5) + o2,V 5D}
VeV, 2.8) + oV, V,Z.F)
+2a(V, 2, V. F) — V3alZ,V,.E)
—alZ, E}:E?fj + ”{ﬁ‘.‘xrzs ':r}
+o(2.V7,58). (5.6)
In view of (1.2), (3.4) and (4.1) in (5.6) yields
0= 2Vio(Z, oV + ohV) — 20(V,Z, ¢V + phV)
+20(0) a(pZ, @¥ + ¢hV) + ol Z,V,(p¥ + phV))
—olZ, V.V + phV, V) + n(X)e(Z. ¥V + hV).
Taking £ = £ and using (4.1), (3.1) and (3.4) in the
above equation, we obtain
20(pX + phX, o¥ + ph¥) = 0. (5.7)
Replacing X by ¢X + ¢hl | ¥V by ¢¥ + ¢h¥ and
using (3.4), (3.5) in (5.7), one can obtain
2kte(X.Y) =0, (5.8)
Since k = 0, hence M is totally geodesic with
respect to Levi-Civita connection. The converse
statement is trivial. This completes the proof of the
theorem.
Corollary 5.1: Let M be an invariant submanifold
of (k.u)-contact manifold § admitting quarter
symmetric metric connection. Then & is 2-recurrent
with respect to quarter symmetric metric connection
with & # 0 if and only if M is totally geodesic with
respect to Levi-Civita connection.
Proof. Since o is 2-recurrent with respect to semi-
symmetric metric connection. Then from (2.3), we
have
(T ¥, 0)Z, W) = o2, Wlp (X, V). (5.9)
Taking £ = £in (5.9) and using the proof of the
Theorem 5. 2, we get the result.

Theorem 5.3. Let M be an invariant submanifold of
( k.u )-contact manifold M admitting quarter
symmetric metric connection. Then & is generalized
2-recurrent with respect to quarter symmetric metric
connection with k& = 0 if and only if M is totally
geodesic with respect to Levi-Civita connection.
Proof. Let o be generalized 2-recurrent with respect
to quarter symmetric metric connection. From (2.6),
we can write

AR AU

wX) oz W) + 0 (X) (Vo) (2 W)
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where 3 and ¢ are 2-form and 1-form respectively.
Taking W = £ in the above equation and using (4.1)
and (5.2), we have

E}r{' ({ﬁyﬂ}{zg ',r:]) - {ﬁyu}{ﬁxi ',r:]

~(¥x0) 2. 7,8) - (Vr,10) 2. 8)
= —pXMo(V,Z.5) + 0(Z.V,. 5)}. (5.13)
Then making use of (5.1) and in view of (4.1), we
have
—Tila(V,. 2. F) 4+ 0(Z. V. E} — VeV, 2.5)
+o(V, Vi Z.8) + 20(V, 2.V, 8) — V3o (Z.V,.E)
—al(Z. ¥, Vo) + 5'[?‘?1?3: ':r} + 5{34 E‘?xr'ar}
= —EP':X:] -[ﬂ':f-:-z, -,r:] + o Z, EV{]} (5.14)
Taking Z = & and using (3.1), (3.4), (3.5) and (4.1)
in (5.12), we get equation (5.8). Hence proceeding
in a similar way of proof of Theorem 5.2., we get
(X, ¥) = 0.
SEMI-PARALLEL, PSEUDO-PARALLEL,
RICCI-GENERALIZED PSEUDO-PARALLEL
INVARIANT SUBMANIFOLDS OF (k, w)-
CONTACT MANIFOLDS ADMITTING
QUARTER SYMMETRIC METRIC

This section deals with semi-parallel, pseudo-
parallel and Ricci-generalized pseudo-parallel
invariant submanifolds of (k, p)-contact manifold
admitting quarter symmetric metric connection
Definition 6.1. An immersion is said to be semi-
parallel, pseudo-parallel and Ricci-generalized
pseudo-parallel [7, 8] with respect to quarter
symmetric metric connection E, respectively, if

B.-a=0,

R-o=1,0(g.0),

B-o=L,0(50).
where R denotes the curvature tensor with respect to
connection ¥ and L;, L; are the functions depending
on o,
To prove the main theorems, we first formulate the
following lemma:

Lemma 6.4. [14] It is known that if (M, ¢, & 7. 4] is
a contact Riemannian manifold and £ belongs to the
(k. u) -nullity distribution, then & =1, if & = 1,
then (M., @, £, m. g) admits three mutually orthogonal
and integrable distributions {07, D (4} and D (-1}
defined by the eigen spaces of iz, where A = Vi-k
Further, if X = D(A), then hX = 41X and if
X e D{—A),then h¥ = —-1X.

Theorem 6.4. Let M be an invariant submanifold of
a (k u) -contact manifold A7 admitting quarter
symmetric metric connection. Then M is semi-

parallel with respect to quarter symmetric metric
connection with & = +[(u + 1vT— k| — 1 if and
only if it is totally geodesic with respect to Levi-
Civita connection.
Proof: Suppose M is semi-parallel with respect to
quarter symmetric metric connection, then we have
R-o=0
Taking X = ¥V =1£ and using (3.1), (3.4), (4.1) and
(4.4) to get
0= —o(U.REVIE) - o(T,olv. 1. 8)
+a(T W) oU.£) — ol T,00.£)

+o(U, V. Z). (6.1)
By definition & is a vector valued covariant tensor
and so o (U, ¥) is a vector. Therefore T,o(¥. ) is a
vector and hence by (4.1), we have

o(T:o(v.U).£) = 0. (6.2)

Using (1.2), (2.1), (3.1), (3.4), (3.7), (4.1) and (6.2)

in (6.1), we get
&k +1DeW.V) + @+ Da(U,ny¥) = 0. (6.3)
Therefore Lemma 6.4 yields
[k +1) +(w + 1)]o(U.¥Y) =0 Which
implies that g(lLY) =10 provided

k# +[u + DVT—K]—1. Thus M is totally
geodesic with respect to quarter symmetric metric
connection k= +[(u +1VI—k] -1  The
converse statement is trivial. This completes the
proof of the theorem.

Theorem 6.5. Let M be an invariant submanifold of
a (k u) -contact manifold AT admitting quarter
symmetric metric connection. Then M is pseudo-
parallel with respect to quarter symmetric metric
connection with L, = [k+1 + (g + 14/1 K] if
and only if it is totally geodesic with respect to Levi-
Civita connection.
Proof: Suppose M is pseudo-parallel with respect to
quarter symmetric metric connection, then we have
B o=10(g.9),

Taking X = ¥V =Z£ and use (3.1), (3.4) and (4.1) in
(2.11) and (4.4) to get

—a(U,R(E.VIE) — o(T,av. 10, £)

+o(TnWou.£) — ol T,0U.£)

+o(U, ¢V, £) = Lya(¥. ). (6.4)
Using (1.2), (2.7), (3.1), (3.4), (3.7), (4.1) and (6.2)
in (6.4), we obtain
(k+ Do, V) + (u + 1ol hY)

=L,y U (6.5)

In view of Lemma 6.4, equation (6.5) can be written
as

(Ly—[(k + 1) + (u + IWT —EKDo(U.¥) = 0
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Hence s, ¥) =0
Ly# [k+1 +(u + 1V1—kK].

Thus M is totally geodesic with respect to quarter

provided

symmetric metric connection provided
Lyz[k+1 +(u +10VT—k]. The converse

statement is trivial. This completes the proof of the
theorem.

Theorem 6.6. Let M be an invariant submanifold of
a (k u) -contact manifold A admitting quarter
symmetric metric connection. Then M is Ricci-
generalized pseudo-parallel with respect to quarter
symmetric metric connection with

I I_[R+li':_u+ﬂ-'ﬂj
1 Ink

geodesic with respect to Levi-Civita connection.
Proof: Let M be Ricci-generalized pseudo-parallel
with respect to quarter symmetric metric connection,
then by definition 6.1. we have
B-o=L,0(50).
Taking X = ¥V =& and use (3.1), (3.4), (4.1) in
(2.11) and (4.4) to get
—a(U, R YIE) — o(Traly, 1), £)
+a(T W)U, £) — ol T,0U.£)
+o(U, ¢V, &) = La(S(E, E)Y. U). (6.6)
Using (1.2), (2.7), (3.1), (3.4), (3.7), (3.8), (4.1) and
(6.2) in (6.6), we obtain
(k+ Do, V) + (u + Vel hY)
= 2nkL, a(¥, U). (6.7)
In view of Lemma 6.4, equation (6.7) can be written
as
(2nkLy —[(k + 1) + (u + DVI—K])
a(lL¥Vy =10,

 [k+1i4lp +11-T
=,

Hence o (7, ¥) = 0 provided L, s -

Thus M is totally geodesic with respect to quarter
symmetric metric connection provided

L = [k+1+lp +10WI=F]

if and only if it is totally

. The converse statement is

Ink

trivial. This completes the proof of the theorem.
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