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Introduction:  Fixed point theory is an
important branch of the functional analysis. In 1989
Bakhtin[1] worked on the contraction mapping
principle in almost metric space. In 1993 Czerwik
[5] extended the result of contraction mapping in b-
metric space. Czerwik[5] presented various
problems of the convergence of measurable
function with respect to measure in b-metric space.
Since then, the fixed point theory of the variational
principle for single valued and multivalued
operators in b-metric space was used by many
authors Mehmat Kir [9], Boriceanu [4], M Bota [3]
and Pacurar [10] presented generalization of
Banach [2] fixed point theorem in b-metric space.
In 1986 G. Jungck [7] defined compatible mapping.
In 1993 G Jungck et.al [8] extended compatible
mapping by introducing a compatible mapping of
type (A).

In this paper, we extended common fixed point
theorem in b-metric space for two mapping using
compatible mapping of type (A).

Definition 1.1. Let X be a non-empty set and

5 = 1 be agiven real number. A function

d:X X X — R, is called a b- metric provided
that forall x, v,z € X

1) d(x,y) =0 ifandonly if x =y,

2) d(x,y) =d(yx),

3) dlx,z) < s[d(x,y) +d(y,2)].

A pair (X,d), is called a b-metric space. It is

clear that definition of  b-metric space is an

extension of usual metric space.
Some examples of b-metric spaces are given

below:

Example 1.2. By [9] The set i?, (R) (witho<p<

1),
where L, (R) = {(x,) © R | X¥_, |x,|® < =},

together with the function
d:1,(R)X 1,(R) — R,

0 1/p
d(x,}?) = (Z |xn - Fnlﬂ )
n=1

where x = x,,,¥ =¥, € [,(R) is a b-metric
space. By an elementary calculation we obtain that
d(x,2) < 2¢[d(x,y) + d(v, 2)].

Example 1.3. By [9] Let X ={0,1,2} and
d(2,0) =d(0,2)=m = 2,

d(0,1) =d(1,2)=d(1,0)=d(2,1) =1
and d(0,0) =d(1,1)=d(2,2) = 0.

then

dx,y) = ? [d(x,z) +d(z,¥)] for all
x,v,z e X.

if 1 == 2then the triangle inequality does not
hold.
Definition 1.4. Let (X,d) be a b-metric space

Then a sequence {x,} in X is called a
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Cauchy sequence if and only if for all == 0 d[:sznHJSx:nH) =d(Txy, Txp,e4)

there  exist m{£) € N such that for each < a max {d(Txy, S%5,:1),
d(sxzn,5x2n+1)rd[sznﬂ,sx:nﬂ)rd(Tx:n,sx:n]}
+ b{d(Tx3p45 Sx3,)}

=a max{ d[5x2n+1,5x2n+ 1),

n,m =n(e) we have d(x,,x,,) < &.

Definition 1.6. Let (X,d) be a b-metric space

then a sequence {x,} in X is called convergent d[:sxgn,5x1n+1):fi[:sxgnﬂ,5x1n+1)rd(5x:n+1,5xgn]}

sequence if and only if there exists x € X such +b{d [Sx:nﬂ Jngn)},

that for all € = O there exists n(€) € N, such =a max{d (szn,sx:nﬂ)r

that forall n = n(€) we have d(x,, x) < €. d[5x2n+2 ,5x2n+1)} +b{d[5x2n+2,5x2n)}’

Thus b- metric  space is complete if every Cauchy Sa max{d (5x9”J5x2”+1)’

sequence convergent. d[5x2n+1,5x2n+2 )}
+Sb{d[5x2n+2,5x2n+l) + d[5x2n+1,5x2n)}'

Definition 1.7. In 1993, G.Jungck, Y.J.Cho and Case -1 : If suppose

P.P.Murthy [15] established new concept of d[sxﬂn,5x2n+1)> d[5x2n+2,5x2n+1)’

compatible mappings i.e. compatible mapping of d[:sznHJSx:nH)

type (A) .Two self maps S and T of a metric space =

(X ,d) are said to be compatible of type (A) if ad {5x2n,5xzn+1} +

bs d(Sx3n+3 ,SXan+1) +

lim_ __d(5Tx _,T%x )=0,
1= ( n ”:] bsd{5x2ﬁ+hsxgﬁ};

and
]'j'mn =0 d(Tsxnlszxn:] = ﬂ.l' (1 - Sb]d(sx:n_FiJsx:n_l_:) ::_:
whenever {x,} is a sequence in X such that (a+5b) d (5%, Sxons1),
lim, . Sx,=lim __ Tx,=t, (52341 5%ons2) <
{e+sh)
for somete X. (1—sh) d (Sx3, Sx3n11)
THEOREM-2.1 : Let (X, d) be a complete b- d(5x 41 SXopss) < kyd (Sxp, Sxp044),
metric space with constant 5 = land 5 and T are (a + sb)
_ k=" < 1....(22)
two self mappings such that (1— sb)
(M) T(X) € 5(X), Case —I : If suppose
(ii) One of S or T be continuous, A(S%ps1 Sxopes) > d(Sx5, Sxppeq),
(i) (5,T)is compatible of type (A), d(S5% 2021 5%opns2) S ad (5x5p01 SXopss)
(iv)  d(rxTy) < amax{d(Tx,5y),d{Sx, 5y),d(Ty,5y).d(Tx,5x)} + B{d(Ty,51)) +hsd(5x5,20 Sx ane) +
wherea + 25 < 1% x,vyE X thenSand T bs d(Sxap41 Jngﬁ}
have a unique common fixed point. (1—a-— sb]d[ﬁ"x:nﬂﬁxhﬂ }

Proof: Letxy EX AsT(X) € 5(X) then

there exist X 4,24 and X, in X such that

Tx,, = 5x,,,4, n=123.. ..

Now by equation (iv),
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=
bs d(Sx3,41 5%y,

: d[5x2n+1,5x2n+2)

b
':i_ﬂs_s'h:l d {Sx 2n J5x2ﬁ+1 ::Il
L — bs -
2 (1—a — sb)
By equation (2.2) and (2.3),
Let k = max{k,, k,},

Therefore k < 1,

Sincek; < land k, <1,
d[5x2n+1,5x2n+2} =k d[sxzn,5x2n+1}’
d(Sxzp41,S%one2) € k2 d(Sx2y-1 Sxa,),

Int2

1. (23)

:d[sznJrLSx:n”) < k™" d[:Sxﬁ’le).
Now we show that {Sx,,} = isa Cauchy
sequence. Let e, 12 == 0 with m = 1.
d[:anJSxm) < s{ d[Smexnﬂ) +
d(Sx,415%,,)}

== d(sxmsxn.pl) + Szd(sxn+1,5xn+2) +
szd[.‘}xnﬂﬁxm)

< s d(Sx, Sx,.y) + 57d(Sx 0 Sx,0,) +
Sad[sxn+2,5xn+3) +

sad[.‘}xnﬂﬁxnﬂ)

<

sk™ d[SxDJle) + s2gntt d[SxDJ.‘J"xi) +
k"2 d(Sx, Sx, ) +

gEnts d[SxﬁJSxi)

< sk™ d(SxySxy ){1 + sk + (sk)* +
[Ekja + - --}:
<X d[.‘ixﬁ’.‘ixl),

T 1-sk

when we take 1, 1t — C2, we arrive at

lim d(Sx, Sx,,) = 0.

n—oe

Hence {Sx,} T, isa Cauchy sequence.

In view of completeness of the space, sequence
{Sx,} 2, convergestosomeu in X.

Since T is a subsequence of 5. Therefore it also
converges to .

Sinceu € X suchthat Tx,, = 5x,, = U.
Now, we shall prove Si = 1t then

d(u, Su) < s{d(u, Tx,,) +d(Tx,,, Su)},

S is continuous and S, T are compatible of type A
such that
S5Tx,, &+ Su,TS5x,, &+ Su,55x,, = Su

diu,Su) =
s{d(u, Txy,) + d(Txy,, TSxy, )},
< 5 d(u, Tx,,)
+5 a max {d[TmeSSx:n),
d(5x2,5523,,),d(TS x5, S5%5,),
d(Tx,, Sx,,)} + sb d(TSx,,55%,,),
Takingas 11 —* C0
= sd(u,u) + 5 amax {d(u Su) d(u, Su),d(u, Su),
d(Su,Su),d(u,u)} +sb d(Su,S5u),
(1 — sa)d(u,5u) <0,
d(u,Su) < 0,
This is contradiction. Therefore u = 5.

Now,
d(Tu,TSx,,) = amax {d(Tu,55x,,),

(Su, §5x,,), d(TSx,, $5%,, ). d(Tu,Su)}
+ b d(TSx,, 55x,,),
Sis continuous and S, T are compatible of type A
such that
5Tx,, =T5x,, = 55x,, =Su=u
d(Tu,u) = amax{d(Tu,u),
(w,w), d(w,uw),d(Tu,uw)}+ b dlu,u),
(1—a)d(Tu,u) < 0,
d(Tu,u) = 0,

This is contradiction. Therefore

© = T'u. Hence u is the common fixed point of 5

and T.
Uniqueness: Let it and 17be two common
fixed pointsof S5 and T, sou = Su = Tu and

= 51 = T, then we have
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d(u,v) =d(Tu,Tv) Za

max {d(Tu, Sv),d(Su, Sv),d(Tv,5v),
d(Tu,Su)} +b {d(Tv, 5u)} du, v)
=a

max {d(u, v),d(w,v),d(v,v),d(w,u)} +
b {d(v,u)}

dlu,v) < a
max {d(u, v), d(w, v)} +b {d(u, )},
= (1—a—-b)d(uv) =0,
= d(u,v) =0, ie. u=mwv.
Hence 1w is the unique common fixed point of 5
and T.
Corollary 2.2: Let (X, d) be a complete b-metric

space with constant & = land 5 and T are two
self mappings such that

() T(X) S S(x),

(ii) One of 5 or T' be continuous,

(iii) (5, T )is compatible of type (A),
d(Tx,Ty) < af{d(Tx,5y)} +
(iv) b{d(5x, 5v)}+ c{d(Ty, 5x)}
whereb +2cs < 1V x,vE X thenSand T

have a unique common fixed point.
Corollary 2.3: Let (X, d) be a complete b-metric

space with constant s = land 5 and T are two
self mappings such that
1) T(X) S S(X),
2) Oneof 5 or T be continuous,
3) (5,T)is compatible of type (A),
d(Tx,Ty) <

5 d(Tx,5x),d(Ty,5x)

Wherea =1 and a(l+s) <1,
% x,y¥ € X then 5 and T have a unique common

fixed point.
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