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                                                                 Abstract 

                  Let p, q and l be distinct odd primes and )1/(])[( 2
2


mn

mn
qp

qp
xxlGFR .If

 
nplo )( = )( np /2, (n 

 1) and )1(,2/)()(  mqlo m
qm  with gcd ( )( np /2, )( mq /2) =1, then the explicit expressions for the 

complete set of 8mn+4n+4m+2 primitive idempotents in the ring )1/(])[( 2
2 

mn
mn

qp
qp xxlGFR  are 

obtained.  
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                                                           1. Introduction 
   Let F = GF( l ) be a field of odd prime order l .Let 1 be an integer with gcd(l, )=1.Let 

)1/(])[(  
 xxlGFR .The minimal cyclic codes of length   over GF(l) are the ideals of the ring R  

generated by the primitive idempotents.For 2 , 4, np , np2 , p an odd prime and l is primitive root mod( ) 

the primitive idempotent in R  have been obtained by Arora and Pruthi [1,2] .When qpm n  where p, q are 

distinct odd primes and l is a primitive root mod np  and q both with gcd ( )( np /2, )(q /2) = 1, the primitive 

idempotent in  R  have been obtained by, G.K.Bakshi and Madhu Raka [4]. In this paper, we consider the case 

when mnqp2  where p, q are distinct odd primes nplo )( = )( np /2, (n  1)  

and )0(,2/)()(  mqlo m
qm   with gcd ( )( np /2, )( mq /2)=1.We obtain explicit expressions for all the 

8mn+4n+4m+2 primitive idempotents in mnqp
R

2
 (see theorem 2.5). 

 

                        2. Primitive Idempotents in )1/(])[( 2
2 

mn
mn

qp
qp xxlGFR   

2.1. For 0 s 1  , let },...,,,{ 12  sts slslslsC , where ts is the least positive integer such that 

sls st  (mod ) be the cyclotomic coset containing s, if   denotes  a primitive th  root of unity in some 

extension field of GF(l) then the polynomial 



sCi

is xxM )()(   is the minimal polynomial of s over 

GF(l).Let M s  be the minimal ideal in R  generated by 
)(

1
xM

x
s


 and s  be the primitive idempotent of Ms then 

we know by (Theorem1, [4]) the primitive idempotent s  corresponding to the cyclotomic coset Cs containing s 

in mnqp
R

2
 is given by 






12

0

mnqp

i
i

is x , where i =
mnqp2

1 




sCj

ij 0i .Thus to describe s it 

becomes necessary to compute i .To compute i numerically, we consider the case when –C1=C ab and we get 

that i =
mnqp2

1 0
2

1
 





 i
qp sabs Cj

ij
mnCj

ij   where a, b are defined in lemma2.2.
 

  



International Journal of Mathematics Trends and Technology (IJMTT) – Volume 35 Number 1- July 2016 

ISSN: 2231-5373                      http://www.ijmttjournal.org                                      Page 33 

Lemma2.1. Let lqp ,,  be distinct odd primes and n  1, m  1 are integers, 
2

)2()(
2

n

p
plo n

 , 

2
)()(

m

q

qlo m


 and gcd )

2
)(,

2
)2((

mn qp   = 1.Then 
4

)2()(
2

kmjn

qp

qplo kmjn





  ,  

for all j, k, 1mk0,1nj0  . 
Proof. Similar to Lemma2.1 [5]. 
Lemma2.2. For given distinct odd primes p, q and l, there exists always fixed integers a and b satisfying (a, 

2pq l ) = 1, 1 < a < 2pq, a l t (mod 2 pq), b r l t(mod 2pq) , r = a or 1  for 0  t  
4

)2( pq
 1.Further, for   0 

 j  n-1 and 0  k  m-1,   the set  

{1, l , l 2, …, 
1

4
)2(


 kmjn qp

l


, a, a l , …, a
1

4
)2(


 kmjn qp

l


,b,b l , b l 2, …,b 
1

4
)2(


 kmjn qp

l


, ab,ab l , …, 

ab
1

4
)2(


 kmjn qp

l


}forms a reduced residue system (mod 2pnjqm-k). 
Proof. Similar to Lemma2.2 [5].  
Remark2.3. On the similar lines we can prove that, for 0  i  n-1 the set         

{1, l , l 2, …, 
1

2
)2(


inp

l


, b, b l , …, b
1

2
)2(


inp

l


}forms a reduced residue system modulo pn-iand for 0  j  m-

1, the set {1, l , l 2, …, 
1

2
)2(


 jnp

l


,a, a l , …a
1

2
)2(


 jnp

l


}forms a reduced residue system modulo qm-j . 

Note (i):Since in Theorem2.2 we have a  l k (mod 2pq),  and b  r l k (mod 2pq), where 0  k 
4

)2( pq
1 

and r = a or 1.Then mainly the following cases holds: For 0  s  
4

)2( pq
1 we have Case (i) a  sl mod(2p) 

, b l s mod(q) , b  l s mod (2p) and a  l s mod (q). 

         Case (ii) a l s mod(q) , b l s mod(2p) , b  l s mod (q) and a  l s mod (2p). 

         Case(iii)a  l s mod (2p) , b l s mod(q) , b  l s mod (2p) and a  l s mod(q). 

Case(iv)a  l s mod (2p) , a l s mod(q) , b  l s mod (2p) and b  l s mod(q). 
Here we are considering the case (i) because the remaining cases follows in a similar way. 
Note (ii): 2 22 CC    or 2 aCC 22    or 2 bCC 22    or 2 abCC 22   .  

Similarly q qq CC   or q bqq CC  .But here we are considering the case when 2 22 CC   and 

q qq CC  .The remaining cases follows in similar way. 

Theorem2.4.  If  = 2pnqm (n  1, m  0), then the 8mn+4n+4m+2 cyclotomic cosets modulo 2pnqm are given 

by  (i) 0C = {0},  (ii)  mnqpC ={pnqm} 

  For 0  j  m1, (iii)  jnqpC  = {pn qj, pn qj l,…, pn qj 
1

2
)(


 jmq

l


}. 

(iv) jnqpC2  = {2pn qj,2pn qj l,…, 2pn qj 
1

2
)(


 jmq

l


}. 

(v) jnqapC  = {apn qj, apn qj l,…, apn qj 
1

2
)(


 jmq

l


}. 

(vi) jnqapC2  = {2apn qj, 2apn qj l,…, 2apn qj 
1

2
)(


 jmq

l


}. 
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For 0  i n1, (vii) miqpC = {piqm, piqml, …, piqm
1

2
)2( 

inp

l


}. 

(viii) miqpC
2

= {2piqm, 2piqml, …, 2piqm
1

2
)( 

inp

l


}. 

(ix) miqbpC = {bpiqm, bpiqml, …, bpiqm
1

2
)2(


inp

l


}. 

(x) miqbpC2 = {2bpiqm,2bpiqml, …, 2bpiqm
1

2
)(


inp

l


}.  For 0  i n1, 0  j  m1 

(xi)  jiqpC = {piqj, piqjl, …, piqj 
1

4
)2( 

 jmin qp

l


}. 

(xii) ji qpC2 = {2piqj, 2piqjl, …, 2piqj 
1

4
)( 

 jmin qp

l


}. 

 (xiii) jiqapC = {apiqj, apiqjl, …,a piqj 
1

4
)2( 

 jmin qp

l


}. 

(xiv)  ji qapC2 = {2apiqj, 2apiqjl, …,2apiqj 
1

4
)(


 jmin qp

l


}. 

(xv) ji qbpC = {bpiqj, bpiqjl, …, bpiqj
1

4
)2( 

 jmin qp

l


}. 

(xvi) jiqbpC2
= {2bpiqj, 2bpiqjl, …,2bpiqj

1
4

)(


 jmin qp

l


}. 

(xvii) jiqabpC = {abpiqj, abpiqjl, …,abpiqj
1

4
)2( 

 jmin qp

l


}. 

(xviii) jiqabpC2
= {2abpiqj,2abpiqjl, …,2abpiqj

1
4

)(


 jmin qp

l


}. 

 where  a and b are defined in Lemma2.2.  
Proof.Proof follows on the same lines as in Theorem2.4.[5].  
Theorem2.5. The 8mn+4n+4m+2 primitive idempotents corresponding to cyclotomic cosets 
C0, mn qp

C , kn qp
C , kn qp

C
2

, knqap
C , knqap

C
2 mj qp

C , mj qbp
C , mj qp

C
2

and mj qbp
C

2
, 10,10  mknj  

in mn qp
R

2
are 

(i) 0(x) = mnqp2
1

 (1 + x + x2 + … +
12 mnqpx ). 

(ii) )()()()()(1{
2

1)( ),(),(),(2

1

0
),(2),( xxxxx

qp
x knaknkna

m

k
knmnmnqp mn   





 

)()()()()()()()(( ),(),(),(),(),(2),(2

)1,1(

)0,0(),(
),(2),(2 xxxxxxxx ribriribririabria

mn

ri
ribri   





+ )()()()( ),(),(),(2

1

0
),(2 xxxx mjbmjmjb

n

j
mj  




. 
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 (iii)   For ,10  mk  

      )(xknqp =-
   

 
))}()()()((1)({

4
)(

),(),(
1,1

,0,
),(),(),( xxxxx

qp
q

riabria
mn

kmri
ribrimnmn

km



 






 

                 + mnqp4
1

{
   

 
))()()()(()[( ),(2),(2

1,1

,0,
),(2),(2 xxxxq riabria

mn

kmri
ribri

km  




  

                  -
       











),1(

,0,
),(),(),(

)1,(

,,
),( ))()(()()(

mn

mri
ribrirna

mn

kmnri
rn xxxx   

                  +
       











),1(

,0,
),(2),(2),(2

)1,(

,,
),(2 ))()(()()(

mn

mri
ribrirna

mn

kmnri
rn xxxx  ] 

          + 2qm-k-1[



 

1

0
)1,(2)1,(2

*
0)1,(2)1,(2

*
1 ))()(())()((

n

i
kmiabkmiakmibkmi xxxx   

            + ))(())(( )1,(2
*
0)1,(2

*
1 xx kmnakmn    ]          

          + 2qm-k-1[



 

1

0
)1,()1,(

*
0)1,()1,(

*
1 ))()(())()((

n

i
kmiabkmiakmibkmi xxxx   

            + ))(())(( )1,(
*
0)1,(

*
1 xx kmnakmn    }.Similarly we can find )(xknqap

 , )(2 xknqap . 

(iv) For  0 1 nj   

)(xmj qp
 = mj qp 12

1
 { ))()(())()(({ ),1(2),1(20

1

0
),1(2),1(21 xxxx rjnabrjnb

m

r
rjnarjn 




    

+ ))}()(())()(({ ),1(),1(0

1

0
),1(),1(1 xxxx rjnabrjnb

m

r
rjnarjn 




    

+ )()()()()()(
4
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),(),(2),(),(),(2

1

0
),(2 xxxxxx
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p

mnmnrnarnrna

m

r
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


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1
),(0),(1),(20),(211 xxxx
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),(2 xxxx
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Similarly we can find )(xmjqbp , )(2 xmj qp , )(2 xmj qbp . 

 (v) For  0 1 nj , 10  mk  

)(xkjqp = mnqp2
1

{
   





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




 

)1,1(

0,0,
),(2),(),(2),( )]()([1 kmjn
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riabkrjiriakrjikj xBxA
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                                   
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   



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   

 
))}()(())()(({[

2
)(

)1,(2)1,(2
*
1

1,1

1,,
)1,(2)1,(2

*
0

1

xxxxqp
kmibkmi

kmn

kmjnri
kmiabkmia

kmjn









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 
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
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),(2),(2 )()((  )+2]} . Similarly we can find  

)(xkjqbp , )(xkjqap , )(xkjqabp , )(2 xkjqp , )(2 xkjqap , )(2 xkjqbp and )(2 xkjqabp . 

 

where A *
)1,1(  mn =pn-1qm-1(

4
1   r

), B *
)1,1(  mn =pn-1qm-1(

4
1   r

)        

X *
)1,1(  mn =   pn-1 qm-1    (

4
1   r

) ,  Y *
)1,1(  mn  =   pn-1 qm-1   (

4
1   r

)         

  A(n1,m-1) =   pn-1qm-1(
4

1   r
)   , B(n1,m-1)   =pn-1qm-1(

4
1   r

)        

   X(n1,m-1) =   pn-1qm-1 (
4

1   r
)   , Y(n1,m-1) =   pn-1qm1(

4
1   r

)         

 

, 0 = 
2

1 p
 , 1= 

2
1 p

  , *
o  = 

2
1 q

 ,  *
1 = 

2
1 q

,  

  0 = 
2

1 p
 ,  1= 

2
1 p

 , *
0  = 

2
1 q

    and   *
1 = 

2
1 q

. 

  where r 2 =-q ,    2=-p  ,   2=pq   .                        
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