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Abstract
Let p, g and | be distinct odd primes and Rz nom :GF(|)[X]/(x2anm _1).If o(I)pn :¢(p”)/2, (n
pq

>1) and O(|)qm =¢(q™)/2,(m >1) with ged (¢(p")/2, $(q™)/2) =1, then the explicit expressions for the

complete set of 8mn+4n+4m+2 primitive idempotents in the ring Rzp“qm =GF(I)[x]/(x2pnqm -1) are

obtained.
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1. Introduction
Let F = GF(l) be a field of odd prime order |.Let n>1be an integer with gcd(l,7n)=1.Let

R, =GF()[x] /(x"" —=1) .The minimal cyclic codes of length 1 over GF(l) are the ideals of the ring R,

generated by the primitive idempotents.For n =2, 4, p", 2p", p an odd prime and | is primitive root mod( 7 )

the primitive idempotent in R77 have been obtained by Arora and Pruthi [1,2] .When m= p"q where p, q are

distinct odd primes and | is a primitive root mod p" and g both with ged (¢(p") /2, $#(q)/2) = 1, the primitive
idempotent in R,7 have been obtained by, G.K.Bakshi and Madhu Raka [4]. In this paper, we consider the case

when 7 =2p"q™ where p, g are distinct odd primes o(l) o= #(p™) 12, (n>1)
and 0(|)qm =¢(q™)/2,(m>0) with ged (¢(p")/2,¢(q™)/2)=1.We obtain explicit expressions for all the

8mn+4n+4m+2 primitive idempotents in Rz nm (seetheorem 2.5).
pq

2. Primitive Idempotents in R2 nom =GF(I)[x]/(x2pnqm -1)
pq

2.1. For 0<s<np-1, let Cq ={S,S|,S|2,...,S|t5_1}, where t, is the least positive integer such that

t
sl’s =s (mod 77) be the cyclotomic coset containing s, if « denotes a primitive rth root of unity in some

extension field of GF(I) then the polynomial M %(x)= H(x—ai) is the minimal polynomial of «°over
ieCg
xT -1

(%)

GF(I).Let M 5 be the minimal ideal in R, generated by and O be the primitive idempotent of Ms then

we know by (Theorem1, [4]) the primitive idempotent 65 corresponding to the cyclotomic coset C, containing s
2p"gM-1 )
in R, ., isgiven by 5= X &X, whereg;= 1 sa ! Vi=0.Thus to describe 6 it
2pq i=0 2pnqm jeCq

becomes necessary to compute &; . To compute &; numerically, we consider the case when —C,=C _, and we get

thatg;= 1 yoil = i . sall  vi>0 wherea, b are defined in lemma2.2.
2p"g™ ieCs 2p g jeCgap
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Lemma2.1. Let p,q,l be distinct odd primes and n > 1, m > 1 are integers, 0(|)2 n:M,
p 2

m N m n—jm-k
o)., :@and gcd(¢(22P )ﬁ(g )) =1.Then o(l), o jn :w ,
foralljk, 0<j<n-1,0<k<m-1.

Proof. Similar to Lemma2.1 [5].
Lemma2.2. For given distinct odd primes p, q and |, there exists always fixed integers a and b satisfying (a,

$(2pq)
4

2pql)=1,1<a<2pqg, a% " (mod2pq), b#rl(mod2pg), r=aorl for0<t< —1.Further, for 0

<j<n-land0<k<m-1, the set
p(2p"q™) | p(2p"q™) p(2p"q™) |
S I 4 ,a al, ..., al 4 bol, bl2 ...b | 4 , ababl, ...,
p(2p"q™) |
ab | 4 }orms a reduced residue system (mod 2p"Jq™).

Proof. Similar to Lemma2.2 [5].
Remark2.3. On the similar lines we can prove that, for 0 <i <n-1 the set

#(2p™") #(2p™") _
{12 ..., 2 ,b,bl, ....bl 2 }orms a reduced residue system modulo p"'and for 0 <j < m-
p@p" ) p2p")) |
1, theset {1,1, 1% ..., | 2 a,al, ..al 2 }orms a reduced residue system modulo g™ .

Note (i):Since in Theorem2.2 we have a # | * (mod 2pg), and b #r|* (mod 2pg), where 0 < k <

$(2pq)
4

¢(2pa) ,
4

and r = a or 1.Then mainly the following cases holds: For 0 <s < —1 we have Case (i) a= |° mod(2p)

,b=1°mod(q) ,b % |*mod (2p) and a # | * mod (q).
Case (ii)a= | *mod(g) , b=1 *mod(2p), b # | *mod (q) and a # | * mod (2p).
Case(iii)a % 1*mod (2p) , b= *mod(q) , b # | * mod (2p) and a # | * mod(q).
Case(iv)a # | *mod (2p) , a= | *mod(q) , b # |° mod (2p) and b # | * mod(q).
Here we are considering the case (i) because the remaining cases follows in a similar way.
Note (ii):2C, =C, or2C, =C,, or2C, =C,, or2C, =C,,, .
Similarly ¢ C, =C, or g C, =C,, .But here we are considering the case when 2C, =C, and
q Cq = Cq .The remaining cases follows in similar way.
Theorem2.4. If n = 2p"gq™ (n > 1, m > 0), then the 8mn+4n+4m+2 cyclotomic cosets modulo 2p"q™ are given

by ()Co={0} (i) C om ={p"a"}

o™ 4
For 0 < j < m-1, (iii) Cp%j={Wq{qu“wp”¢l 2
ACH
(iV)Czpnqj ={2p"qd,2p" ¢ I,....2p"¢ | 2 }.
o) |
W) Copg =fa'd ap’ ¢l d |2y
o) |

(vi) CZapnqj = {2ap"q, 2ap" ¢ I,..., 2ap" ¢/ | 2}
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$2p™") |
. . iml 2
For0§|3n—1,(vn)Cpim {p'q™, p'g™, ..., p' }.
qﬂ(lo”*i)_1
(viii) C, .« = 204", oo™, .2l 2
p2p"")
@) C, oqn = {op'a™, bpig™, bl 2y,
o™ 4

(X Cpr. n = {2bplg™ 2bpig™, ..., 2bpig™l 2} For0<i<n-1,0<j<m-1

$2p"'q" )

- i i i 4
i) C,.,={pd, i, ... e’ | 2
p(p"'a™ )
" — fonind opini i 4
(xii) C2piqj = {20, 20/, .., 2p'd | }
$2p"'q"")
0dii) C..,, = {ap'd), ap'efl, apf | 3
$(p"'q" ) |
- _ iyj iyj in 4
(xiv) CZapiqj = {2ap'q’, 2ap'qll, ...,2ap'q | }
$2p"'q" )
V) C, s = 0P, bpg, .. bpig | 4 1.
$(p"'q" ) |
Ovi) C,, .., = {26p'd’, 20pgl, ...,20p'q | ¢4 1.
$2p"'q")
" _ i i i 4
(xvii) O {abp'q’, abp'gl, ...,abp q’l .
p(p"'a" )
4

_ i iyj ij
(xviii) CZabpiqj = {2abp'd',2abp'qll, ...,2abp'q I

where aand b are defined in Lemma2.2.
Proof.Proof follows on the same lines as in Theorem2.4.[5].
Theorem2.5. The 8mn+4n+4m+2 primitive idempotents corresponding to cyclotomic  cosets

Co,Cnm,an,C i C ., C c,..C,..C and C 0<j<n-10<k<m-1

p"g p"g* ' T2p"g" ' Tap"*’ T2ap"q* Tplg" ' Thplq
in R2nm

2Jm bjm1

() 8o(x) = ——— Q+x+x+ .+ Xanqmil).
2p"q"

1 m-1
(")9 ngn (x) = 20" ——{l- O, m)(X) + Zo'z(n k)(X) +0san, k)(X) O, k)(X) OCam, k)(X)

(n-1,m-1)
+ Z(Gza,r) (x) + O iy (x) + Oai,n) (x) + O an(ir) (x) - Oin (x) - O(iry (X) - Oin (x) - O, (x)
(i,r)=(0,0)
n-1
+ZO'2(j,m)(X) + O ojmy (X) = G jmy (X) = T j.my (X)..
i=0
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(i) For 0<k <m-1,

Am-1
k(X) ¢(q ){Cf(n m) (X)— 1+( (r) (%m ))(Cf(i,r)(X)+Gb(i,r)(X)+Cfa(i,r)(X)+Cfab(i,r)(X))}

(nLm-1)

n m {¢(qm—k)[ Z(O-Z(I r) (X) +O—2b(l r) (X) +O—2a(l r) (X) +O—2ab(| r) (X))
p (i,r=0,mk)
(n,m-1) (n-L,m)

Zo'(n 0y (X + T (X) — Z(O'(i,r)(x) + 0y (X))

(| r)=(n,m-k) (i,r)=(0,m)
(n,m-1) (n-L,m)
Zo-z(n r) (X) +O_2a(n r) (X) + Z(O-ZU r) (X) + O_2b(| r) (X))]

(|r):(nm—k (i,r)=(0,m)

+ qu-k-l[znl*(o-z(i,m—k—l) (X) + 020, moicgy (X)) + 77t’>b(C’2a1(i,mfkfl) (X)+ G2 -1y (X))
i=0

+771*(O-2(n,m—k—1) (X)) + n;(O-Za(n,m—k—l) )]
n-1
+ zqm_k_l[Zé (T imic1)(X) + Fyiimic 1y (X)) + &0 (Tagimi-1y (X) + Tk 1y (X))
i—0

+ 51*(0_(n‘m_k_1) (X)) + fg(o-a(n'm_k_l) (X)) }.Similarly we can find gapnqk (x), 92apnqk (x).

(iv) For 0< j<n-1

1 _
olg" (x) :W {Zo{nl(o-Z(n—j—l,r)(X) +0atm-j-1.0) (X)) + 10 (Tap(n-j-1.ry (X) + Orap(njr.ry (X))

mz gl(a(n j— lr)(X)+Ga(n j- lr)(X))+§0(Gb(n j- lr)(X)+Gab(n j- lr)(X))}

4(p q Zo-z(n,r)(x) + O_Za(n,r)(x) - O_(n,r)(x) - O_a(n,r)(x) + O_Z(n,m)(x) - O_(n,m)(x)
=0

¢(pn j) (n-1,m-1)

X X X X
4p q i %(JGO)Z(H ( )+sz(|r ( )+62a(|r ( )+62ab(|r ( )
n-jy (n-1m-1)
¢(p ) Z(O'@ r) (X)+O-b(| " (X) +O-a(| . (X)+O-ab(| N (X)
p q (i,r)=(n-j,0)

1
"'W(nlo'za,m) (X) + 100 21i,m) (X) + $10 im) (X) + $00(i.m) (X))

+ ¢( pn_J) ni(az(i,m) (X) + O opim) (X) ~O(im (X) ~ Oly(i,m) (X))

4p"q" 5
(9.0, .(0.0, (%),

(v)For O<j<n—l 0<k§m—l
(n-jLm—k-1)

Similarly we can find 0

(X) p q i HﬁA:ﬂ‘Hk)o-a(i'r)(X)+B:+j‘r+k)o-ab(i,r)(x)]+
i,r 0,0)
1 (idmk 1)
quk (i g(;[optlﬂ 40 02 r)(X)—i- '+J~f+k)o-2ab(i,r)(x)]
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1 (n-j-Lm-k-1)

+ j Z[XHJ r+k) Gb i,r) (X) + i+]j,r+k) i,r) (X)]
p q (i,r)=0,0)

1 (n-j-Lm-k-1)

+ D j qk Xisjr ) O2(ir) (x) Y40 O2ir) (]
(i,r)=0,0)

n—=jygMm-Kk-1  (h-1,m—-k-1

L 9" g (n-Lmk-1)

{60 (Gagim—k-1) () + Gab(m k1) () + &1 (0 m—k-1)(¥) +Ob(i m—k_1) ()}

2 (i,r)=(n—j,m—k-1)
¢(pnj)qul (n-1,m-k-1)
2 ( Y z{nO(GZa(lm k 1)(X)+62ab(|m k 1)(X))+771 (Gz(lm k 1)(X)+62b(|m k 1)(X))} 771
i,r)=(n—j,m-k-1)

O-Z(n,m—k—l)(x)+770 O-Za(n m—k-1) (X)+§1 O-(n m—k-1) (X)+§O a(nm k-1) (X)]

. m-k (n-j-1,m)
) 040 e (0)+ £G4 Ty O]

2 (i,r)=(n—-j-1,m-k)
i ¢(qm—k) (n—j-1,m)

5 Z[m(aszm,r) (X) + G001 j1.0) (X)) + 16 (T a1y (X) + Caap(nja.ry (X))]
(i, r)»(n j-1,m—k)

n—j ~m-k n 1,m-1)
AR ) by Ef’é; 200+ G (0 + 0y () + 0 ()]

M[ Z (GZ(I r) (X) + Oanir) (X) + O2a(i,n) (X) + Oaan(ir) (X))

+p

tp

(i,r)=(n—j,m-k)
(n,m-1) (n,m-1)
+ zaz(n r) (X)+02a(n r) (X) Zo-(n r (X)+O-a(n r) (X)
(|r)nm k) (|r):nmk)
(n=1,m)
Z:(cr(I my (X) + Ty (X) + Z(Gz(. () + Oy (x) 1421} . Similarly we can find
(i,r)=(n—j,m) (i.r)=(n-j.m)

prqk (X) 9 k(X) 0 abpq* (X) 2pigt (X) 2aplq k( ) 2bplq k( )and 2abgg¢ (X)

wimy, —LFTr+y+6 . wimi, —L+ T =0 —
whereA(n “1m-1) =P lq 1<+)’B(n—l,m—l)=p lq l(fy)

* n- m- _l_r_ +5 * n- m- _1_r+ _5
X(n-l,m—l): p 1q ' (+) Y(n m-1) ~ p lq ! (+)
wimy, LFM+y +0 N S
Apimy= P"g 1(—}/) . Buamy =p"q l(—}/)

4 4
wimi A==y +0 wim, L= +y =0
Xoamy = p'q 1(+) Noamn= P 1(+)

—l+-p -1--p . -1+y-q . -1-{-q
e N S
14— 1-J-p .. 1+ - . 1--

wherer?=-q, y%=p, 8%pq .
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