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1 Introduction and notations

The Aleph- function , introduced by Siidland [8] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :

_amn ( aj, Ay)l n [Ci(aj'b Aji)]nJrl,pi;r
R =Rplaeir | 2| (b, By [ci(byts Bio)lm st guo
1 m —S
27r—w . Qpilgi»ci;T(S)Z ds (1.1)

for all z different to O and

T2, T(b; + Bs) 15— 1F(1—aj—Aj8)
22:1 G §;11+1 [(aj; + Ajis) j =m+1 (1 —bj; — Bj;s)

Qmn o (s) =

D3 qisCisT (1.2)

With

1 m
largz| < §7TQ Where 2 :ZBJ Za] — ¢ Z Bji + Z aj;) >0 withi=1,---,7r
j=1 j=m+1 j=n+1
For convergence conditions and other details of Aleph-function , see Siidland et al [8].
We shall use notation the following :

A = (aj, Aj)1n, [ci(@ji, Aji)lnt1,p,rand B = (bj, Bj)1,ms [€i(bjis Bji)lm+ 1,450

For more details ,see D.Kumar et all [3].

2 Hypergeometric function
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We have the following results , see Rathie et al [7]

1
_ oy +0+2 z(1+a)
(1 —z)P[1 1—8)] "2 5F | o, ;2 ;
/011: (1—2)"[1+az+( ) 2k @ s 2 "1+ ax+b(1 — x) v
_gats2p Ll —§ = HIN(E(p)
(@ = B)(1 + a)P(1 +b)PT()1(B)
2 —at AL(S+ HNE)  (2p—atAL(G+HIE) o1
Pp—5-D(p—5+3) Tl—5+1I(p—5+3)
Where Re(p) > 0, Re(2p — a — 3) > 0, a and b are constants , such the expression
1 + az + b(1 — x) is not zero.
1
_ _ + 0 x(1+a)
Pl =) |1 b(1— o) R |, B; 2 d
/Ox (1—2)’[1+ax+b(1 — )] 21| &, B —5 Trartb(—z) "
eriap 0= § =~ DT(HT(p— 1)
(14+a)P(1+b)PT'(a)L(B)
(20 —a+B-2T(§+3)I(5)  2p+a— AL 22)
Do-$0p-5-3  Te-5re-5-3)
Where Re(p) > 0, Re(2p — a — 3) > 0, a and b are constants , such the expression
1+ az + b(1 — x) is not zero.
/2 o + 6/ +2
/ gt (2w+1)mo (5inf)*~1(cosh) ™t oFy | o/, B'; — - e%cos0 | dO
0
_ T ()l (w — #5095 4 1)
22w—a’—,8’+2r(a/ _ 5’)1“(@’)1“(6’)
[ (2w — o = FIT(*FIT(F) (2w +a' = BIT(T(FF) 23)
X / r— - 7 ’ :
Mw—%+D0(w-25Y)  Tw- 2 + DI(w— 252)
where Re(w) > 0 and Re(2w — o’ — ') > 0
/2 / /
/ ez(?w—l—l)ﬂ‘@(sine)w—l(Cose)w—l o Oél,ﬁl; a ;B ,6290089 do
0
_ et D20 (- P (w — 252 — (e
P T ()
(2w —a' = =T(FH(F) (2w +a’ = - AT(HIN(FF) 04
X 12 ’ - ’ ’ *
T(w— )T (w — 25 T(w— )T (w — <52
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where Re(w) > 0 and Re(2w —a’ — ') > 0

3 Finite double integrals

We evaluate the following four finite double integrals involving hypergeometric functions and Aleph-function.

1 pm/2
_ _op_ +B8+2 z(1l+a)
P11 —a)P1 1—b 2P1F[ .2 :
o [ e =l e+ (1R e S
/ /
6i(2w+1)7r0(Siﬂ@)w_l(COSQ)w_l 2F1 [O/,B/‘ o + B + 2;€i90089

’ 2

xNgzgi,ci;r(zx’” (1—2)"[1 4 az + b(1 — x)] 21?01 (5inf)“1 (cosh) ™! g ) dé dx
_ gectA—2p-2p(atfd) at+1,. B o  B+1
" T()T(B) (e — B)(1 + a)r(1 + b)r PN NE) - TR ()
eiw(w+1)/2r(0/+/3/+2) o +1 / o B +1
X 22w—a’—,8’r(a/ _ Bf)é(a/)r(ﬁ/) F( 2 )F(?)Nii(z) - P(E)F( 2 )N4(z) (3-1)
where
Ry (z) = R0 ( 2772 | AL (a=F=2p.20),(1-p.p1)
1 — 'pi+3,q:+3,ci5m (1 +a)p1(1 —|—b)p1| B ’ (1 _ 2p+a+5, 2,01),(&/2 _p,pl)
(1 ( a+6)/2—p,p1))
C((B+1)/2=p.p) ©.2)
N (Z)— m,n+3 ( 22—2/)1—2 ‘ A ) (—Oé + 6 - 2p7 2/)1)7 (1 - P pl)
2= R saseo T a0 B (- 20— a+ 8.200. (a4 /2= ppr)
(1 +( Oé+5)/2—p,p1)>
L (B/2=p.p1) (9:3)
m,n+3 Zeiww1/2 A ) ( a/ - 6/ - 2waw1)7 (1 - w,wl)
Na(z) = Npi+§r’qi+3’c“’" (4T B,1-2w+ o+ ,w),(d/2—ww)

(1T + (' +5)/2—w,w)
) G4
A ’ ('O/—i_ﬁl_Qwawl)?(l_wawl)

Ry(z)= RN zeime /2
"= B7(1'2W'a/+6/7w1)7((a/+1)/2_w7w1)

pi+3,9;+3,ci5T 4w

(3.5)

,(1—|—(o/+6')/2—w,w1))
7(6//2_w7w1)
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. . . L. 1
with the validity conditions : Re(p) > 0, Re(w) > 0,|argz| < §7TQ ,

b; b;
Re(2p — a— 4 2p1 min 6—J)>OandRe(2w—a’—6'—|—2w1 min ) > 0

1<isn Py 1<isn Pj
1 iy
_ +B8+2 z(1+a)
PI(1— )Pl 1 - 2”+1F[ =
b)A A 211 — 2)?[1 + az + b(1 — 2)]" e
in(2w—1)0( ; \w—2 w— , o + B e
e (sinf)*~=(cosh) o, B ;e cost
XN;’:’,tqli,ci;r<Z$pl (1—2)*[14ax+b(1— x)]_2p162ww1 (sin@)*“* (cosf)™“ g ) do dz
2044-5—2/7—11“(%:8"'2) a+f B a. a+p
= r I'(=)RN —I'(=)I N

eiw(w+1)/2r(a'+5’+2) 8 o +1 B +2
X 22w—a’+1r(a/ _ 6/)]_“2(0/)1"‘(/8/) F( 2 ) ( 2 ) N?( ) F( 2 )F( 2 )NS(Z) (3.6)
where
N5 (z) = R ( 272012 A (2—}—a— —2p,p1), (2= p,p1)
5 pitdaitdenr | (1 aye(L4+ b)) B, (3-2p+a+6,2p1),(1+a/2—p,p1)
’ (2 + (a+6)/2_pap1)
((B+3)/2p.p1) ) G2
NG( ) Nmn+3 ( 2722 ‘ A7 (2'a+ﬁ_2papl)7(2_p7pl)
pirsactsenr | TX Q407 B, (3-20—a+ 8,200, (L4 B/2 - p. o)
(24 (a+8)/2=p,p1)
((a+3)/2=p.p1) ) GH
Ry (2) = RS (ze“”’“/2 A (2+a —ﬁ’—2w wi), (2 — w, wy)
T\# pit3.qi+3,ciir Aw1 B,(3-2w-d+0,2w),(1+a/2—w,w)
(24 (' +8)/2 —w,w)
((B+3)/2—w.w) ) 59

Rs(z) = Q3 zeimw1/2 A (2 a+6’ 2w, wy), (2 — w,w)
pit3,qit+3,ci5r 4w ,( 2w - o +/3/72w1)a(1+5/2_w:w1)

(24 (o +8)/2 —w,wy)
,((a43)/2 —w,w) ) (3.10)

1
with the validity conditions : Re(p) > 1, Re(w) > 1, largz| < §7TQ , and
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bj bj
Re(2p —a— 5+ 2p; 12;12” B_g) > 2and Re(2w — o’ — 3’ + 2w, 11<I§1£ln 5_y) > 2

1 pm/2
p=171 _ p B 2p+1 a+ﬁ+2 x(14a)
C)/o/o 21— 2)[1 + az + b(1 — 2)]” F[ S Tty

/ /
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o, B
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2a+/3—2p—1

T(@I(B)(a—B)(L+a)(l+b)r

’

eiTr(w—l)/QF( O/JZFB )
X 22w+a’—,6’+11‘*(a/)11(5/)

F(a—i-l g

2

e -rn T we)

/
I( a (3.11)

Where R (2),N2(2), N7(z) and Ng(z) are mentioned in (3.2), (3.3) , (3.9) and (3.10) respectively an the validity
conditions are the following :

b;
Re(p) > 0, Re(w) (2p—a— B+ 2p; min —J)>0

1<5<n ﬁj
,Re(2w — o/ — ' + 2w, 1r<r;1£17lg—j)> 0
Y /// o(1 =) (1t a4 b1 = a)] 2R o SO A
x e 2UHD0 (6ind)? (cos) L oF la’, B @ +p+2 g/ +2 -9 cosh
X N;’f:givci;r(zxpl (1 —2)P [1 4 az + b(1 — )] 721201 (5inh) ™1 (cosh) ™ g ) dé dz

) 204—1—[3—2[)—11’1(&_-5[3)1'\(&4-54-2)
- T(@)T(B)(1+a)r(1+b)r

TG () -n( e 2)

z7r('w+1)/21'\(0t +8’ +2) o +1
T
X T (@@l — 57| 2

(3.12)

Where N5 (z), Ng(2), N3(2) and N4(2) are mentioned by (3.4) , (3.5) , ( 3.7) and (3.8) respectively and the validity
conditions are :

b
(2p—a—pF+2pm 1r<r§1£1n ﬁ_) >0

Re(p) > 0, Re(w)

bj
JRe(2w — o' — +2w111g§1£1n5—j)>2

Proof : To etablish (3.1),we express the Aleph_function on the left hande side using (1.1) in Mellin-Barnes contour
integral and interchanging the order of integration which is justifiable due to absolute convergence of the integrals , we
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have :
—1 m ! s— s —92p— s—
2mw I Qpiirqlmci;r(s) (( /0 prrpl 1(1 - x)p+p1 [1 +ax + b(l - ZL‘)] 2p=2ps—l
atfr2 _ all+o /”/2 wirmieit)
F [ d 1(2w+2wys+1) 0 w+wi s
X oF1 | a, f3; TS az £ 501 —a) T ( ; e (sind)

, o + 5 +2

X (cosf) 1, [ o, B 5 €' cos

Jas )z

We evaluate the inner integrals with the help of (2.1) and (2.3) and applying (1.1) , we get the R.H.S of (3.1) in terms
of product of Aleph-functions. The other integrals calculate in the similar method

4 Particular cases

If a = bin (3.6) , we obtain :

// 2?7 (1 — z)P (1 +b) 2”+1Fl a+5+2

i7r(2w+1)9 (sin@)w 2

!/ /
2

x (cos) 1ol | o, B, %; e cost

o o1 (1 — 2)P (14 B)~21e219 (sin0)* (cos0) | 2 | dgd
X pi’qi,ci;r(zx (1—x)*(140) e (sinf)™* (cosb) B x

gotA=2e-I(2EE) T a1 B a,. B+1
= r =)\ -I'(=)I'(———) N

[(a)L(B)(1 + b)% (TR (=) - T (=) Rl2)

W(wl—l)/QF(a +8’ +2) o +1 6/ o +1 ﬁ/ +9

r r N r r I 4.1

22w+a’ BI+1F(O/)F([5) ( 9 ) (2) 7( ) ( 9 ) ( 9 ) S(Z) (4.1

Remarks : if ¢; = 1 foré = 1, --- | r, the Aleph-function degenere into the I_function defined by V.P. Saxena [6], for

more details see D.kumar et al [1,5]. If r = 1 ,the I_function degenere into the fox's H-function , see Ronghe [4].

5 Conclusion

The aleph-function, presented in this paper, is quite basic in nature. Therefore , on specializing the parameters of this
function, we may obtain various other special functions such as I-function ,Fox's H-function see [2] , Meijer's G-
function, Wright's generalized Bessel function, Wright's generalized hypergeometric function, MacRobert's E-function,
generalized hypergeometric function, Bessel function of first kind, modied Bessel function, Whittaker function,
exponential function , binomial function etc. as its special cases, and therefore, various unified integral presentations
can be obtained as special cases of our results.
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