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A double integral involving Aleph-function of several variables
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ABSTRACT

In this document, we obtain an double integral involving the multivariable Aleph-function, the general class of polynomials of several variables and
Aleph-function of one variable which are the sufficiently general in nature and are capable of yielding a large number of simpler and useful results
merely by specializing the parameters in them. Further we establish some special cases.

KEYWORDS : Aleph-function of several variables, integrals, general class of polynomials,,Aleph-function of one variable

2010 Mathematics Subject Classification. 33C99, 33C60, 44A20

1.Introduction and preliminaries.

1.Introduction and preliminaries.
The Aleph- function , introduced by Siidland [7] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :
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With |argz| < 7TQ where () = ZBJ—FZ%—C@ Z Bji + Z aj;) >0,i=1,-
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For convergence conditions and other details of Aleph-function , see Siidland et al [7].The serie representation of Aleph-
function is given by Chaurasia et al [2].
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The generalized polynomials defined by Srivastava [6], is given in the following manner :

[N1/Mi]  [Ns/M]
SM17 "7Ms[y .. y — 121 Z Nl MlKl . (_NS)MSKS
N 1, y Ys % Ks'
K1=0 Ks=0
K K.
ANy, Kqi- -+ Ng, Ky -y (1.5)
Where M7, - -+ , My are arbitrary positive integers and the coefficients A[N7, K7;--+ ; Ny, K| are arbitrary
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constants, real or complex. In the present paper, we use the following notation

(NOwmr, | (ENs)mk.,
K;! K!

ay = A[Ny,Kq;--- 5 Ng, Kgland - Usp = p; +3;¢; +2; 753 R (1.6)

The Aleph-function of several variables generalize the multivariable I-function defined by Sharma and Ahmad [4] ,
itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral occuring in
this paper will be referred to as the multivariables Aleph-function throughout our present study and will be defined and
represented as follows.
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For more details, see Ayant [1].

The reals numbers 7; are positives for = 1,--- R, T,(x) are positives for i) = 1,--- R®)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largzi| < iAgk)W , where

n Pi(k)
k k k k k
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.
We may establish the the asymptotic expansion in the following convenient form :

N(z1, -, 20) =0(|21]* .. 20| ) ,max( |21]... |2r] ) = O
R(z1,+,20) = 0( |21 ... 2P ) min( |21 2] ) = 00

where, with b = 1,--- | r:ap = min[Re(d§k)/5J(-k))],j =1,---,myand

B = maz[Re((c{"” — 1) /7], i =1,y

We will use these following notations in this paper
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U=pi,q ;R ; V=my,ny- - ;mp,n, (1.9)
W= pi, @0, Ty BRY o piy, oy Ty s BT (1.10)
A={(a;al",-- a1} dnilazi el ol i} (1.1
B={nbji: B, B ) msrq,} (1.12)
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The multivariable Aleph-function write :

o,n:V
N(Zl7"' aZ’l“) :NUI.;/V : e (1.15)

2. Required integrals

We have the two following integrals :

/2 . I'(a)(B)
l)/ e tB)0(oind) =1 (cosh)P~1dl = e”m‘/zi,Re a) > 0, Re >0 (2.1
; (sin8)* ™" (cost) Lo+ fB) (a) (B)

(2.2)

[ o )+ ) e = A+ m% fier) =

DN | =

3. Main integral

r(va+vb)’

Let g(r, 0, a, B,7) = e @FP(5ing)* (cosh)® )

and Uzp = p; +3,¢; +2, 73R (3.1)

In this section, we will evaluate the general double integral with the helps of results (2.1) and (2.2). We have the general
relation:
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1
h)largzg| < EAgk)ﬂ' , where Aq(;k) is given in (1.8)

i) largz| < WQ where £ = ZBJ—FZ%—Q Z Bji + Z aj;)

j=M+1 J=N+1

. . R
1
Proof of (3.2). Let M = / w(sl, S Sk 2
(QWW)R Ly Lgr 121 k

To obtain (3.2), express a general class of polynomials of several variables occurring in the integrand of (3.2) as
defined in (1.5),series representation of the Aleph-function by (1.3) and the multivariable Aleph-function by its Mellin-
Barnes contour integral with the help of (1.7). Now we interchange the order of summation and integrations (which is
permissible under the conditions stated above ), we obtain :
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A e LU I " 9(r,6,0,8,7)
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=1 k=1

Assuming the inversion of order of integrations in (3.2) to be permissible by absolute convergence of the integrals
involved, we have :
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B I I R
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We evaluate the inner integrals with the help of (2.1) and (2.2), we get
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L(y+engg + i Kisi + Y5y suhe)

Finally interpreting the resulting Mellin-Barnes contour integral as a multivariable Aleph-function, we obtain the
desired result (3.2).

4. Multivariable I-function

If 74, 7T;01), - , Ty — 1, the Aleph-function of several variables degenere to the I-function of several variables.
The general double integral have been derived in this section for multivariable I-functions defined by Sharma et al [3].
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under the same conditions and notations that (3.2)

5. Aleph-function of two variables

If R = 2, we obtain the Aleph-function of two variables defined by K.Sharma [5], and we have the following double
integral.

/2 g(p. 0, yig[r,0,c1,dy : eq]
/ / (r, 0405 z) NPZ’Q“C“T,(ZQ(ﬁ@,C, d, e))SJJ\\;Ill,’-.~:.77]<>§S o
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(- — dng,g — > iy Kidi; pa, p2), (1= B — eng,g — iy Kici; 01,02), A: C
. 6.1
(lra— B —(c+d)ng,g — > iy Ki(e; +d;); p + 01, 12 + 62),B : D

under the same conditions and notations that (3.2)

6. I-function of two variables

If 73, 7‘1-/ , 7‘1-/ " — 1, then the Aleph-function of two variables degenere in the I-function of two variables defined by
sharma et al [4] and we obtain the same formulae with the I-function of two variables

i 507 7d :
/ / LTI (2g(r,60,c,d,e)) Syt 4 yiglr.0.c1.dy < e
/rsinfcosl P“chi?’“’ T Ny, N ysg[r 0,c.,d L e
z19g[r, 0,01, p1 : A\ M oo [Ni/Mi]  [Ng/M]
Y drde—fem/2f+fzz YooY
z2g[r, 0, 62, j12 : A2 =19=0 K;=0 K.=

o s _ s K,
( ) Plg;’zl" (Ir,G:g) znGvgy{(I . yg{s elﬂa/Z(nGvg+Zi=1 Kz) (\/a + \/E) 2(77G,g+zi:1 Kz)

z7r51/2
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IO n+3:V .
Uszz2:W

7,7r52/2 (1-’)’ — 677(;,9 27_ K; i€ /\1, )\2)
22 Jari

(1-a —dnag,g — >0 Kidi;pa, p2), (1 — B —eng,g — 74 Kici;61,02), A: C

C (5.1
(l-ao = B — (c+ d)ﬂc,g - Zle Ki(e; +d;);p1 + 01,2 +02),B: D

under the same conditions and notations that (3.2)

7. Conclusion

Due to general nature of the multivariable aleph-function and the double integral involving here, our formulas are
capable to be reduced into many known and news integrals involving the special functions of one and several variables
and polynomials of one and several variables.
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