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ABSTRACT

In this paper, we evaluate two finite integrals involving the product of a generalized hypergeometric function, general class of multivariable
polynomials, Aleph-function of one variable and generalized multivariable Aleph-function.The mains results of our document are quite general in
nature and capable of yielding a very large number of integrals involving polynomials and various special functions occuring in the problem of
mathematical analysis and mathematical physics and mechanics.
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1. Introduction and preliminaries.
The Aleph- function , introduced by Siidland [7] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :
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For convergence conditions and other details of Aleph-function , see Siidland et al [7].
Serie representation of Aleph-function is given by Chaurasia et al [2].
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With s = ng,g = TG,Pi < Qi,|z| < 1and QPiiQi,ci;r(S) is given in (1.2) (1.4)
The generalized polynomials of multivariables defined by Srivastava [5], is given in the following manner :
[Ny /M) [N./M.]
SMl, --,]\4S Nl MlKl (_NS)MsKs
- N [yla"'7ys_ Z Z ' K'
K1=0 Ks=0 s
K K,
ANy, Kq;- -+ Ng, Ky -+ yg (1.6)
where M7, - - - , M are arbitrary positive integers and the coefficients are A[N1, K7; -+ ; Ny, K] arbitrary

constants, real or complex.
The generalized hypergeometric function serie is defined as follows :
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Here [(ap)]sr = (a1)s -+ (ap)s 5 [(bg)]sr = (b1)sr -+ (bgr)s.
The serie (1.7) converge if p’ < ¢’and |y| < 1.

—N —N,
In the document , we note : @’ :( Il()]\'JIKl ( K?]\'/[ K “A[Ny, Ky ; Ng, K| (1.8)
1-

The generalized Aleph-function of several variables generalize the multivariable I-function defined by H.M. Sharma
and Ahmad [3], itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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L Ly k=1
with w = v/—1

For more details, see Ayant [1].

The reals numbers 7; are positives for? = 1,--- | IR, 7;(x) are positives for i) = 1,--- R®)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largzi| < iAgk)w , where

Di Di(k)
(k) (k) (k) _ (k) _ (’f) (k)
A = Z - 25 ) A Z Z i CIDY Vjito
=1 j=n+1 j=m+1 Jj=ng+1
my 4q;(k)
+Z(S§k) — Tk Z (5( ()k) >0, with k=1 i=1,--- R ,i(k) =1,--- ,R(k) (1.10)
j=1 JE——

The complex numbers Z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :

N(z1, -5 20) = 0( 2™ f2r|) ymaz (2. f2r] ) = 0

N(z1, -, 2) =0( 2| .. 2| ) s min( |z . |2 ) = o0

where, withk = 1,--- ,r:qp = min[Re(d;k)/(sj(.k))],j =1,---,mpand
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Br = ma:c[Re((

We will use these following notations in this paper
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The multivariable Aleph-function write :
z1
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2. Main integrals

=D/ =1,

A58 m b7 (650000 Dm0, (116)

y Nk

(1.11)

(1.12)

(1.13)

(1.14)

A9 0, 1 <r>(c§173r>;7§§37‘>)m+1,p1<,.>} (1.15)

1.17)

In this section, we shall evaluate the following two finite integrals. The integrals are associated with the product of a
generalized hypergeometric function, general class of multivariable polynomials, Aleph-function of one variable and

multivariable Aleph-function.

First integral
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where a is defined by (1.8), Uz = p; +4,q; +3,7; R

oo [ we—ate "
fs) = Lﬂm%/{®6+®d@9+ﬁ”}
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Provided that

a)Re()\, K €, h, 6/7 hlapa q,u, U) >0

vy min(u;, vi, pi,q;) = 0,4 =1, -+ | r (not all zero simultaneously)
¢) When min(o;,m;) = 0,4 = 1,-+- , s, we have
d(l)
Re|A +u min —- >0
b Re[A+ 1<i<M B z_; 1<j<ml 5(@)]
d(i)
Re v min v; min >0
i [,U"— 1<j<M B +Z 11<]<m1 5(7' ]
When maz(o;,n;) <0 ,i=1,--- s wehave

d(i)
111)R€[)\+U fr]11<nM B +Z |:0'z :| +Zuz 1<r§1ir71nl 5(1 ] >0

(i(l)
Re[u+ v m1<nM B + Z {771 } + ZU’ 1<nquln 5(1)] >0

Wheno; 2 0,m; < 0,2 =1,--- 5, the conditions i) and iV) are satisfied
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When 1; 2 0,0; < 0,2 =1,---, s, the conditions ii) and iii) are satisfied
b— b—
dmax cb—a) ‘g( a) }< Lb#a
ac+d) || bg+ f)
bh— CL)h—|—e
/ < / . / — / _|_ 1 d w( < 1
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where a is defined by (1.8), Usq = p; + 3,q; + 4, 7i; R, f(s) is defined by (2.2)

! [ (ac+d)P(bg + f)? "
g (nG,g) - { Z(b _ a)u+1; (26)
b= H{(ac ;d) e } 2.7)

1l yi (b — a)loitm) K

Provided that
aRe(\, p, e, h, e 1 p,q,u,v) >0
b) m/iW/(Ui, Viy Pisy qz) > 0, 1= ]., + =+, T (not all zero simultaneously)

=
o Whenmin(o;,m;) =2 0, =1,--- s

T T (@)
1 N; c.” —1
h Re[A —u max la=1) O',':| — E u; max M] >0
J .

IGEKN @ =L M| s 7](?)
r o r r (’L)
. (aj —1) N; (Cj -1)
el — v max, T2 gy |~ v ma 1> 0
=1 = 1= 7
When max(o;,m;) <0 ,i=1,---.,s

r (%)
—1 c;’ —1
iiiy Re[A — v max M— E u; max M] >0
IGEN 1<) .

T (%)
—1 c;’ —1
nRe[p — v max % - v max (]7.)] >0

Wheno; 2> 0,71, < 0,2 =1,--- 5, the conditions i) and iV) are satisfied
When 1; 2 0,0; < 0,2 =1,---, s, the conditions ii) and iii) are satisfied
and the other conditions are given by d), e), f) and g) with the result (2.1)

Proof of (2.1)

To evaluate (2.1), first we use the serie representation for generalized hypergeometric function, general class of
multivariable polynomials and Aleph-function of one variable given repectively by (1.7), (1.6) and (1.3) and express the
generalized multivariable Aleph-function by the Mellin-Barnes contour type integral (1.9) in the left hand side of (2.1),
then collect the power of cx + d and gz + f. The binomial expansions for x € [a, b] is applied as follows :

Z‘”(—n (@—2)\"  |(=—a)

(CHd)v:(aHdﬁh_o z?!l {Cai—i—Z} ’ % <1 (28)
2 (=0, [glb—2)\"  |[(b—x)

g2+ ) = (bg+ ) 3 7 {gbﬁ;f } : Tffg <1 29)

l2=0
S T
with 7 and 0 are replaced repectively by 7 — e's — pnGg,g — Z Nl — Z PiSi and
=1 =1

S T
§—h's— qna,g — Z i K — Z qiSi . Now, we evaluate the innermost integral with the help of the

following Eulerian beta type integral
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D\ (u)

T ) . Re(A) >0, Re(p) > 0,b# a (2.10)

/b (z—a) t(b—z)* e = (b—a)MH!

Finally interpreting the result thus obtained with the Mellin-barnes contour integral, we arrive at the desired result. The
proof of the integral (2.5) use the similar method.

3. Generalized multivariable I-function

If 7, T;1), -+, T;» — 1, the generalized Aleph-function of several variables degenere to the generalized I-
function of several variables and we have the following integrals.

First integral

b x—a)é(b—2x)
[ a2y ek dgn 1R (o)t (v~ a)(b — 2) )

(cx + d) (gx + f)
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RM.N —a —7T My, M, cee eV ce d
ProQuer (Z(Cx +d)P(ga + f)a ) NN L U:w . o

(z—a)7* (b—z)" N ) i )

$ (cotd)>s (gotf)Ps T (cz+d)Pr (gz+f)ar

0o M oo [N1/M;i] [Ns/M;]

1 a't/ g ’
= (- Hac+d)(bg+ )" D DD Z 9117'7;8”1”()

ll,lz,s/ 0G= 1g 0 K1 0

” (b_a)ul—‘rvl
Hac+d)Pr (bg+ )@
M,N
(=) QP’“QMC'L’ (nG’9)<C(a —b) )11 (g(b —a) )lz m,n+4:V C
Bgag! ac+d bg+ f 7 TUsW C
bfa)“’r’""'UT

Zr Tac+d)pr (bg+ f)ar
(1A —ung,y —es’ —ly — >0 10l s ug, -+ ,uy),

(1+7 —PNG,g — 6/3/ - Zle /\ZKZ P10 apr)v

(1ot = i — b’ — b — X0y 0K 01, 1),

(1+5 —qnG.,g — hl F— Zle M'LKl q1,c 7q7“):

(1+7 —PNnG,g — es — ll - Zj:l )\’LKZ P1yc 7p’r),

(IA—p—(utvngg —(e+h)s —li —lo=>"_ (o +m)K; tug +v1,- - up +0p),
(140 —qna,g —NW's —lo = >  wilKs qu,- -+ ,qr),A: B
G.1)

BD
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with the same notations and validity conditions that (2.1)

Second integral

/b<x—a>“<b—x>” (o) 0 (@ —a)(b—2)" )NM,N ((cw+d)p<9w+f)q)

— F ,
(cx+d)Y(gz+ f)0 P71 w(cx-l—d)e’(gx-l-f)h' Pi,Qiesir'| % (x —a)“(b—x)¥

(chral)Al (gz+f)HL (cx+d)PL(gz+f)9L
1" (@w=a)°1 (b—z)M 21 (z—a)¥1(b—z)"1
A o 1" o ds
(cz+d)*s (gz+f)Hs (C$+d)p’" (9$+f)q’"
$ (w—a)os (b—a)"s Zr (z—a)r (b—z)vr
[e%s) oo [N1/M;i] N /M) M,N
(b—ap et U I N 0 g (ne ) £(5) (5)T R, (i)

N (ac+d)7 (bg+f Z ZZ Z Z I115!s"! Bgyg!

,'=0G=1g9g=0 K;=0

(af+d)”1 (bg+f)"
(b—a)v1tv1
(c(a, - b))l ( gb—a ))lz m+4,n:V
ac+d bg + f Usa:W
(act+d)Pr (bg+f)"

™ (b,a)ur+v7~
(y=png,g+e€s =3  NK;ip1,---.pr),  (0—qnag+ s =i K cqn, . qr),

(Y+l+es —pngg— e NKiipr,ooo ) (0 +le—aqna g + W' =3 iKi iqu, . qr),

A+p+lh+la+(e+h)s —(utvngy —> i (oi +m)Kisur + o1, upe +0,),

A+l +es —ungy— >0 0K ur, -, uy),

A:C
. (3.2)
(/1'+l2+h5/*7”7G,g*ZZ 1771K U1, ,UT),CiD
with the same notations and validity conditions that (2.5)
4. Multivariable H-function
I 7,70, -, Ty — land R = R =, R(") = 1the generalized Aleph-function of several variables

degenere to the generalized H-function of several variables. And we have the following results

First integral

b
I O G R MR LN (OO

(z—a)(b—a)"
(cz +d)* (gz + /)Y
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(z—a)7L (b—x)M (z—a)"1(b—x)"!
(z — a)"(b - z)" V1 Ccatd (gt 1m0 21 (ex TP (gt )7
M.N r—a — X Myq,--- M, Ce m,n:V e
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Vs lcatd) s (got )P “r leatd)Pr (gt )
oo M oo [N1/Mi] [Ns/Ms] 4. /
a't'g' (ng,g) f(s')
= (b—a)*"Hac+d)(bg+ )" ) >0 Z Z I IZII
lida,s'=0 G=19—0 K;—0 K.—=0 12028
71 (b_a)r 1
M.N (ac+d)P1(bg+f)n
( )gQPMQuCzy (T]G’q)(c(a - b) )ll (g(b - a) )ZQ m,n+4:V . . .
Bayg! ac+d bg + f pt+4,q+3:W Ce
b_a)ur+'U'r
Zr Cac+dyer (bg+ )
(I-XN—ungg—es' —lh—> 0 oK tup, - ,uy),
(I4+y —png,g —€'s" =35 MK 1 p1,- - . pyr),
(l_lu — NG, — hs' — l2 - Zz 1 nZK V1, - 7”1’)7
(1+5 —qnNG,g — h's" — Zf:l IUZKZ q1,c e 7QT)5
(I4+y —pngg —€'s' —li — >  MKi ip1,--- ,pr),
(AXN—p—(utv)ngy—(e+h)s —l1 —lo—=>0 | (oi+m)K; s ur +v1, -+, up +0y),
(1+5 —qnG,g — hlsl - l2 - Zle ,UJLKz q1, e aQT)7A : B
e 4.1)
B:D
with the same notations and validity conditions that (2.1)
Second integral
B L S e P L e W ER R
(cz+d)* (gz+f)"! (cz+d)P1 (gz+f)9
1 (x—a)71 (b—x)M Z1 (x—a)¥1 (b—x)v1
My, , M, v
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.. 4.2)
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with the same notations and validity conditions that (2.5)

5. Generalized Aleph-function of two variables

If 7 = 2, the generalized Aleph-function of several variables degenere to generalized Aleph-function of two variables .
We have the following formulas

First integral

b v — a)e(b— z)h
[ o= P -2y e (o + £ (0 s (v = a)°(b — o) )

(cx + d) (gx + f)
(z—a)?t(b—z)M . (z—a)"1(b—x)"!
(x —a)"(b— )’ Heard) 1 (gat ) L{cotd)P1 (got /)T
RM.N / L—a -z SMl,---,]ws Ce Nm,n:v C d
PQ( (co+ dP(ga+ f)7 | 7NN . Uiw " !

(x—a)?®(b—z)" . (z—a)"2 (b—x)"2

Vs leatd)Ns (gar ) 2Tcatd)P2(gat /)%

oo M oo [N1/Mi] [Ns/M,]

a't'g' (na.g) f(s)
USRI VD SO U SR Dy v

ll,lz,S/—OG 1g 0 Kl 0

4 (b=a)uit
L {actd)P1(bg+)7
M,N
( ) QP17Q’L?CZ7 (T]G’q)(c(a - b) )ll (g(b - a) )ZQNm,n+4:V o . .
Bag! ac+d bg + f Uaa:W
(b— a)“2+”2

22 Tac+dyP2 (bg+ 1) %2
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(X —ung,g —es' —li = >0, 00l s ur,uz),(1-p — vng,g — hs' —lo — 30 midS; 2 v1,v2),
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B:D
with the same notations and validity conditions that (2.1)
Second integral
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with the same notations and validity conditions that (2.5)

Remark : If m = () (see the first integral ) then we obtain the multivariable I-function defined by Sharma et al [3], the
multivariable H-function defined by Srivastava et al [6] and the Aleph-function of two variables defined by Sharma K
(4]

7. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions o several variables such as multivariable I-
function ,multivariable Fox's H-function, Fox's H-function , Meijer's G-function, Wright's generalized Bessel function,
Wright's generalized hypergeometric function, MacRobert's E-function, generalized hypergeometric function, Bessel
function of first kind, modied Bessel function, Whittaker function, exponential function , binomial function etc. as its
special cases, and therefore, various unified integral presentations can be obtained as special cases of our results.
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