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ABSTRACT

In this paper, we derive a general Eulerian integral involving the multivariable Aleph-function, Aleph-function of one variable and general class of
polynomials of several variables. Some of this key formula could provide useful generalizations of some known as well as of some new results
concerning the multivariable I-function and Aleph-function of two variables.
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1. Introduction and preliminaries.

In this paper we establish a general Eulerian integral concerning the multivariable Aleph-function, the Aleph-function
and general class of multivariable polynomials. The Aleph-function of several variables generalize the multivariable I-
function defined by Sharma and Ahmad [4] , itself is an a generalisation of G and H-functions of multiple variables.
The multiple Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function
throughout our present study and will be defined and represented as follows.
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For more details, see Ayant [2].

The reals numbers 7; are positives for = 1,--- | I2, 7;(x) are positives for ik = 1,---, R®)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :

N(z1, -, 20) =0(]21|" ... |20|") ,max(|z1]... |2 ) = O

Rzt z) = 0([z1]® . 2ol ) cmin( [zal. .. 2] ) = o0

where, withk = 1,--- .7 = min[Re(d§k)/5j(~k))],j =1,---,mpand

By, = maz[Re((¢) — 1)/, j =1, ,ny,

We will use these following notations in this paper
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The multivariable Aleph-function write :
o,n:V
N(zi,- - hz) =gy | - |, .. (1.9)

The generalized polynomials of multivariable defined by Srivastava [6], is given in the following manner :
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S

The Aleph- function , introduced by Siidland [8] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :
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With |argz| < 7TQ where §) = Zﬁj—l—z%—cl Z Bji + Z aj;)>0,i=1,---,r
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For convergence conditions and other details of Aleph-function , see Siidland et al [8].The serie representation of Aleph-
function is given by Chaurasia et al [3].
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With § =1g.g = B , P, < Qi |2] < 1and QP 0: s ..(8) is given in (1.2) (1.14)

2. Required formulas

v _ I'(a)(B)
. _ a—1 B—13,
We have : B(a, 3) —/0 (1=t dt = Tatp) Re(a) > 0,Re(B) >0 (2.1)
(2.1) can be rewritten in the form
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The binomial expansions for t € [a, b] yields :
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With the help of (2.2) we obtain (see Srivastava et al [7])

b R
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3. The general Eulerian integral
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We shall derive the following general Eulerian integral involving the multivariable Aleph-function.
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Proof of (3.1) Let (271'&))’“ /L1 /Lrw(SI S )k:1 k(Sk)Zk.

We first replace the multivariable Aleph-function on the L.H.S of (3.1) by its Mellin-barnes contour integral (1.1), the
Aleph-function and general class of polynomials of several variables in series using respectively (1.13) and (1.10), Now
we interchange the order of summation and integrations (which is permissible under the conditions stated) . We get :
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We evaluate the inner integrals with the help of (2.1) and (2.3) and applying (1.1)
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(ut + U)’Y—(51+7]1)(C77G,g+Zf:1 G Ki+3>T uisi)(yt + Z)p—(52+772)(d77c:,g+2f:1 di Ki+> 71 visi)
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B(ut +v) D(yt+ z)

dt}dsl - -ds, (3.3)

(t—a)(B—A) ‘(t—a)(D—C)

B(ut +v) D(yt + z) ‘} <Lté€lad)

Using binomial expansion (2.3) provided that max { ‘

and also that the order of binomial summation and integration can be inversed, we get

co M oo [N1/Mi] [Ns/M,] M,N

- s i,ci,r’(n 79) B—-A/B D—-—C/D ne
3PS INT I PO e lto)(B = AIB) (D= OJD)",

I,m=0G=1g=0 K;=0

YK yfsM{B—(cnc,g-l—Zfl KAy wisi) P (dne g+, di Kot T, viss)

DI+ enag+ > i 6K+ > wisi)Dim+dng,g + >0 diKi + >0 vis;)
D(eng,g + iy il + 3, wisi)U(dng,g + i dils + 3, visi)

b
/ (t o a)a+l+m+51 (eng, g+ i1 ciKi+> i uisi)+02(dng g+> i diKi+> i visi)—1
a
(b — t)B—Hh (enG,g+D 5= Cili+D i uisi)+n2(dng,g+2 -1 diKi+> 7 visi)—1
(ut + U)’yflf(51+n1)(cnc;,g+z;7’:1 K370, uisi)(yt + Z)pfmf(62+n2)(dnc,g+2f:l di K +357_, visi)
dt}dsl -+ ds, (34)

The inner integral in (3.4) can be evaluated by using the following extension of Eulerian integral of Beta function given
by Hussain and Srivastava [7].

b
/ (t—a)* (b —t)" " (ut +v)(yt + 2)Pdt = (b — a)* P~ (au + v)7 (by + 2)° B(a, p)

(3.5)

b

and where F’3 denote the Appell function of two variables, see Appell et al [1]. Finally interpreting the resulting Mellin-
Barnes contour integral as a multivariable Aleph-function, we obtain the desired result (3.1).

(b— a)u @—aM}

x F. = -
3|:Of,,8, Y, p7a+/8a au+v’ by—l—z

u(b —a)
au + v

'y(b—a)
by + t

where for convergence min{Re(a), Re(f)} > 0,b # a and mazx {

4. Multivariable I-function

If 74, T;(1)," -, T;¢) — 1, the Aleph-function of several variables degenere to the I-function of several variables.
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The general Eulerian integral have been derived in this section for multivariable I-functions defined by Sharma et al

[4].
. y1(g1(t)™ (92(£)"
/ (t—a)* (b —t)° "L (ut +v)(yt + z)pS%{’,:"’]]\\,fs o
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NE S oo (@ (90 ()7 (92(8)) 105 o dt = (b= a)* ¥ (au +v)" by + 2)°
2 (1 (1) (02(0)"
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ZZ Z Z /)( / ) N P;,Q G
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e
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Zr (l_CnG,g - Zle CiKi cUL, 7u7’)a (l'dnG,g - Zle dLKz U1, 7U'I°)a
(1—0& —l—m—Fk — (051 + dég)ng’g — Zz 1(5161 + dod )K duy + 527)1, ,51ur + 52UT),

B17

(1-8 — ko — (e + dn2)na g — Z?:1(7710i + nedi) K mug + 1201, mity + n20y),

(I+y=1— (01 +m)encg — iy (01 +m)ei Kys (61 + ma)ua, -+, (81 4+ m1)ur),

(I+p—m —ko— (N2 + 02)dng.g — > iy (N2 + 02)d; K; = (02 + d2)v1,- -+, (N2 + d2)vy),

(I4+p—m— (2 +02)dng,g — > iy (2 + 02)di K = (n2 + 82)v1, -+, (N2 + 62)v,),

(I4y =l =k — (0 +m)eng,g —>oiy (m +01)e Ky < (e + 61 )un, -+, (1 + 01)uy), Ay, A= C

R “4.1)
By, B: D

where the same notations and validity conditions that (3.1).

5. Aleph-function of two variables
If 7 = 2, we obtain the Aleph-function of two variables defined by K.Sharma [5], and we have the following integral.
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’ y1 (g1())7 (g2(£)
/ (t—a)* (b —t)P " (ut +v)(yt + z)psﬁly,‘:.’%

ya (91 (D) (g2(8))
21 (g1 ()" (92(0)"

RS e (7 (91(8)° (a2(0) )N o = (b= )" au ) (by + 2)°
7 (91(8)" (92(1))"

[N1/M;] N [Nijjws](B . A/B)l (D . C/D)m , (_)gggigi,ci,r’ (’r]G,g)
Kys=

a
0 l'm'kl'kg' BGg'

Yo ...nKanG,g{_%}kl{%}kz

Z S S
_ b leng,y — S K g, ug),(lmedng g — S05_, diKG s vr, vg),
RO HTV -

U761W

Z2 (1-cng,g — >iq 6K s ur,u2), (1-dng,g — Y oin; diKK; = v1,v2),

(1—C¥ — 1l —m — k‘l — (651 + d62)77g’g — 2321(51(31' + 52dz)Kz : 51u1 —+ (521]1, (51’&2 + (521}2),
B

(1-8 — kg — (em +dn2)na,g — 23:1(77102' + n2d; ) K g + n2v1, Mius + n202),

(147 — 1= (&1 +m)ene,g — Doty (61 4+ m)ei Ky (81 + m)ua, (61 4 m1)us)

(I4+p —m —ky — (N2 + d2)dng,g — > i1 (n2 + 02)d; K; : (2 4 d2)v1, (12 + 02)v2),

(I4+p—m— (e +02)dng.g — >.i_1 (2 + 02)d; K; : (2 + 62)v1, (n2 + d2)v2),

(I4+y =1 =k — (01 +m)eng,g — iy (m + 01)ei K = (1 + 1), (m + 61)uz), Ay, A: C
oL (5.1)
By, B: D

where the same notations and validity conditions that (3.1) with 7 = 2

"

Remark : If 7, 7;, 7, — 1, then the Aleph-function of two variables degenere in the I-function of two variables

defined by sharma et al [4] and we obtain the same formulae with the I-function of two variables

6. Conclusion

Due to general nature of the multivariable aleph-function and the Eulerian integral involving here, our formulas are
capable to be reduced into many known and news integrals involving the special functions of one and several variables
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and polynomials of one and several variables.
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