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ABSTRACT

In this paper, we derive two Eulerian integrals involving a product of two multivariable Aleph-functions, Aleph-function of one variable and general
class of polynomials of several variables. This general Eulerian integral formula is show to provide the key formula from which numerous others
results for the multivariable Aleph-function, I-function of several variables and Aleph-function of two variables.
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1. Introduction and preliminaries.

In this paper we establish two general Eulerian integrals concerning a product of two multivariable Aleph-functions, the
Aleph-function and general class of multivariable polynomials. The Aleph-function of several variables generalize the
multivariable I-function defined by Sharma and Ahmad [3] , itself is an a generalisation of G and H-functions of
multiple variables. The multiple Mellin-Barnes integral occuring in this paper will be referred to as the multivariables
Aleph-function throughout our present study and will be defined and represented as follows.
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For more details, see Ayant [1].

The reals numbers 7; are positives for = 1,--- | I2, 7;(x) are positives for ik = 1,---, R®)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :

N(z1, -, 20) =0(]21|" ... |20]*") ,max(|z1]... |2+ ) = O

N(zg, -+, 20) = 0(|2o)? . 2| ) s min( 2. . |20 ) = o0

where, withk = 1,--- ,r:ay = min[Re(d;k)/(S](k))],j =1,---,mpand
B = maz[Re((c{"” —1)/7")],j =1,y

We will use these following notations in this paper

U=pi,q,7;R; V=myn - men, (1.3)
W= p,a, g0, T RY o paoy, qio, i s R (1.4)
A={(az;af", - ol Aniagial) ) vip ) (15)
B ={nilbjis B+ B Ym0} (16)
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C {( ( )7'73 ))1 m} '(1)(C;,;()U;'7](»i()1))n1+1,pi(1)},'" ,{( j )'Vj )1 nr} <T>(c 1(7)7 ]1(7))m+17p( )} (1.7)

(1. s(1) a 1) (€3] r), o(r r) . o(r
D = (47505 Dama - Tac )(dﬂ(l)’6ji(1))m1+1’q"‘“)}7 " "{(dg’ )76§ ))Lmr}?Ti(T) (dg'i()r)ﬁ(53('i()r))m7»+1:qi(7«)} (1.8)

The multivariable Aleph-function write :

“Ac
N(z1,- -, 20) =R O] (1.9)
B:D

Zy

The generalized polynomials of multivariable defined by Srivastava [5], is given in the following manner :

[N1/Mi] [Ns/M;]

N (=Ns)
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SN11,--~,NS [yl’... ,yg — § Z A ;{S'
K1=0 Ks=0

A[Ni, K13 Ny, Kyl oo yKe (1.10)

The Aleph- function , introduced by Siidland [7] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :

R(z) = R (aj, Aj)1n [ci(agis Aj)at1,pir |_ 1 / QMN ()ztds (1)
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for all z different to 0 and
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With :

(1.12)
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M N Qi P;
1
|argz]<§7rQ WhereQ:ZBj+Zaj—ci( Z Bji + Z a;;) >0 withi=1,---,r
j=1 j=1 j=M+1 j=N+1

For convergence conditions and other details of Aleph-function , see Siidland et al [7]. Serie representation of Aleph-
function is given by Chaurasia et al [2].

M,N Mo (—)"Q%’gi ci r(s) s
Rp Qe (2) =D ) Bl z (1.13)
G=1g=0 GY:
b
With § = 1)g.g = GTZ‘Q,B < Qi |2l < Land Qg ., (8) is given in (1.2) (1.14)

2. Required formulas

' [(e)L(5)
Wehave: B(o,8) = | t*7H1 —t)P~ldt = =——=—"Z, Re(a) > 0, Re() >0 2.1
erave: Bl ) = [ 11—/t = TEE Re(a) > 0, Re(s) @
(2.1) can be rewritten in the form
b
/(,, (t—a)* tb—t)"ldt = (b— a)aw—l% , Re(a) > 0, Re(8) > 0,b # a (2.2)
The binomial expansions for t € [a, b] yields :
— (Vm [—u(a—H) 1" (t —a)u
Y = v -~ 7
(ut +v) (au +v) mz_:o m! au + v where |~ +wv <1 @3)

With the help of (2.2) we obtain (see Srivastava et al [6])

b P
/a (t—a)* (b —t)°"L(ut + v)dt= (b—a)* P~ B(a, B) (au + 2))72F1< Z’;g;—%)&.@

where Re(a) > 0, Re() > 0;

b
arg( u+v>‘<7r—6(0<6<7r),b7éa

au + v

3. General Eulerian integral of the multivariable Aleph-function

In this section, we shall prove two main general Eulerian integrals involving the Aleph-function of one variable, general
class of polynomials and several variables and multivariable Aleph-function.

Nk, (=Ns)mk,
K;! K,!

A[N1, K5+ ;Ng, K], Ui =pi+1,¢, + 1,73 R

/
Wenote:a =

and u11 = P; +1,Q; + 1, t;; t . We have the following result :

b
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Proof

(‘7 — ClG,g — Zle ciKi 201, 7UT)7A :C
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3.1)

We first replace the two multivariable Aleph-functions on the L.H.S of (3.1) by its Mellin-barnes contour integral
respectively, see Ayant [1], the Aleph-function and general class of polynomials of several variables in series using
respectively (1.13) and (1.10),Now we interchange the order of summation and integrations (which is permissible under
the conditions stated). Collect the powers of (ut + U), (yt +z ) and apply the binomial expansion (2.3). We then use
the Eulerian integral (2.2) and interpret the resulting both Mellin-Barnes contour integral as an Aleph-function of r

variables and an Aleph-function of R variables respectively, we arrive at the desired result.

In (3.1) replace a by —a and y by —1v, we obtain the following Eulerian integral :

—a
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xp (ut + ) (2 — ty)H y1(ut + )7 71(z — ty)™M
M,-,M 0,n:V 0,N:
xs(ut +v)% (2 — ty)ds yr(ut +v)7r zr(z — ty) R
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@A,

[es) M oo
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(POH B0 s iona (0@ (b+aly
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A1
70y +2) (-6 —dnay — S0 diKi: Ay, ), A" : C
Nglfyzlv T C (3.2)

t — — S . .o .« e /. !
in(ay £ 2 ((OF M= Gy = 30 diKi i Avy -+ AR), B D

u(b+a)
bu + v

y(b+ a)
ay + z

Provided that: max { } < 1. The other validity conditions are the sames that (3.1) and

the notations are similar that (3.1)
4. Multivariable I-function

If 75, Ty, 0 5 Ti(my by Li1) =+, Li(r)y — 1, the Aleph-function of several variables degenere to the I-function of
several variables. The two general Eulerian integral have been derived in this section for multivariable I-functions
defined by Sharma et al [3].
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au + v)° s
Y1( ) ("Y—CnG,g_ZizlciKi:Ula"' 7UT)»A:C
e

11+

yr(a@ .—}—.v)Ur ((v+l—engg—>i kK01, ,0.),B:D

A1
Zl(by+z) ('5_dnG,g_Ej:1 d’LK’L . Al,... 7)\R)7A, : C/
IO N+1:wv e o
U11:w e .
ZR(b{y ._i—.z)AR (—5+m — d’l’]G7g — Zle d;K; M\, ’/\R),B/ - D!

where the same notations and validity conditions that (3.1).
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A1
z1(ay + 2) (-6 — dng.g — Zle d;K;: M1, ,Ap), A" : C'
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UL iw o B - ) o o
ZR(CLy—f—Z))‘R (-5+m dnG,g Ei:l d; K; @ A\, ,)\R),B : D

u(b+ a)
bu +v

y(b+a)
ay + z

Provided that: max { } < 1. The other validity conditions are the sames that (4.1) and

the notations are similar that (4.1).
5. Aleph-function of two variables

If r = R = 2, we obtain two Aleph-functions of two variables defined by K.Sharma [4], and we have the following
integrals.
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b
/ (t—a)* L (b—t)" (ut +v)7 (yt + 2)° N%:ghci;r,(a:(ut + )yt + 2)%)

xp (ut +v) (yt + 2)™ yi1(ut +v)7 z1(yt + 2)™M
S wwl o e e
xs(ut + v)% (yt + z)9 yo(ut + v)72 7o (yt + 2)™2
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=(b—a)**P! (b 'B m__
(b—a) (au +v)7(by + 2) (Q’B)ZZ;OGX:;; KZ::O KXZ:O (a+6)1+ml!m!a

M N m
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Ur1:W R s
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b M ;
O F 2N ey = S K s A Ae), AT O
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NONH o o o (5.1)
Zg(by—l-Z))\z (—5+m—d77g7g _Zizl dez . )\1,)\2),B . D
where the same notations and validity conditions that (3.1) with R = v = 2
b
/ (t+a)* (b —t)" " (ut + )7 (2 —ty)® ey o (@(ut + )z — ty)?)
—a
x1(ut + v) (z — ty) ™ yi(ut 4+ v)” 71(z — ty)™
S o Np o RO a dt
xq(ut +v)% (2 — ty)ds yo(ut +v)72 7o(z — ty)™2
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(a4 B)i14ml!m!

oo M oo
= (b+ @) P au+ o) by +2)°Bs) Y. 3%

0 G=1g=0 K;=0 K.=0

M N m
SR LU/ N — {_ (b+a)u }l {_ (b+a)y }
Bgyg! ! s (bu + v) (ay + z)

bu + v)°t
YI( ) ('V—CWG,Q_ZleciKi201,02)71410
NS e L

11: . . .
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A1
. z1(ay + z) (-6 — dng.y — S5 diKit Ap, Ag), A1 C
N 5 v

U111 W

(5.2)

T — _ S ' . L. /. /
Zg(ay+z)>‘2 (‘5+m dT/G,g Zi:l dez : )\1,)\2),3 D

u(b+ a)
bu +v

y(b+a)
ay + z

Provided that : ™max {

} < 1. The other validity conditions are the sames that (3.1) and

the notations are similar that (3.1) with R = ¢ = 2.
6. Conclusion

Due to general nature of the multivariable aleph-function and the Eulerian integral involving here, our formulas are
capable to be reduced into many known and news integrals involving the special functions of one and several variables
and polynomials of one and several variables.
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