International Journal of Mathematics Trends and Technology (IJMTT) - Volume 35 Number 2- July 2016
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ABSTRACT

In this paper, we evaluate two general class of Eulerian integrals involving a general class of multivariable polynomials, Aleph-function of one
variable and generalized multivariable Aleph-function.The mains results of our document are quite general in nature and capable of yielding a very
large number of integrals involving polynomials and various special functions occuring in the problem of mathematical analysis and mathematical .
physics and mechanics.
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1. Introduction and preliminaries.

In this paper we establish two general class of Eulerian integral concerning the multivariable Aleph-function, the Aleph-
function and general class of multivariable polynomials. The Aleph-function of several variables generalize the
multivariable I-function defined by Sharma and Ahmad [3] , itself is an a generalisation of G and H-functions of
multiple variables. The multiple Mellin-Barnes integral occuring in this paper will be referred to as the multivariables
Aleph-function throughout our present study and will be defined and represented as follows.
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For more details, see Ayant [1].

The reals numbers 7; are positives for; = 1,--- | R, 7;(x) are positives for i) = 1. R®*)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
|argzk| < §A§k)ﬂ , where
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Jj=mg+1
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :

N(z1, -, 20) =0(]21|" ... |20|*") ,maz(|z1]... |2 ) = O

N(z1,-+,2r)=0( |z1|51 oz ﬂ“‘) ,min( |z .. |z ) = 00

where, withk = 1,--- ,r:ay = min[Re(dg-k)/d](k))],j =1,---,mpand

By, = maz[Re((¢{”) —1)/7")),j =1,y

We will use these following notations in this paper

U=pi,q,7;R; V=my,ngy; - ;mp,n, (1.3)
W= p,a, g0, T RV o oy di, Ty s R (1.4)
A={(az;af?, - e Amilagiafy) ol )nsn) (15)
B ={ri(bji: B3, B Y10} (16)

1 1 1 1 r

C =57 ) 0 b 7o (535750 dm 1 b -+ A5 i b T (€ V0 It} (1)
L. 5 1) . (1) 7

D = {(d] 75] )1,7’V7,1 }7 Ti(1) (djz(l) 9 6ji(1))m1 -0—1#11.(1)}7 SN {(dgr); 6‘51"))1,1?1,‘}77-2(7') (d;:()r);(;‘5:()r))m7‘+17q1(7‘)} (1.8)

The multivariable Aleph-function write :

A
N(217"' az’r’) :N%nv[‘// . e . (19)
B:D

Zy

The generalized polynomials of multivariable defined by Srivastava [6], is given in the following manner :

[N1/M;] [Ns/M;]

N (—Ns)
My, M, 1 MK MK,
SN11,~--,NS [yl, - 7ys — Z Z RS E IS{S'
K1=0 Ks=0

A[Ny, Kyi;- - 5 Ny, Kyl -y (1.10)

The Aleph- function , introduced by Siidland [7] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :

A [6(azis Aji)Int1,pi; 1 M,N -
N N ( Aj, A5 )10, [Ci\Qhiy Aji) In+1,p;5r _ oM. (s 54 L11
( ) PZ:Q’Mc'Lv ( l)‘77 B )1 ms [ ’L(bj7,7 B]z)]m+l7ql,r 27.(-w I Pi:Qi;Ci,T(b)Z S ( )

for all z different to O and

M N
Q]VI,N (3)7 Hj:l F(bj —|—Bj8) Hj:l F(l — aj —AjS)
Pi,Qiycisr\°) T P; 5
‘ S T yar Dlagi + Ajis) TT9 aryy T(L = bji — Bjis)

(1.12)

M N Qi P;
. 1 :
With |argz| < §7TQ where {} = E Bi + E a; — ¢ E Bji + E aji) >0,i=1,---,r

j=1 j=1 j=M+1 j=N+1
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For convergence conditions and other details of Aleph-function , see Siidland et al [7].The serie representation of Aleph-
function is given by Chaurasia et al [2].

M,N LE (_)ggg’gi er(s)
NPiinyci;r(Z) = Z Z B ', ’ z (1.13)
G=1g—0 G9:
bg +
With s = g, = GBGg’Pi < Qi |2l < Land Q5. .., (5) is givenin (1.2) (1.14)

2. Required formulas

We have the following results , see Rathie et al [4].

1
_ oy +B8+2 z(1+a)
2711 - 2)71 b(1—2)] 2o a, B; ;
/0"1: (1—2)?[1+ax+b(1 —x)] oF1| o, B; > Ttazrb(l—a)

dx

_erizy Lo —§ = DLEEN()

@.1)

where Re(p) > 0, Re(2p — a — 3) > 0, a and b are constants , such the expression and 1 4+ az + b(1 — z)
is not zero.

a+ B z(1+a)

1
1 —az)P 1 1— )] 72t R d
/Ox ( CE) [ +al’+b( x)] 21 C\f,,B, 2 71+ax+b(1_x) x

— 2a+ﬂ—2p—1F(p B % - g - 1)F(i)r(p - 1)

x [<2p—a+ﬂ—2)r< +3)0(5) , @o+a— AL (2.2)

where Re(p) > 0, Re(2p —a — 3) > 0, a and b are constants , such the expression ; In this document the
quantity 1 + az + b(1 — x) is not zero.

3 Finite integrals

We evaluate the following two finite integrals involving hypergeometric functions and multivariable Aleph-functions.

At +at)(1+b)(1 —1t)

t) = Uss=pi +3,¢:+3,7; R
Leg(t) = g pa g YR T RT3t
-N —N,
anda’ = [1()1]{“(1 LA K)A'“( A[Ny, Ky Ny, K] G.1)
Formula 1

a+pB+2 t(1+a)
2 "1+ at+b(1—1)

1
/ P —)P[14at + (1 —b)] 2P o |, B;
0
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(1-p = ety — iy K s wry - up), (1= p+ 25 —eng g = 300, 6Ky tun, -+ s uy),
(19— 258 — ey — S0y iy ), (L= p & — enigrg — S5y ol s ),
(B_Ta_p — NG,y — Zf:l CiKi TUL, 7u7“)7A : C

2.2)

(H_Oz_p —aGg.g — Zj:l ciKi UL, 7u7‘)7B : D
Provided that
aymin{c,d,c;,d;,uj,v;} >0,i=1,--- ,s;5=1,---.r

by Re(p—a— ) >0, Re(p) > 0,1+ at + b(1 — t) is not zero.

T (1)
b, d!

c)Re[p—l—c min  —- 4 u; min ].}>O
1<j<M B; — 1< 6§z)

1
d) largzi| < éAgk)W, where Aq(;k) is given in (1.2)

e) largz| < 7rQ Where §2 = Zﬁj—l—z%—cl z Bji + Z Qi)

Jj=M+1 j=N+1
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Formula 2

a+5+2

t(1+a)

1
/ PN 1= t)P 2L+ at + (1 = b)] P oFy| o, B;
0

y1 (g(t)”

M,N M,

c My, o,n:vV
Pi,Qiaciﬂ"l(x (9(t)) )SNII,---,NS o NU?W o dt
ys (g(t)* zr (g(t)"
F(a__hg) M oo [N1/Mi] [Nf/[s]
2 D)y
—1
(1+a)?(1+0)P~10(@)1(P) G=1g=0 K;=0 K.=0
M,N “1
a,( )gQPZ,QZ,cZ, (NG.g) Ki | Keyncg | T a+1 r /3 NO;n+3:V
Bag! N O 2 2 ) UaW
ZT
(2-p—cena.g — iy il tur, - up), (2= p o+ agﬂ —Nag — Dy GG Tur,
(2—p + 062;5 — NG,y — ijl K uq, - ,Ur), (1 —p+ % — NG,y — Zle GK;iuq, -
a=B_,_ V8 K- .
(1+ 5 ~P —CNG.,g 2121 il s ug, 7ur)aA :C «a B+1 043V
(%—i—g—p — NGy — >oiq GK; tut, o yuy), B D
(2-p — ene,g — Zle K tuy, e uy), (1 —p+ BfTa —CNG,g — 2;1 il tug, -
(2-p — 0‘2;5 — NGy — Doiy GG rur, o uy), (L= p+ g — NG,y — Doiq GG ug,
(1""8%&-,0 — C’f]G’g — Zj:l CiKi cUL, 7u7‘)7 A:C
(3+%-p—cnag — iy il sur, - yun), B D
Provided that
a)min{c,d,Ci,thj,Uj} > 077' = 1; ;S;j =1,---,r

b) Re(p—a — ) >2,Re(p) > 1,1+ at + b(1 — t) is not zero.

+Zu

d(l)

c) Re [ (2)

min
1<y <m,

p+c min }>1

1<j<M B
L) k).
d) |argzi| < §Ai 7, where A; " is given in (1.2)
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e) largz| < 7TQ Where §2 = Zﬁ]+za3_cz Z Bji + Z aji)

j=M+1 j=N+1

1 T
M= .. s [0 :
Proof of (3.2). Let (2rw)" /L1 /LTw(Sl s )k_l k(sk)2p,

We first replace the multivariable Aleph-function on the L.H.S of (3.2) by its Mellin-barnes contour integral (1.1), the
Aleph-function and general class of polynomials of several variables in series using respectively (1.11) and (1.10), Now
we interchange the order of summation and integrations (which is permissible under the conditions stated) . We get :

M oo IR IV ( )QQ%:gi,Ci,r’(nGag) na,g, K1 K
ZZ > ) e jo £y y e
=1g=0 K;=0 K4,=0 G9:

1
/t”l(l—t)p[l-i-at-i—(l—b)]QplgFl[a,ﬁ;a+6+2' fl + o) }
0

2 "1+at+b(1—1)
{M{ (g(t)>c77c,g+2f:1 K+ uisz}dsl ce dsr}dt (3.4)

Now intechanging the order of integrations , we get

M oo [Ni/Mi] [Ns/M;] M,N

1
} :} : Z Z QP@QMi,T’(nG’g)rnG,g Ky . K, ]\4{/ otenG g+ 30i_y Kicit 31y uisi—1
GY: 0

G=1g=0 K;=0

(1 — t)Ptencot iz Kicitioisi%[1 4 gt + (1 — b)] 2 Pmence =iz Kicitdijm, Sjuj)—ldt}
dsy---ds, (3.5)

Finally, we evaluate the inner integrals with the help of (2.1) and interpreting the resulting with the Mellin-Barnes
contour integral as a multivariable Aleph-function, we obtain the desired result (3.2).

To prove (3.3), we use the similar method with the help of (2.2).

4. Multivariable I-function

If 75, T;¢1), -, T;¢ — 1, the Aleph-function of several variables degenere to the I-function of several variables.
The following finite integrals have been derived in this section for multivariable I-functions defined by Sharma et al

[3].

a+pB+2 t(1+a)
2 "1+at+b(1—1)

1
a)/tpl(l—t)”[l-l—at-i-(l—b)]2”12F1 a, B;
0

y1 (g(t)” 21 (9(1))"
M,N c My, M, I Vv ..
Ne Qe (P (OO SN | | e

ys (9(t)™ 7 (9(£)""
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F(a+[3+2) M oo [N1/Mi] [Ns/Ms]
ST LY 2
_ 1
(= B)(L+a)(1+b)HT(a) = A ot
71
M,N
/ ( ) Q z:Qz:tu (,r/G’g) Kl KS na,g 1—\ Oé“" 1 1-\ é IO,I‘l-}—B:V
“ Bay! o 2 g ) U
Zy
(I-p—cngg —> i q GK; tur,- L up),(1—p+ M — NGy — Doig GG un, Uy,
(1op+ 252 — engy — Yy ol s uny - sup), (1= pb & — g — Xiy i i, ),
a—/p s Al
=E-p—c > K iu, o un), A C
( 5 P 1G.g Zz_l idhq - UL 7") T (_) 6_,_ 1 O3y
B+1 s 2 2 ) UsW -
(—'p_CnG,g Zizl ciKi cUL, ,UT),BZD Z
(1-p—cnag — Yoty el tun, o up), (L= p+ 2 —eng g — S0 el s g, L),

(1-p— 252 —cengy — i il s ut, - 7“1")7 (1 —p+ L —engy— i ciKitur, ),

(B_Ta’p — G,y — Zf:l GKituy, oy un), A C
1 s (4.1)
(ﬂ_p - CT]G?Q Z;:l CiKi cUL, 7u7'), B . D

with the same notations and validity conditions that (3.2).

+ B +2 t(1+a)
b) [ P71 —t)P %[l +at + (1 =) 2T ,F @
)/ [ +at+(1-b) o B; "1+ at +b(1 —t)
y1(g(t)” 21 (g(t)™
NECS, e (g(8)S) SA 0T o Iyw o dt
vs (9()* zr (g(t))""
F(a_-}-[j) i i[NMMﬂ [Nf/[s]
ga+pB—2p 2 [ .
-1
(1+a)r(1+ o)~ T ()T(B) | 5= por S Km0
gOM.N “
o (=), 0,.c.m (NG1g) N e {F (oz - 1) r <5>Ign+vz€/v
Bgg! 2 2 33 .
Z’f’
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(2',0 —CNG,g — Z?:l CiKi PUL, 7ur)7 (2 —p+ OCQLB —CNG,g — Zle CiKi SUL, 7ur)7

(2-p+ 0‘2;5 — NGy — 2ot GGt uy), (L —p 4+ § — ey — 2ot GG ug, e uy),

Al

(1+257%-p — el — Soioy i s ur, - up), A C
, i= ’ ’ o B+ 1 0,n+3:V
4T ( ) T <T>IU33:W

DO |

(%4—%‘0 —NG,g — 25:1 il i ug, - >U7")vB D

p— ey — e K tur, o un), (1= p+ 552 —eng g — Yoi ey ug, - uy),
(2 >

(2-p — 0‘2;5 — NGy — Yo GKi tur, o u), (1= p+ g — NGy — Yoi g GKG tur, e uy),

(1+’B_Ta—p —anG,g — Zle GKituy, o up), A C
C (4.2)
S
(%+%—p — NG,y — D ieq GGty s uy), B D
with the same notations and validity conditions that (3.3).

5. Aleph-function of two variables

If 7 = 2, we obtain the Aleph-function of two variables defined by K.Sharma [5], and we have the following integrals.

1
p=1(1 _ pp \=2p—1 a+pB+2 t(1+a)
mét (1= 0¢[1 +at+ (1= )20 o o, R TR

y1 (g(t)"! z1 (g(t))™
Np (@ (g(1)) Sa o N o dt
ys (g(8)* z9 (g(t))"
+B-2p—1 F(—a+§+2) LA [me [th]
@B TP+ T@d) |22 2 2
VAl

_NgOM,N
o ( ) QPi’inci,w (nG,g) y{ﬁ N -yfsxncvg {F (oz + 1) T (é)NO,nJrB:V

BGg!
Z2

(1-p—cngg — >y 6K tur,uz),(1—p+ O‘TJFB — NG,y — Doy GiKG ur, uz),

(L-p+ 252 —enay — 3y iy s ur,ue), (1= p+ § — engg — Yoiq 6K ug,ua),
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Al

0,n+43:V
NU33 W

(95%-p = ene,g = Xty il un,uz), A2 C @ prl
T

2
(%_p_ anG,g — 21 1CZK Ui, u2) B:D

Z2

(1-p—cngg — >y 6K tur,uz), (1—p+ O‘—;ﬁ — NG,y — Doiq GiKG o ut, uz),

(1-p — O‘T_’B — NGy — Yo GK tur,u), (1—p+ g — NGy — Yoiq GiKG T ur, ug),

(Bga_p — NG,y — Zz 1 C’LK Ul,U,Q) A:C
(5.1)
(H—Ta_p — G,y — Zf 1 CzK U1>U2) B:D

with the same notations and validity conditions that (3.2) with r = 2

+ ﬁ +2 t(1+a)
b) [ P71 —t)P 2L +at + (1 —b)] 2T, a
)/ L+ at ) o b "1+at+b(1—1)
y1 (g(t)™ 21 (g(t)™
NE Qe (@ @) SN[ R e
ys (g(t)" 22 (9(t))"
P(O‘—“L*B) M oo [N1/Mi] [Ns /M)
s | >3
(1+a)P(1+b)P~ T (a)I'(B) e ot o
7]
M,N
o ( )gQP“Q“c17 (nG,g) yK1 N -yKS.’I:nG*g T a+1 T B R0;n+3: \%
BG(]! 1 S 2 2 Ur;-g w
V)

(2-p = enag — iy K un,ua), 2= p+ 2 —eng g — Yois, 6K s un, ug),

(2-p+ 252 — engy — iy Ko i, us), (1 —p+ 5 — NGy — 2 GGt ur, ua),

71

1+28. )¢ -3 K u,ug),A:C

(1+F5-p —cnag 'Z'z_.l 1,U2) " (g)r B+ 1Y gomisy
N s 2 9 Usz:W
(34+5-p—cnag — iy ik s uy,ug), B: D

(2-p— Ny — S5y il urue), (1= p+ 259 —engg — S5, el s ua, us),

(2-p — O‘T_B — NGy — Yoiq GKG tur,u), (1 —p+ g — NG,y — Yoiy GEKG tur, ug),
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(14+55%p = eng.g = 2oy ciKi tur,u2), A+ C
" (5.2)
(5+5-p = na,g = Xizy 6l s, ug), B D

with the same notations and validity conditions that (3.3) with = 2

6. Conclusion

Due to general nature of the multivariable aleph-function and the Eulerian integrals involving here, our formulas are
capable to be reduced into many known and news integrals involving the special functions of one and several variables
and polynomials of one and several variables.
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