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On some summation formulae for the Aleph-function of several variables
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ABSTRACT

In this paper we aim to establish three interesting summation formulas for the multivariable Aleph-function . The results are derived with the help of
classical summation theorems due to Watson, Dixon and Whipple. A few results are also obtained as special cases of our main findings. Since the
multivariable Aleph-function is the most generalized function of several variables and its includes as specials cases many formulas involving special
functions of one and several variables.
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1. Introduction and preliminaries.

In this paper we establish three summation formulas concerning the multivariable Aleph-function, the Aleph-function
and general class of multivariable polynomials. The Aleph-function of several variables generalize the multivariable I-
function defined by Sharma and Ahmad [3], itself is an a generalisation of G and H-functions of multiple variables.
The multiple Mellin-Barnes integral occuring in this paper will be referred to as the multivariables Aleph-function
throughout our present study and will be defined and represented as follows.
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For more details, see Ayant [1].

The reals numbers 7; are positives forz = 1,--- | I?, 7;(x) are positives for i) = 1,.--, R®)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. We may establish the the asymptotic expansion in the following
convenient form :

N(z1, -, 20) =0(]21|" ... |20|*") ,maz(|z1]... |2 ) = O

2P smin( |z . |z ) = 00

N(z1, -, 20) = 0( |21]P* .|
B (k) ysRIN) 5 =1 ...
where, with k = 1, ,T IO = mm[Re(dj /5]' )N,7=1, , My, and

By, = maz[Re((¢{”) —1)/7")),j =1,y

We will use these following notations in this paper
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1 1 1 1
Cy = {(Cg ); ]( ))1,711}7 7'2'(1)(C§i21>5’71(-i()1>)n1+1,pi(1)}, T,
Cp =L 59 ) 1m b 7 (€553 Y Imt Ly } (17)

D1 = {(d(1)7 6(1))1,m1 }7 Ti(1) (d‘si()l) ) 65»];()1) )ml +1>q1(1)}, e

—_g(q(r). s(r) (r)

DT _{(d] ) 5j )]—7mr }7 TZ(7) (djl(” ) 6]1,("“) )mr‘f'l»q‘(r) } (18)
The multivariable Aleph-function write :
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N(z1, -, 2r) =R . C (1.9)
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Let W =W ;W) where W) = p,), g, 7y RP, C = Cy5++ ;Crand D = Dy 5 D,

2. Required results
In our present investigation, we shall require the following classical summations theorems.

Watson's Theorem ( Bailey [2] )

ST B LTINS TSRSV NS ST B

s(a+b+1), 2 F'(3@+1))PAG+1D))T(c+i(1—a)T (c+i(1-10)

provided Re(2¢ — a — b) > —1 and the parameters are such that series on the left is defined.

Dixon's Theorem ( Bailey [2] )

3F2< abc ): F'a+3)TA+a—bl(l+a—c)l (1-b—c+ %) o2
14a-b, 14a-c Pla+ 1) (1-b+¢)T(1—c+4)T(1+a—-b—rc)
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provided Re(a — 2b — 2¢) > —2

Whipple's Theorem ( Bailey [2] )

a, b, c >_ 21=2¢x (/)T (2c + 1 — f)
3F2< f, 2c4+1-£51) F<C+¥>F(a+f>r<c+ﬁ>p<%>

2

provided b = 1 — @ and Re(c) > 0

3. Main summation formulae

In this section, the following three general summation formulae will be established.

LetUijin=p;+1,¢;+ 1, 75; Rand U5 = p; + 1,q; + 2, 7;; R, we have
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LetUin =pi +1,¢; + 1,7 Rand U1z = p; + 1,¢; + 2, 7;; R, we have
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In order to establish the general summation (3.1), we proceed as follows. Denoting the left-hand side of (3.1) by L,
using the definition of Aleph-function of several variables with the help of (1.1), we get

—  (a)k(b)k Dk4+c+ >0 wis;)
L: M 1 d o d ,
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Now, changing the order of summation and integration (which is permissible under the conditions stated), we have after
some simplification

Py, Dlk+c+ Y uisi) (ba)f( Je(c+ > i wisi)k dsy - -ds,
D(k+2c+237  uisi) &= (), (2c+ 2300, uisi)rk!

(3.5)

Summing the inner-serie, we have

D(k+c+ > uis;) a, b, c+> ., us; )
I —M RS i=1 T?'L 01 d dr 3.6
{F(k;+2c+2z s )‘Q’F2 s(a+b+1), 2(c+307, uisi) e oo

Finally we observe that the 3F% appearing in the inner side can be evaluated with the help of result (2.1) and after
simplification, interpreting the resulting Mellin-Barnes contour integral as a multivariable Aleph-function, we obtain the
desired result (3.1).

To prove (3.2) and (3.3), we use the similar method that (3.1) using respectively the help of results (2.2) and (2.3).

4. Multivariable I-function

If 75, T;01),° -, T;¢» — 1, the Aleph-function of several variables degenere to the I-function of several variables.
We obtain the following three general summation formulas in this section for multivariable I-functions defined by
Sharma et al [3].

Corollary 1

a IUT;:VV: S e
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47% 2,

where the same notations and validity conditions that (3.1).
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where the same notations and validity conditions that (3.2).

Corollary 3
Zl - . .. .
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where the same notations and validity conditions that (3.3).

5. Aleph-function of two variables

If 7 = 2, we obtain the Aleph-function of two variables defined by K.Sharma [5], and we have the following general
summation formulas.

Corollary 4
Al
00 1-k-cruy,ug), A : C —2¢ a
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Corollary 5
71
oo A (1-k-c; 1 k-c;u), Cq; C:
SO _mval (), (I+atkeeu), CiCa|  p(14 201 4a-b)
U:W+2 Ce =
= (L+a—b)ik! - B:DyiDy T(a+ 1)L (1+ % —b)
2
“1 A; (1-c;u), (1—1—%—c:u);(1+a+k—c:u, C1; Gy
NO,nZV11 . 5.2
U:-Way (5.2)
. a . .
Zo B.(1+§—b—c.u),D1, D2

where the same notations and validity conditions that (3.2).

Corollary 6
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71
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where the same notations and validity conditions that (3.3). If 7; = 7‘1-’ = TZ-” = 1, we obtain the same general
summation formulas with the I-function of two variables defined by Sharma et al [4].

6. Conclusion

In this paper, we have established three general summation formulas involving the multivariable Aleph-function by
using some classical summation theorems. Due to general nature of the multivariable aleph-function involving here,
our formulas are capable to be reduced into many known and news summations involving the special functions of one
and several variables.
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