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Abstract
The aim of this document is to establish finite triple series relations for the multivariable Aleph-function. These relations are quite general in nature,
from which a large number of new results can be obtained simply by specializing the parameters.
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1. Introduction and preliminaries.

The object of this document is to evaluate four finite triple summations involving the multivariable aleph-function.
These function generalize the multivariable I-function recently study by C.K. Sharma and Ahmad [3] , itself is an a
generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes integral occuring in this paper
will be referred to as the multivariables Aleph-function throughout our present study and will be defined and
represented as follows.
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with w = v/—1

For more details, see Ayant [1].

The reals numbers 7; are positives for = 1,--- | I2, 7;(x) are positives for ik = 1,---, R®)

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largzi| < EAZ(.k)W , where

pi Nk D,(k)
k k k) k k k
T S YR w05 SR
j=n+1 Jj=1 Jj=ni+1
q,(k)
Z(s()—/r(k) Z ;k()k)>0,with ]{j:l,74’7/:177R’Z(k):1,,R(k) (1.2)
Jj=mp+1

The complex numbers 2; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. The numbers. We may establish the the asymptotic expansion in the
following convenient form :
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N(z1, -, 20) =0(|21]|* .. 20| ) ,maz( |21].. . |z ) = O

N(z1, -, 20) = 0(|21)° .. ze)?) s min( |21, .. |2 ) = 00

wmmmmk:L~wwap:mmmd@mﬁWHJ:1w-m%md
Br = maz[Re((}”) —1)/4§)],j =1, i

We will use these following notations in this paper

U=pi,¢m:R; V=min; - jm,n, (1.3)
W= p,), g, T3 RY o o g, Ty s R (1.4)
A= {(aj§a§~1)7 e >oz§7’>)1,n}, {Ti(ajﬂaﬁ)? - 7agz))nJr1,m} (1.5)
B ={ri(bjis B -+ B Ym0} (1.6

C = 7)1 b o (005750 1o b - A5 ) b T (€ V0 et} (1)

(1. s(1) (1) (€9)
D = {(d;756; )1ma b Taco (d0055 5ji<1>)m1+1,q1.(1)}’ ‘e, {(dgﬂ"); 6§'T))177nr}77-1‘(r) (d‘gz()r);5;;‘()7”))777’7“"’17(11»(7“)} (1.8)

The multivariable Aleph-function write :

A
N A e i L (1.9)
” B:D

2. Series relations

We have the following four finites sums ;

Formula 1
Z1
m n P (1_a_V_t ;91’ e 797“)7
S Z n)o(=P)tgmnta:v
u'v't' pi+5,q;+3,7;; R:W ° . e .
u=0v=0 t=0 Z. (1-C—U—V—t ;517“. ,57«),

(1—c+a—u ;61 — 091, e ,(Sr — 9,«), (1—C+b—u —t;61 — gbl, cee 751‘ — ¢r)7

(d+m_u ,51 - d)l - 91;' o 767“ - (z)r - 97’)7 (b_l—p_a't ,81 - lea"' 797“ - d)r)?

(1—|—d—n—|—v;51 — 91 —¢1,"' ,5r - Hr - ¢T)7(1 - b—’U; (blv"' 7¢T)7A

B:D

o (1'3"m ;617 to 79r)a (1'C+a'n'p ;(51 - 917 to 75r - 97‘)7
_( )m—|—n—|—me n+4:V

—_ p1+5 q1+3 T17R W . . . . . .
(]-'C'm'n ;517"' 767”)7 (b'a )01 _¢17"' 707“ _¢7’)7

=7
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(1+d ;51 - 91 - ¢1a e 757“ - 97“ - ¢T)7(1+b_c'n a61 - ¢17 T 757‘ - ¢T)7
(d;51_91_¢17"'757‘_91"_¢T)7 LI

(1_b_m_p ;¢17 e 7¢7”)7 A:C

- @.1)

B:D

with the validity conditions : §;, 6;, " > 0,8; > 6; + ¢;;i=1,--- ,r and

largzi| < %Agk)ﬁ , where AZ(-k) is defined by (1.2)andd = a + b — ¢

Formula 2

(l-c+a-u ;01,- -+ ,9d,),

T (_m)’u(_n)v(_p)t(a)v+tNm,n+3:V
Z Z Z uwlvlt! pi+5,q:+2,7i; ReW

u=0 v=0 t=0 J (I-c-u-v-t ;01,--- ,d,),
4

(1—b—V ;(bl) e 7¢7‘)7 (1'C+b_u't ;51 - ¢17 e 757’ - <br),(1+a—b—p—|—t ;(z)l, s 7¢7")7

(d4m-u ;01 — ¢1,- -+ , 0 — &r), B:D,

(1—|—d—n+s ;51 — ¢1, cee ,57« — d)r),A : C

+n+ n+3:.V " (1_C+a_n_p ;51’ e 767“)7 (1—b—1’Il—p ;¢17 e 7¢T)7
my H
:(_)m ! p(a)mNPi+5,Qi+2,ﬁ;R:W

(1'C'm'n'p ;517 T 76T),<1+d'n 751 - (bl? T ,57“ - ¢T)7

=T

(14d ;01 — @1, ,6r — &), (1+a-b ;01,- - , ¢p),(14+b-n-c ;61 — p1,--- , 0, — @), A: C
o o o 2.2)
B:D,
. . o o I ) AP i qef
with the validity conditions : §; > ¢; > 0;i = 1,--- ,rand |argzx| < §Ai 7, where A;" is defined by
(1.2)andd =a+b—c
Formula 3

Z1

(l-a-v -t;01,- -+, 6,.),

Z Z Z (—m)u(_n)’v(_p)t(b)”NZ’fZgiZ&n;R:W

— D
u=0 v=0 t=0 uvit: ©(1-c-u-v-t 507,00, Oy ),y

T
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(l-ctawd; — 91, coe 8 — 0,),(1c+boust 101, 6,),(1+dentvidy — 0y, - 80 — 0,),A: C

(d4m-u; 67 — 9 -, 0p —0,), (b+p-a-t ;01,---,6,), B:D

Y

m—+n-+ m,n+3:V N (1—a—m;01, tee »97’)7 (1+b-C—Il ;51, ces 75r)7
:(_) p(b)m+prl+4 q1+3 T,“R W o o
(lI-c-m-n-p 301, ,0,), (b-a;0y,---,6,),

r

(14+d ;61 — 01, -+ , 0, — 6,),(1-c+a-n-p;01 — 01, ,0,. —6,),A: C
o o 2.3)
(d;51—91,---,67«—0r), BZD,

1
with the validity conditions : 0; > 60; > 0;i =1,--- ,rand |argzx| < §A§k)7r , where Aq(:k) is defined by (1.2)

Formula 4
Z1
1-b-v :01,--+ ,d,),
S35 M phle = Duisle = gty (-bv b, oo, 0r)
i+3,qi+2,7; R:W T
u=0 v=0 t=0 1—|—a—b p)rutvlt! B z (n-d-v ;01,---,d,),

(I-d-m+u ;01,- - - ,9,),(1-a-v-t;01,- -+ ,0,), A: C

(1-c-u-v-t ;01,- -+ ,d,), B : D,

z1

l-a- ;57“'757“71 d;éa"'véra

m—l—n(c — a)'fH-P(C - b)n,\zm,n+3:v ( a-i 501 ) ( + 1 )
(_) (b — a)p pi+3,9:+2, 7 REW

(_d;élv"'a(sr)a SR

Zoy

(1_b_m_p ;517 T 757‘)714 :C

. .4)
(l—c—m—n—p ;517 e 751")7 B:D

1
with the validity conditions : §; > 0;4 = 1,--- , 7 and |argzg| < §A§k)7r , where Af:k) is defined by (1.2)

Proof of (2.1)

Substituting contour integral (1.1) for the Aleph-function of several variables in left-hand side of (2.1), changing the
order of summation and integration which is justified as the series involved are finite and using the following result of
Paradhan [2,p.33]

(=n)o(=p)t(a)vse(c — a)u (F—b) t(b)o
ZZZ (1+c_i|——n) (I1+a—>b—p),ulv!

u=0v=0 t=0 u—l—'u—|—t 17d m)u

_ (@)m(c = @)ntp(B)mplc — a)n
(=d)n(b = a)p(d)m(C)m+ntp

with d = @ + b — ¢ (not an integer ) (2.5)
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Interpreting the result, thus obtained with the help pf (1.1), we get the desired result. To prove (2.2) to (2.4), we use the
similar methods to (3.1).

3. Multivariable I-function
If 74, T;(1)," "+ ,T;(-) — 1, the Aleph-function of several variables degenere to the I-function of several variables.

The finite triple sums have been derived in this section for multivariable I-functions defined by Sharma et al [3]. In
these section, we note

- Pik)

k k k i N .

= a3 aff S aSS - S
= e =1 j=ne+1

mi q,(k)
+25§k)_ Z 5((k)>0 with k=1-- ’Z:177R,Z(k):1,,R(k) a1

= j=mp41
Formula 1

Z1
m n 1-a—V—t;0,...’Qr,
Z Z i v(_p)tjm,n+4zv ( 1 )
u'v't' Pi+5,qi+3;R:W C.

u=0v=0 t=0 ) (I—C—U.—V—t 01, 757“)7

I

(1—c—|—a—u ;61 — 91, s 557’ — 9,«), (1—c+b—u —t;61 — QZ51, s ;67” — ¢T),

(d+m-u ;01 — ¢1 — 01, -+, 6 — ¢r — 0;), (btp-a-t ;01 — @1, -+, 0, — @r),

(1—|-d—1'l—|—V;(51 - 91 - ¢17"' 75?" - 07‘ - ¢7)7(1 —b— v; ¢17' o a(b?");A
B:D
| (eam 6y, ,6,), (I-eanep 01 — 01,0+ 5, — 6,),

_( )m—f—n—f—plm n+4:V
- Pi+5,qi+3; R:W

(l—c—m-n ;617 T 767“)7 (b_a 791 - ¢17 T 797’ - ¢7">7

7

(1+d ;51_91_¢1;"' 7(51"_97’_¢7") (1—i—bcn 61 ¢1 767’_¢7“)7

(d; 61— 01 — p1,- -+ ,6p — 0 — Oy), Ce

(l_b_m'p ;¢17 o 7¢7’)7 A

(3.2)
B:D

with the validity conditions : d;, 0;, ¢; > 0,0; > 60; + ¢;;¢ =1,--- ,r and
1
largzi| < §Bi(k)7r , where BZ-(k) is defined by 3.1)andd = a + b — ¢

Formula 2
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(I-c+a-u ;01,- -+ ,0,),

m n P

Z Z Z (_m)u(_n)v(_p)t(a)v+t1m,n+3zv
wlolt! Pi+5,q:+2;R:W

u=0v=0 t=0 J (1-c-u-v-t ;01,- -+, d,),
™

(1-b—V ;¢17 e 7¢T’)7 (1'C+b'u't ;51 - ¢17 e 757" - ¢r)7(1+a-b-p+t ;¢1, to ,¢r),

(d+m‘u ,51 - ¢17 e ,57“ - (b?')a B: D7

(1+d-H+S a51 - d)l, e a57“ - ¢T‘)>A :C

| (1ram 1641, 6), (1-c+amn-p 50, — 01,02 — 62),
_(_)m—|—n—|—p1m,n+4:V
- pi+5,qi+3;R:W

(I-c-m-n ;01,02), (b-a ;01 — ¢1,02 — ¢2),

=T

(14d ;01 =01 — @1, ;6 — O — &7),(14b-c-11 361 — 1, ,0p — &y), A: C

(d;51_91_¢17'“757’_91"_¢7')7 B:D

(3.3)

. . 1
with the validity conditions : d; > ¢; > 0;¢ =1,--- ,rand |argzi| < —Bi(k)ﬂ', where B\ is defined by (3.1)

2 i
and d = q + b —c
Formula 3
l-a-v -t;01, -+ ,0,),
i zn: i (—m)u(—n)v(—p)t(b)vjmm%:v (1-a-v -t;0; )
ulvlt! pi+4,q;+3;R:W ..
u=0 v=0 t=0 oA . (1-c-u—v-t 01, ,5T),

Zi.

(lI-c+a-u;6y — 01, -+ , 6, — 0,),(1-c+b-u-t ;01,--- ,d,),(1+d-n+v;0; — 01, - , 6. — 60,.), A :
(d_l_m'u; 51 - 917 o ,67“ - 07"); (b+p'a't ;617 T 707“)) B: Da

(I-a-m;0q,--- ,0,), (14+b-cn ;61,---,0,),
_(_ m—+n—+p b m,n+3:V
—( ) ( )m—l—p pi+4,q9;+3;R:W '

(1—C—m—n—p ;517 e 76’!’)7 (b_a ;617 e ;97’)7

Ziy-

(14d ;01 — 01, , 8, — 0,.),(1-c+a-n-p;6y — b1,--- ,0, = 6,),A: C

(d;él_ela"'vér_er)y BZD,
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: , 1
with the validity conditions : 0; > 6; > 0;4 =1,--- ,rand |argzg| < §B§k)7r, where B,i(k) is defined by (3.1)

Formula 4

Z Z Z (—P)t(c - b)v—i—t( - a)ujm,nJrS:V
1 +a—b—p)ulvlt! Pi+3,qi+2;R:W

u=0v=0 t=0

Z1

(]-'b'V ;517 e 76?“)7

(Il—d—V ;517 e 767“)7

r

(I-d-m+u ;61,- -+, 6p),(1-a-v-t;01,- - ,0,), A: C

(I-c-u-v-t 301, ,0p), B : D,

Z1
l-a-m ;01,- - , 0, ),(14+d ;61,--- ,d,),
(_)m+n(c - a)nﬂo(c_ b)n m,n+3:V ( m ;01 ) ( + 1 )
- (b_a) pi+3,q;+2;R:W ... L.
g o (dbr,e L 60),
(1-b-m-p ;01,---,0,),A: C
- (3.5)
(1I-c-m-n-p ;01,--- ,8,),B: D
1
with the validity conditions : 0; > 0;¢ = 1,--- ,rand [argzy| < §Bi(k)7T , where Bi(k) is defined by (3.1)

4. Aleph-function of two variables

If = 2, we obtain the Aleph-function of two variables defined by K.Sharma [5], and we have the following relations.

Formula 1
71
( p)t m n_|_4-V (1_a‘_v_t ;017 02)7
ZZZ u'v't' Npi’+57qi+3,n;R;W _ ..
u=0v=0 =0 2 (1-c-u-v-t ;01, d2),

(1-c+a-u ;01 — 01,02 — 02), (I-c+b-u -t;01 — ¢1,02 — ¢2),

(d+m-u ;01 — ¢1 — 61,02 — p2 — b2), (b+p-a-t ;01 — ¢p1,02 — d2),

(I+d-n+v;61 — 01 — Pp1,02 — 02 — ¢2), (1 —b—v; 1, ¢2), A

B:D

U | (1-a-m 381, 605), (L-cta-n-p ;81 — 61,62 — 62),
_( )m—|—n—|—me n+4:V

- p74+57q74+3 T747R W : : : : : :

(1-c-m-n ;01,02), (b-a ;01 — ¢1,02 — d2),

Z2
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(14d ;01 — 01 — ¢1,02 — 02 — ¢2),(1+b-c-n ;01 — ¢1,02 — ¢2),(1-b-m-p ;¢1, ¢2), A : C
. o . 4.1)
(d; 01 — 01 — @1, 02 — 02 — P2), N B:D

1
with the validity conditions : d;, 0;, ¢; > 0,9; > 6; + ¢;;i = 1,2 and |argzk| < EAgk)ﬂ' , where Agk) is
defined by (1.2)andd = a + b — ¢

Formula 2
71
1-c+a-u ;01,02),
i i i (_m)u(_n)v(_p)t(a)v+tNm7n+3:V ( 1 2)
ulolt! Di+5,9;+2,7; R:W ‘ ..
B o . |(1-c-u-v=t 501, b2),
2

(1-b-v 501, ¢2), (1-c+b-u-t ;61 — ¢1,02 — P2),(1+a-b-p+t ;01, Pa),

(d4m-u ;01 — ¢1,02 — P2), B: D,

(1+d—n+S 01 — ¢1,02 — ¢2),A :C

ey 1 (1-c+a-n-p ;01,d2), (1-b-m-p ;¢1, P2),
m,n+3:
:(_)m+n+p(a)mNPi+5,Qi+2,Ti;RiW

(1-c-men-p ;01, 62), (1+d-n 361 — ¢1, 02 — ¢2),

72

(14d ;61 — ¢1,02 — ¢2), (1+a-b ;¢1, d2),(1+b-n-c ;61 — ¢1,00 — ), A : C
C C C (4.2)
B : D,

1
with the validity conditions : 0; > ¢; > 0;4 = 1,2 and |argzi| < §A1(-k)7r , where Agk) is defined by (1.2)
andd=a+b—c

Formula 3
7]
l-a-v -t:0¢,0
Shule (_m)“(_n)v(_p)t(b)“Nm,n—l—B:V (1-a-v -t:01,62),
ZZZ ulvlt! pi+4,q:+3,7i; R:W ' ..
u=0v=0 t=0 - (1-c-u-v-t ;01, d2),

(1-c+a—u;51 — 01,09 — 92),(1—c—|—b—u—t 01, 52),(1—|—d—n—|—v;(51 — 01,09 — 92), A:C

(d4m-u; 61 — 01,02 — 02), (b+p-a-t ;61,62), B: D,
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Mt 3.V “ (1-a-m;01,02), (1+b-c-n ;01,62),
:(_) p(b)m+pNPi7+4,q;+3,'ri;R:W EEE e
(I-c-m-n-p ;01,62), (b-a ;61,02),

Z2

(14d ;61 — 01,02 — 62),(1-c+a-n-p;0; — 01,02 —602), A: C
C S (4.3)
(d; 51—91,52—92), B :D,

1
with the validity conditions : §; > 6; > 0;4 = 1,2 and |argzi| < §A§k)7r , where Agk) is defined by (1.2)

Formula 4
71
1-b-v ;01, 99),
izn: % 1o (=P)e(e = D)ua(e = @y mpsv (1-b-v 361, 02)
— 12y141 pi+3,qi 2,7 R:W e
e 1+a ot z (n-d-v ;01, 02),
2

(1—d—m+u ;(51, (52),(1—&—V—t;61, 52), A:C
(1-c-u-v-t ;01, d2), B : D,

! l(1-a-m 61, 65), (14 61,6
_m—|—n(c_a)n+p(c_b) xzmn+3v ( a~1n ;01 2)( + 501, 2)7
( ) (b_a)p pi+3,q; +2,7; R:W

(—d ;51,(52), Coe ey

r

(1-b-m-p ;01,02),A: C
S (4.4)
(1-c-m-n-p ;01,02), B : D

1
with the validity conditions : 6; > 0;4 = 1,2 and |argzg| < §A§k)ﬂ' , where Aq(:k) is defined by (1.2)

5. I-function of two variables

If 7,7, Ti# — 1, then the Aleph-function of two variables degenere in the I-function of two variables defined by
sharma et al [4] and we obtain

Formula 1
71
l-a-v-t :0¢,6
i n i ( p)tIm,n—i—zl:V ( sV 2),
u‘v't' Pi+5,qi+3;R:W . C.
u=0 v=0 t=0 - (1-c-u-v-t ;01, d2),

(1-c+a-u ;01 — 01,02 — 62), (1-c+b-u -t;61 — ¢1,02 — ¢P2),

(d4m-u ;01 — ¢1 — 01,62 — p2 — 02), (b+p-a-t 91 ¢1,92 — ¢2),
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(I+d-n+v;01 — 01 — ¢1,02 — 02 — ¢2), (1 —b—v;¢1,¢2),A: C
B:D

o z1 (1I-a-m ;04,05), (1-c+a-n-p ;01 — 01,02 — 02),
=)L s W C o
(1-c-m-n ;01,602), (b-a ;01 — ¢1,02 — ¢P2),

Z2

(14d ;01 — 01 — ¢1,02 — 02 — ¢2),(1+b-c-n ;01 — ¢1,02 — ¢2),(1-b-m-p ;¢1, ¢2), A : C
o o o (5.1)
(d; 61 — 01 — 1,00 — O — o), Ce B:D

. . ) 1
with the validity conditions : d;, 0;, ¢; > 0,0; > 60; + ¢;;1 = 1,2 and |argzg| < —pWy , where B® i
) Y g 2 1 (2
definedby (3.1)andd = a + b — ¢

Formula 2
71
m n 1- 0SS :
Z Z i (_m>u(_”)v(—P)t(a)v+tIm,n+3:v (1-c+a-u ;01,02)
ulolt! pi+5,q;+2;R:W . C
u=0v=0 t=0 Y (1—C—u—V—t ;51’52)7
72
(b0, ¢a).  (otbuct 101 = 61,02 = 9a).(Lhabprt 561, 6),
(d4+m-u ;61 — ¢1, 602 — ¢P2), B:D,

(14+d-n+s ;01 — ¢1,02 — ¢2), A: C

Z

et n43:V b (l-etanp 361, 62),(14d 501 — b1, 62 — ¢a),
=" (@), Vs g2 mew Cu C

(l-c-m-n-p 361, d2), B:D,

Z2

(1+a-b ;01, ¢2),(1+b-n-c ;01 — ¢1,02 — ¢2), A: C
oL L .2)

. , 1
with the validity conditions : 0; > ¢; > 0;4 = 1,2 and |argzi| < §B§k)7r , where Bi(k) is defined by (3.1)
andd=a+b—c

Formula 3
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1 (1—&—V —t;91,92),

m n P

Z Z Z (_m)u(_n)’u(_p)t(b)va,n+3:V
ulvlt! pit+4,q:+3;R:W

u=0 v=0 t=0 z' (1-c-u-v-t ;01, d2),
2

(l—c—l—a—u;61 — (91, (52 — ‘92),(1—C—|—b-u-t ;(51, 52),(1—|—d—n—|—v;51 — 91, 52 — (92), A:C
(d+m—u; 01 — 01,00 — 92), (b+p—a—t ;91,92), B : D,

v 1 (lrammsfy,65),  (1+b-cn 50y, 00),
:(_)m+n+p(b)m+plg:r2:qi.+3;3;w e R
(1-c-m-n-p ;01,02), (b-a ;01,02),

72

(1+d 361 — 61,02 — 0O2),(1-c+a-n-p;6; — 01,02 — 0a), A: C
o . (5.3)
(d7 51_91752_92)7 B:Da

: ) 1
with the validity conditions : 0; > #; > 0;4 = 1,2 and |argzi| < §BZ-(k)7T , where Bi(k) is defined by (3.1)

Formula 4
7]
m n Lb. ;5 75 |
ZZi —)o(=p)i(c — bue(c _a)ulm,n—i—B:V (1-b-v 561, 02)
— IUTAA pi+3,qi+2; R:W e
S 1 +a—b—p)ulv't! (edey 50, 62).
Z2

(1-d-m+u ;01, 02),(1-a-v-t;01,d2), A : C

(1-c-u-v-t ;01, d2), B : D,

)

Z1

(1-a-m ;01,d2),(1+d :61,d2),

m—l—n(c - a)n+p(c — b)n o3V
=) (b—a) Pi+3,qi+2; R W C o
" (-d:61,82), ...,

r

(1-b-m-p ;01,02),A: C
o (54)
(1-c-m-n-p ;01,92), B : D

1
with the validity conditions : §; > 0;4 = 1,2 and |argzi| < §Bz'(k)7r , where Bi(k) is defined by (3.1)

6. Conclusion

The aleph-function of several variables presented in this paper, is quite basic in nature. Therefore , on specializing the
parameters of this function, we may obtain various other special functions o several variables such as multivariable I-
function ,multivariable Fox's H-function, Fox's H-function , Meijer's G-function, Wright's generalized Bessel function,
Wright's generalized hypergeometric function, MacRobert's E-function, generalized hypergeometric function, Bessel
function of first kind, modied Bessel function, Whittaker function, exponential function , binomial function etc. as its
special cases, and therefore, various unified integral presentations can be obtained as special cases of our results.
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