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I. INTRODUCTION

The idea of L-fuzzy set was introduced by Goguen
(1967) [1] as a extension of Zadeh’s (1965) [§]
fuzzy sets. Rosenfeld.A [6] introduced the concept
of fuzzy group. Li Hongxing [3] introduced the
concept of HX group and the authors Luo
Chengzhong , Mi Honghai , Li Hongxing [3]
introduced the concept of fuzzy HX group. Muthuraj
et.al [2][5] defined the concept of Q — fuzzy HX
group, intuitionistic Q-fuzzy HX group and study
some of their related properties. G.S.V.Satya
Saibaba [7] introduced the concept of fuzzy lattice
ordered group.

In this paper we define a new concept of

pseudo L-fuzzy cosets of an L-fuzzy sub ¢ -HX
group and study some of their related properties.

Il. PRELIMINARIES
In this section, we site the fundamental definitions
that will be used in the sequel.
2.1 Definition [3]

In 2°-{¢}, a non empty set 9 < 2°-{¢} is
called a HX group on G, if 9 is a group with respect
to the algebraic operation defined by AB={ab/a e
A and b e B}, and its unit element is denoted by E.

2.2 Definition

Let 9 < 2°-{¢} be a HX group on group G.
Define the relation < on 3§ as for every ABed3,
A<BIiff a<h, foreverya €A and beB.

2.3 Definition [7]
A lattice ordered group or a £ - group is a
system G = (G, *, <), where
i (G, -)isagroup,
ii. (G, <) is alattice.
2.4 Remark
Throughout this paper G = (G, -, <) is a
lattice ordered group or a £ - group, e is the identity
element of G and xy we mean x-y.

2.5 Definition
In  2°{¢}, a non empty set
(9 <2°{¢}, -, <) is called as an £ -HX group or
lattice ordered HX group on G, if the following
conditions are satisfied.
i. (9,-)isaHXgroup.
ii.( 9, <) isaLattice.

2.6 Definition
Let $ and 9’ be any two £ -HX groups on

G and G’ respectively. The function f : § — 3§’ is
called an ¢ -HX group homomorphism if for all A, B
ing,

i. f(AB) =f(A)f(B),

ii. f(AvB)=1(A) vf(B),

iii. f(AAB)=f1(A)Af(B).

2.7 Definition
Let $ and 9’ be any two £ -HX groups on

G and G’ respectively (not necessarily commutative).
The function f: 8 — 9’ is called an £ - HX group
anti homomorphism if forall A,Bin 3,

i. f(AB) = f(B)f(A),

ii. f(AvB) =f(A)v{(B),

iii. fLAAB) =f(A) Af(B).

2.8 Definition [ 6 ]
Let G be a group. The mapping
p: G — [0, 1] is called a fuzzy set defined on G.

2.9 Definition

Let G be a group and a non-empty set 9
C 2° — {¢} be a HX group. The mapping
A8 — Lis called a L — fuzzy set defined on 3,
where, (L, <) be a lattice with an involutive order
reversing operation N: L — L.
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2.10 Definition

Let G be a group. Let u be an L — fuzzy set
defined on G. Let 8 < 2°-{¢},a non-empty set, be

an £ -HX group on G. An L-fuzzy subset A* of an
£ -HX group 9 is said to be an L - fuzzy sub £ -HX

group of an £ -HX group 9 if the following
conditions are satisfied. For all Aand B € 3,

i. 2*(AB) > A (A) A LM (B),
i A*(A) = WA,

iii. 2*(AvB) > A (A) A LM (B),
iv. 2*(AAB) > A (A) A LM (B),

where A" (A)=max { W(x) / forallxeAc G }.

2.11 Definition

Let G; and G, be any two groups. Let
9, c2%—{¢}and 9, c 2 %, — {4} be any two
¢ -HX groups defined on G; and G, respectively.
Let p and o be any two L - fuzzy subsets in G, and
G, respectively. Let X" and n* be an L - fuzzy
subsets defined on 8; and 9, respectively. Let
f. 3, —> 8, be a mapping then the image of A"
denoted as f(A") is an L - fuzzy subset of 9, defined
as for each Ue 95,

sup {M(X):Xef YUY}, if £ 2(U) # 6
(fF () (V) =

0, otherwise
Also the pre-image of 1 denoted as f *(n%)
under f is a fuzzy subset of 9, defined as for each X

€ 9y, (FMm™)X) = n*(f (X))

2.12 Definition

Let G; and G, be any two groups. Let
9, c 2% — {6} and 9, c 2 %, — {6} be any two
0 - HX groups defined on G; and G, respectively.
Let A* be an L-fuzzy HX sub - HX group of an
/- HX group in 9,. Let f: 9, > 9, be a function.
Then A" is called f-invariant if f(A) = f(B) implies
that A" (A) = 1" (B).

I11. Properties of pseudo L-fuzzy cosets of an L-

fuzzy sub £ -HX group of an £ -HX group
In this section, we discuss some of the
properties of pseudo L-fuzzy cosets of an L-fuzzy

sub £ -HX group of an £ -HX group.

3.1 Definition

Let G be a group. Let p be an L — fuzzy set
defined on G. Let $ < 2°-{¢},a non-empty set, be

an £ -HX group on G. Let A* be an L - fuzzy sub

£ -HX group of an ¢ -HX group 9 and A €9. Then
the pseudo L-fuzzy coset of an L-fuzzy sub
£ -HX group of an ¢ -HX group determined by the
element A €9 is defined as (AL*)P(X) = p(A) 2*(X),
for every X € § and for some pe P, where P = {p(X)
/ p(X) € [0,1] for all Xe8}.

3.2 Theorem

Let G be a group. Let p be an L — fuzzy set
defined on G. Let a non-empty set § < 2°-{¢} be
an £ -HX group on G. If \* is an L-fuzzy sub £ -HX
group of an ¢ -HX group 9, then (AXM)P is an
L-fuzzy sub # -HX group of an £ -HX group 9, for
all A €98.

Proof: Let A* be an L-fuzzy sub ¢ -HX group of an
£ -HX group 9. Let A €9.
Forany X, Y €39,

i (AMMPXY) P(A) AH(XY)

P(A) { 1(X) A AH(Y) }
PIALY (X) A p(A) 2 (Y)
(ALF)P(X) A (ALM)P(Y).
(ALF)P(X) A (ALM)P(Y).
P(A) M(X7)

P(A)LH(X).

(AL)°(X).

p(A) (X VYY)
P(A) {2 (X) A" (Y) }
P(A)L" (X) A p(A) A7 (Y)
(ALF)°(X) A (ARM)P(Y).
(ALF)(X) A (ARM)P(Y).
P(A) V(X AY)
P(A) {2 (X) AR*(Y) }
P(A)L" (X) A p(A) A7 (Y)
(ALF)°(X) A (ALM)P(Y).
(AMPXAY) = (AXHPX) A (ARMP(Y).
Hence, (AAM) is an L-fuzzy sub £ -HX group of an
£ -HX group 9.

(ALH)P(XY)
i (AMVP(X

T [ TR\VAN\VAN VAR VAR

(ARP(XTY)
i, (ASXVY)

Vv

(AMP(X v Y)
iv.  (AP(X AY)

VOV IV o VIV

3.3 Theorem

Let G be a group. Let p be an L — fuzzy set
defined on G. Let a non-empty set 9 C 2°-{¢} be

an £ -HX group on G. If \* is an L-fuzzy sub £ -HX
group of an £ -HX group 9, then (ALY’ is an
L-fuzzy sub ¢ -HX group of an £ -HX group 9, for
all A €9.

Proof :Let A* be an L-fuzzy sub £ -HX group of an
£ -HX group 9. Let A 9.

Forany X, Y €9,

(ALF)P(XY) = P(A) A*(XY)
> P(A) {AH(X) ARM(Y) }
> P(AL* (X) A p(A) 1* (Y)
> (AWYP(X) A (ALE)P(Y).
(ASPXY) = (AYP(X) A (ALE)P(Y).

(ARP(XY) P(A) (X7
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P(A)L(X).

(AL)P(X).

P(A) (X VYY)

P(A) {2 (X) AR*(Y) }

P(A)L" (X) A p(A) A7 (Y)

(ALF)°(X) A (ALM)°(Y).

(ALF)°(X) A (ALM)P(Y).

p(A) L(X AY)

P(A) {2 (X) A2*(Y) }

P(A)L" (X) A p(A) 2¥ (Y)

(ALY (X) A (ALM)°(Y).
(ALHP(X AY) (AXLHPX) A (ARHP(Y).

Hence, (AM") is an L-fuzzy sub ¢ -HX group of

an / -HX group 8.

(ARFPXTY)
(AMPX v Y)

(AVFP(X v Y)
(AVFP(X A Y)

NV IV VIV IV IVVIV I I

3.4 Theorem

Let G be a group. Let p be an L — fuzzy set defined
on G. Let a non-empty set < 2°-{¢} be an £ -HX
group on G. Let A* is an L-fuzzy sub ¢ -HX group
of an £ -HX group 9. Let (AX¥)" and (BA")" be
pseudo L-fuzzy cosets of an L-fuzzy sub ¢ -HX
group of an £ -HX group determined by the element
A, B €3. Then, their intersection, (AL*)* ~ (BAY)?
is an L-fuzzy sub £ -HX group of an ¢ -HX group 9,

forall A, B €3.
Proof : Itis clear.

IV. Properties of pseudo L-fuzzy cosets of an
L-fuzzy sub £ -HX group of an / -HX group
under ¢ -HX group homomorphism and ¢ -HX
group anti homomorphism

In this section, we discuss some of the
properties of pseudo L-fuzzy cosets of an L — fuzzy
sub £ -HX group of an £ -HX group under £ -HX
group homomorphism and ¢ -HX group anti
homomorphism.

4.1 Theorem

Let 9 and 9’ be any two ¢ -HX groups on
G and G'.Let \* be an L-fuzzy sub ¢ -HX group of
an ¢/ -HX group 9. Let . 8 — 9 be an onto
{ -HX group homomorphism. Let (AX*)" be a
pseudo L-fuzzy coset of an L-fuzzy sub
/ -HX group A* of an ¢ -HX group determined by
the element A €3. Then f(AL") isa pseudo L-fuzzy
coset of an L-fuzzy sub ¢ -HX group f(\*) of an £ -
HX group determined by the element f(A) €S’ and
f((AMYP) = (f(AFM)P if A has supremum property
and A" is f - invariant.
Proof: Let A" be an L-fuzzy sub ¢ -HX group of G
and (A*")P be an pseudo L-fuzzy coset of an L-fuzzy
sub ¢ -HX group 2* of an ¢ -HX group G

determined by the element A € 3. Clearly, f(A") is
an L-fuzzy sub /-HX group of 9’ and f((AL")) is
an pseudo L-fuzzy coset of an L-fuzzy sub £ -HX
group f(A") of an / -HX group 8’ determined by the
element f(A)e 9.

Now, forany Xe3, f(X)e 9’ and
(FCAT()P(F(X)) = P(FANFGH)FCX)
= P(AL*(X)
= (A2H)P(X)
= f((AL)D)(X),
FACM) (X)) = f((AL)P)(X)
Hence, (f(A)f(L"))° = f((ARMP).

4.2 Theorem

Let $ and 9’ be any two £ -HX groups on
G and G’.Let n® be an L-fuzzy sub ¢ -HX group of
an ¢ -HX group 9. Let f© 9 — 9 be an
¢ -HX group homomorphism. Let (Bn®P be a
pseudo L-fuzzy coset of an L-fuzzy sub ¢ -HX
group n* of an ¢ -HX group determined by the
element B €9'. Then f*(Bn®) is a pseudo L-fuzzy
coset of an L-fuzzy sub £ -HX group f*(n%) of an
£ -HX group determined by the element f!(B) €9
and f((Bn“)) = (F'(B)f '(n*))".
Proof: Let n*be an L-fuzzy sub ¢ -HX group of
an £ -HX group 9'. Let (Bn*)°be a pseudo L-fuzzy
coset of an L-fuzzy sub ¢ -HX group n® of an
{ -HX group determined by the element B €9’
Clearly, f(n®) is an L — fuzzy sub ¢ -HX group of
an ¢ -HX group 9 and f(Bn®) is a pseudo L-fuzzy
coset of an L-fuzzy sub £ -HX group f*(n%) of an
£ -HX group determined by the element f*(B) 9.

Now, forany Xe3, f(X)e § and
(F1(B)F' (n“)"(X) = p(f'(B)) (F'(n*)(X))
= p(B)(™(f(X))
= (Bn)°(f(X))
= F(Bn*)")(X).
(F1B)F' (“)(X) = F(Bn*)")(X).
Hence, f((Bn)") = (B )"

4.3 Theorem

Let $ and 9’ be any two # -HX groups on
G and G'.Let \* be an L-fuzzy sub ¢ -HX group of
an ¢ -HX group 9. Let - 8 — 9§ be an onto

£ -HX group anti homomorphism. Let (AX")" be a
pseudo L-fuzzy coset of an L-fuzzy sub
£ -HX group A* of an ¢ -HX group determined by
the element A €3. Then f(ALA") is a pseudo L-fuzzy
coset of an L-fuzzy sub ¢ -HX group f(\*) of an £ -
HX group determined by the element f(A) €9’ and
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f((AMYP) = (F(AFOM)P if A has supremum property
and A" is f - invariant.

Proof: Let A" be an L-fuzzy sub ¢ -HX group of G
and (A*")P be an pseudo L-fuzzy coset of an L-fuzzy
sub ¢/ -HX group A" of an ¢/ -HX group G
determined by the element A € 3. Clearly, f(A") is
an L-fuzzy sub ¢-HX group of 8’ and f((AR")") is
an pseudo L-fuzzy coset of an L-fuzzy sub /-HX
group f(A*) of an/-HX group 9’ determined by the
element f(A)e 9.

Now, forany Xe$§, f(X)e §' and

(FAFCHPEX) = PFANFOS)F(X)
= PIA)A(X)
= (AL)(X)
= f(ALIIR(X),
(fAFCNPEX) = f((ALY)(X)
Hence, (f(A)f(L")° = f((AL)P).

4.4 Theorem

Let $ and 9’ be any two £ -HX groups on
G and G'.Let n* be an L-fuzzy sub ¢ -HX group of
an / -HX group 9. Let . 9§ — 9§ be an
£ -HX group anti homomorphism. Let (Bn®)P be a
pseudo L-fuzzy coset of an L-fuzzy sub ¢ -HX
group n* of an £ -HX group determined by the
element B €9'. Then f(Bn® is a pseudo L-fuzzy
coset of an L-fuzzy sub £ -HX group f(n%) of an
£ -HX group determined by the element f!(B) €9
and f((Bn")") = (F(B)f'(n*))".
Proof: Let n*be an L-fuzzy sub ¢ -HX group of
an £ -HX group 9'. Let (Bn*)°be a pseudo L-fuzzy
coset of an L-fuzzy sub ¢ -HX group n® of an
{ -HX group determined by the element B €9’
Clearly, f'(n®) is an L — fuzzy sub ¢ -HX group of
an ¢ -HX group $ and f*(Bn®) is a pseudo L-fuzzy
coset of an L-fuzzy sub £ -HX group f(n%) of an
£ -HX group determined by the element f'(B) 9.
Now, forany Xe9, f(X)e 9§’ and

(FB)F (Mm*))°(X) = p(f(B)) (F'(n")(X))
= p(B)(M*(f(X))
= (Bn%)P(f(X))
= FA(BN“)°)(X).

(F(B)F'(n*)°(X) = FH(Bn“)°)(X).

Hence, f'((Bn")") (F(B)F ()"

V. CONCLUSION
The new algebraic structure of pseudo L-

fuzzy coset of an L-fuzzy £ -HX group of an £ -HX
group is introduced and discussed its properties. The
image and pre-image of a pseudo L-fuzzy coset of

an L-fuzzy £ -HX group of an ¢ -HX group is

discussed under £ -HX group homomorphism and
£ -HX group anti homomorphism.
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